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Preface 


Spectral flow as a mathematical concept and term was introduced by Atiyah and Lusztig 
in an unpublished work on paths of self-adjoint Fredholm operators on a Hilbert space, 
given explicitly as elliptic differential operators on a compact manifold. The basic idea 
was then picked up and further developed in the work of Atiyah, Patodi, and Singer on 
the index theory of pseudo-differential operators on a compact manifold with bound- 
ary [13, 14]. The definition given in [14] is of topological nature, applying only to closed 
paths (that is, loops). However, the work also contains an intuitive description of what 
spectral flow is: let t € [0,1] +» H, be a continuous path of self-adjoint Fredholm op- 
erators so that their spectrum is real and discrete close to 0, or otherwise stated, the 
spectrum consists of bands depending on t and bounded away from 0, complemented 
by low-lying eigenvalues, see Figure 1 for a sketch. Then the spectral flow of the path is 
simply the sum of all eigenvalues crossing through 0 weighted by the orientation of the 
passage. 


spec(H;) 


1 


+1 


E 


t=0 t=] 


Figure 1: Schematic representation of the spectrum of a path of bounded self-adjoint Fredholm operators. 
The eigenvalues crossing through 0 give contributions to the spectral flow which are either —1 or +1, de- 
pending on the orientation of the crossing. The gray region shows the essential (continuous) spectrum. The 
spectral flow of t € [0,1] +» H; with spectrum as given in the picture is -1+1+1=1. 


This book is about 

(i) how to give a precise mathematical description of spectral flow; 
(ii) what its fundamental properties are; 

(iii) how to derive formulas for spectral flow; 

(iv) how to connect spectral flow to index theory; 
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(v) how to use spectral flow to extract topological information; 
(vi) how to study the spectral flow of a continuous spectrum; 
(vii) how spectral flow can be put to work in applications. 


If the path t € [0,1] + H, is real analytic, also the eigenvalues are real analytic (even 
at eigenvalue crossings by Rellich's theorem) and it is fairly immediate to properly de- 
fine the spectral flow and hence settle item (i). But within the continuous category, it is 
not as obvious. For instance, defining the winding number of a continuous invertible 
function typically may take a full two-hour lecture in a topology class. In a more con- 
ceptual approach developed in the field of differential topology [105], one argues that 
the function can be assumed to be in a so-called generic transversal position. This ap- 
proach has also been applied to other intersection numbers in finite-dimensional con- 
texts [105] and the intersection theory of Lagrangian subspaces developed by Bott [35], 
Maslov [133], and Arnold [9]. In some wide sense, these contributions can be considered 
as finite-dimensional predecessors of the spectral flow as discussed here. 

Itturns outthat there is arelatively elementary analytical approach to the definition 
of a spectral flow of arbitrary continuous paths. It is sketched in the work of Floer [87] 
(see p. 230 therein) and with full details in the independent work of Phillips [147]. It pro- 
vides a solid analytical framework for the study of the spectral flow. Once it is achieved, 
one readily deduces the main structural properties of the spectral flow, most notably its 
homotopy invariance, a concatenation property, and monotonicity. Furthermore, one 
can also prove various formulas for the spectral flow, e. g., integral expressions [55, 56] 
and sums of intersection numbers, using crossing forms and the reduction to relative 
Morse indices [84]. 

In the last decades numerous variations and generalizations of the initial concept 
of a spectral flow have been developed. First of all, the spectral flow has also been stud- 
ied for paths of unbounded self-adjoint Fredholm operators [31, 126, 196]. Secondly, the 
TR-valued spectral flow of paths of self-adjoint Breuer-Fredholm operators in semifinite 
von Neumann algebras has been introduced [144, 148, 26, 197]. In real Hilbert spaces 
or for paths having real symmetries, various Z,-valued variations of the spectral flow 
have been studied [57, 70, 76, 75]. Another variant considered a Clifford-algebra-valued 
spectral flow [37]. Spectral flows taking values in K-theory groups have been introduced 
as higher spectral flows [68, 195], see also [124, 68, 109, 193]. Pairing such K-theoretic 
spectral flows with cyclic cocycles one obtains a multiparameter spectral flow which is 
Z-valued if one works with standard Fredholm operators and R-valued in a semifinite 
setting [171]. Other notable additions to the theory of spectral flow concern the connec- 
tions to n-invariants [14, 208, 109, 56] and the spectral shift function [155, 94]. 

As mentioned above, already in the initial work of Atiyah, Patodi, and Singer [14], 
a tight connection between spectral flow and index theory became apparent. More pre- 
cisely, let t € IR + Hj be a path of self-adjoint Fredholm operators with well-defined 
asymptotics at t = co (as well as some additional properties), then Dy = 0, - H; isa 
Fredholm operator with index equal to minus the spectral flow ofthe family t € IR > H;. 
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This theorem about the equality “spectral flow = Fredholm index” has been very influ- 
ential, with numerous generalizations in various directions [27, 176, 160, 1, 94]. Robbin 
and Salamon allowed for unbounded H, with compact resolvent converging at t = *co 
[160]. Moreover, Callias’ index theorem [46] can be considered as a higher-dimensional 
generalization (i. e., t consists of more parameters) of [14] with finite-dimensional fibers. 

It has also been generalized to multiparameter families of self-adjoint Fredholm oper- 

ators [43, 109, 193], and finally, a semifinite and noncommutative version was proved 

recently [171]. Another aspect of index theory are Kato's Fredholm pairs of projections 
and their index [112] (also called essential codimension in [42]). Furthermore, this index 
can be computed as a spectral flow, as first shown by Wojciechowski [207] and in more 

generality by Phillips [148], see also [70]. 

While initially the spectral flow was introduced as a tool for the index theory of 
differential operators on manifolds with boundary, most of the results described above 
were driven by the desire to get a better mathematical understanding of the spectral 
flow and its basic properties. There are by now also quite diverse applications of spectral 
flow. Many still concern the index theory on classical manifolds, but let us also mention 
a few applications to other fields: 

— Spectral flow has served as a starting point for semifinite index theory in noncom- 
mutative geometry [51, 53, 54, 171]. Spectral flow is by now an established tool for 
the proof of numerous index-theoretic statements [130, 170, 75, 171]. 

— Spectral flow has lead to new perspectives and new results on the Bott-Maslov and 
Conley-Zehnder indices [30, 90, 113, 168, 203]. 

- In topological insulators (such as quantum Hall systems) and Wilson-Dirac lattice 
gauge theories, the so-called Laughlin argument is a result about a certain spectral 
flow [82, 153, 71]. Higher-dimensional versions of the Laughlin argument connect 
nonabelian monopoles to spectral flow [58]. 

— Spectral flow is linked to the vortex dynamics in Fermi superfluids [186, 116] (no 
rigorous results on this seem to be available). 

— Spectral flow (of the unitary angles of Lagrangian subspaces) is used for the oscilla- 
tion theory of Hamiltonian systems [166, 167, 173] and the spectral theory of surface 
states in topologicalinsulators [174]. This allowed extending the theory to semifinite 
oscillation theory [101]. 

— Spectral flow leads to novel criteria in bifurcation theory [84, 85, 146, 151]. 


Many, but not all, of these aspects are addressed in this book. 

The theory ofthe spectral flow is by now in a fairly mature state. This is documented 
by the numerous contributions listed in the references, and the bibliography is certainly 
not even exhaustive. There is a growing number of applications, see the list above. Some 
parts of the theory have been reviewed [26, 201], others are covered by sections or ap- 
pendices in books of a broader scope [136] or more specialized nature [52]. Nevertheless, 
to date there does not seem to exist a book fully dedicated to the subject. 
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This book offers an in-depth and yet elementary treatise of spectral flow. We tried 
to carry out mathematical arguments with full details. Admittedly, this makes the text at 
some points pedantically precise. We hope that this makes the book accessible to mas- 
ter students and newcomers, both with a background in mathematics and physics. The 
experienced reader can certainly skim many pages and locate the points of interest. 
The presentation is of functional-analytic nature and on purpose restricted to a Hilbert 
space framework. We avoid (or circumvent) the use of K-theory, let alone KK-theory, 
even though several results in the book can naturally be formulated in that language. 
Hence all the reader should master is what is typically taught in a two-semester course in 
functional analysis, apart from some familiarity with notions of topology. More specifi- 
cally, we suppose that Riesz' theory of compact operators, as well as the spectral calculus 
of bounded and unbounded self-adjoint operators, is known. On the other hand, a de- 
tailed treatment of the theory of Fredholm operators on Hilbert spaces is included, even 
though it may already be part of many introductory lectures on functional analysis. 

Let us conclude this introduction with an overview ofthe contents ofthe book, chap- 
ter by chapter. This also allows stressing some novelties of the results, proofs, and pre- 
sentation. 

Chapter 1. The first introductory chapter is meant to give an intuitive understanding 
of what a spectral flow is in a restricted finite-dimensional context and to present 
and discuss many of the results to come later on. Hence the knowledge of linear 
algebra is a sufficient basis for understanding this chapter. Nevertheless, Phillips’ 
construction ofthe spectral flow is already explained here and it is shown how it can 
be used to construct the winding number via the spectral flow through —1 e $'. The 
chapter also contains a section on Z,-valued spectral flows in a finite-dimensional 
context and another section on multiparameter spectral flow. These two topics are 
not further developed later in the book, and the reader is referred to [57, 76, 75, 77] 
and [171], respectively, for a functional-analytic treatment for Fredholm operators. 

Chapter 2. The second chapter uses the finite-dimensional spectral flow for the study of 
what is in general called the Maslov index, but is here referred to as Bott-Maslov 
index due to the much earlier contribution of Bott [35]. To consistently use the 
identification of the Lagrangian subspaces with their unitary phase via the stere- 
ographic projection makes the presentation considerably more transparent than 
in parts of the literature. Moreover, this serves as a preparation for the treatment 
of the infinite-dimensional Bott-Maslov index later on in Chapter 9. The same can 
be said about the finite-dimensional theory of the Conley-Zehnder index which is 
also spelled out in Chapter 2. Furthermore, the chapter contains a description of 
oscillation theory of block Jacobi matrices and scattering systems as an application 
ofthe Bott-Maslov and Conley-Zehnder indices. This is in spirit close to the original 
work of Bott. 

Chapter3. This chapter provides a detailed description of Fredholm operators in a two- 
Hilbert space setting. It provides a characterization by the essential spectrum and 
specializes the results to self-adjoint and unitary Fredholm operators. All of this 
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can be found in many lecture notes and textbooks, so the chapter is included for 
the convenience of the less experienced readers. It allows stating well-known re- 
sults that will be used later on, and it introduces some notations. Somewhat less 
well-known may be the content of Section 3.5 which proves an index theorem for 
the finite-dimensional spectral flow as introduced in Chapter 1. This result will be 
considerably generalized later on in the book. 

Chapter 4. This chapter is central to the book. The reader already well-acquainted with 
Fredholm theory can jump directly to Chapter 4. Here the formal definition of the 
spectral flow of a continuous path of bounded self-adjoint Fredholm operators is 
given. Then the main properties are derived. Most of this follows closely the pre- 
sentation of Phillips [147]. Moreover, the spectral flow is extended to the wider class 
of paths of essentially hyperbolic operators and then transferred to paths of essen- 
tially gapped unitary operators. Finally, Section 4.6 shows that the spectral flow of 
paths of self-adjoint Fredholm operators can be deduced from the spectral flow ofa 
path of essentially gapped unitaries, and vice versa. This procedure is not obvious 
and apparently not worked out in detail elsewhere. 

Chapter 5. This chapter begins with a self-contained modern presentation of Kato’s 
Fredholm pairs of projections. Many elements are taken from the influential work 
of Avron, Seiler, and Simon [18], others have their roots in the literature on K-theory 
of operator algebras. Then the connection between the indices of Fredholm pairs 
and the spectral flow along the linear path connecting them is discussed in detail, 
together with various variations on the theme. This allows deriving various further 
formulas for the spectral flow of paths given by compact perturbations of the initial 
point. Furthermore, one can then rewrite the spectral flow as a sum of indices of 
Fredholm pairs, a formulation which also goes back to Phillips [148] and generalizes 
to the semifinite index (Chapter 11). Moreover, another formulation of the spectral 
flow in terms of relative Morse indices is presented, as put forward by Fitzpatrick, 
Pejsachowicz, and Recht [84]. 

Chapter 6. The chapter discusses various topologies on the set of unbounded Fredholm 
operators. In particular, the gap topology induced by the norm topology on the 
graph projections is analyzed. It is argued that on the set of self-adjoint Fredholm 
operators this is natural from numerous perspectives, more specifically by studying 
the topologies induced by the Cayley transform, as well as the bounded transform. 
Moreover, the Riesz topology is studied as it is often more readily accessible. The 
chapter also contains several results on the homotopy theory of the set of self- 
adjoint Fredholm operators equipped with the gap topology, for example, that it 
is connected and can be retracted to the subset of self-adjoint Fredholm operators 
with compact resolvent, see Section 6.4. 

Chapter 7. This chapter introduces the spectral flow for paths of possibly unbounded 
self-adjoint Fredholm operators, essentially following the work of Boof$-Bavnbek, 
Lesch, and Phillips [31]. Under certain summability assumptions, the spectral flow 
of paths of self-adjoint Fredholm operators with compact resolvent can be related to 
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the n-invariants of its endpoints. The idea for this connection goes back to the work 
of Atiyah, Patodi, and Singer [14]. Section 7.2 provides a proof of this connection by 
elaborating on the work of Getzler [96] and Carey and Phillips [55, 56]. For particu- 
lar paths of such self-adjoint Fredholm operators with compact resolvent stemming 
from families of Hamiltonian systems, the spectral flow is then connected to the 
Conley-Zehner index of the system. This is due to Robbin and Salamon [160] and 
is explained in Section 7.3. Finally, Section 7.4 returns to the topic “spectral flow = 
Fredholm index" and proves the most general result in this direction given in this 
book. We believe that the technique of proof is novel, apart from the parallel joint 
work with Stoiber on the more general Callias-type operators [172]. The technique 
gives a new perspective on the result itself. In fact, it is similar to Witten's semiclas- 
sical proof of the Morse inequalities [206, 67] and locally connects the eigenvalue 
crossings of t € IR > H, to the low-lying spectrum of Dy x = KO, — H, for a small 
semiclassical parameter x, and then simply turns up x to 1. 

Chapter 8. In this chapter it is shown that the spectral flow restricted to closed loops 
actually establishes a bijection with the fundamental group of the self-adjoint Fred- 
holm operators. It is also shown that the spectral flow can be uniquely characterized 
by a few of its structural properties derived in Chapter 4. Several of the results of 
this chapter are considerably more general than needed for these applications to 
the spectral flow. In particular, all homotopy groups for the sets of Fredholm and 
self-adjoint Fredholm operators are obtained. For the unbounded self-adjoint Fred- 
holm operators equipped with the gap topology, this is a somewhat surprising and 
deep result due to Joachim [108]. A recent preprint by Prokhorova [154] allowed to 
considerably simplify the argument presented in Section 8.6. Let us also note that 
Section 8.5 computes the homotopy groups of Fredholm pairs. 

Chapter 9. This chapter can be seen as an application of Chapter 4, in the same way 
as Chapter 2 is an application of the spectral flow in finite dimension described in 
Chapter 1. It develops the theory of the Bott-Maslov and Conley-Zehnder index in 
an infinite-dimensional Krein space framework, condensing the by now numerous 
contributions to the topic. Somewhat novel is the characterization of (not necessar- 
ily Lagrangian) maximally isotropic subspaces in terms of the Krein signature, see 
Section 9.2. The chapter also includes an application of the Bott-Maslov index in in- 
finite dimension to the computation of bound states of scattering systems by means 
of oscillation theory. 

Chapter 10. This chapter is included to show the strength of spectral flow as a tool for 
proving statements in index theory. In a series of recent works [128, 129, 130, 131, 170], 
it was shown that index pairings resulting from pairing an even or odd unbounded 
Fredholm module with a differentiable projection or unitary, respectively, can be 
computed as the half-signature of a finite-dimensional matrix called the spectral 
localizer. The proof of this fact as presented here is based on a series of deformations 
of paths of self-adjoint Fredholm operators so that in the end remains a path of 
finite-dimensional self-adjoint matrices, for which by Chapter 1 the spectral flow 
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is equal to the half-signature of the spectral localizer. The chapter contains also a 
discussion of the n-invariant in this context. 

Chapter 11. This chapter begins by generalizing the theory of Fredholm operators de- 
scribed in Chapter 3 to semifinite von Neumann algebras and skew corners thereof. 
While this Breuer-Fredholm theory is widely used, detailed proofs are not avail- 
able in the literature. Hence the chapter can be seen as an addendum to Takesaki's 
monumental work [189]. Based on this theory of semifinite Fredholm operators, the 
semifinite spectral flow is introduced and again its basic properties are described. 
Then formulas connecting the semifinite spectral flow to the semifinite index are 
presented. As an application, generalizations of the results of Chapter 10 are given. 

Chapter 12. The final chapter is dedicated to yet another application of spectral flow, no- 
tably to variational bifurcation theory. There is relatively vast literature on this topic 
and various applications to differential equations have appeared. In the present in- 
troductory presentation, particular focus is on the bifurcation of branches of peri- 
odic orbits of Hamiltonian systems. 


The book also contains a few technical appendices, a list of acronyms and notations, as 
well as an extended bibliography. Let us point out that the list of references is definitely 
not exhaustive. If there are notable contributions that do not appear here, it is due to 
the ignorance of the authors rather than any form of bad intentions. 


Erlangen, February 2023 Nora Doll, Hermann Schulz-Baldes 
Halle, February 2023 Nils Waterstraat 
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— XVII 


1 Spectral flow in finite dimension 


This introductory chapter presents the elementary theory of spectral flow through 0 € IR 
for continuous paths of self-adjoint matrices. In this finite-dimensional setting, the spec- 
tral flow only depends on the signature of the matrices at the endpoints. Nevertheless, 
many of the structural properties, as well as useful formulas, for the spectral flow can 
already be understood in this elementary framework. Furthermore, one can rewrite the 
spectral flow in a form that is susceptible to be generalized to paths of unitary matrices 
where the spectral flow is then considered through the point 1 € S!. This is carried out 
in detail and provides an alternative way to construct the winding number. Let us also 
note that this approach willlater on (in Chapter 4) be extended to Fredholm operators on 
aninfinite-dimensional Hilbert space. The chapter contains two further sections, one on 
a Z,-valued analogue of spectral flow and one on a multiparameter spectral flow, which 
are included as an outlook and guide to the literature. In the rest of the book, we will 
not elaborate on how these two sections extend to a Hilbert space framework. 


1.1 From intuition to definition 


Let us begin by recalling some ae facts from linear algebra. For an N x N matrix 
ai complex kaa aa A such that A1y — H is not an invertible matrix, namely such that 
det(A1y —H) = 0. The matrix is self-adjoint if it is equal to its adjoint H* = (Hmn)nm=t,...N- 
Now let t € [0,1] — H, € C" be a path of self-adjoint matrices which for the moment 
is assumed to be real analytic. Then the eigenvalues A,(t),...,A,(t) are also real analytic 
paths provided that one chooses the correct branches at level crossings [112]. Intuitively, 
the spectral flow along this path counts the number of eigenvalues crossing 0 from left 
to right, minus the number of those eigenvalues crossing 0 from right to left. This makes 
sense as long as the endpoints Hy and H; are invertible matrices, so that no ambiguity 
remains. As the analyticity allows clearly distinguishing the eigenvalue curves, one can 
also just look at the crossings of a single eigenvalue along the full path, and the sum over 
all its crossings (at 0) is equal to half the difference of the signs at the endpoints of the 
path. Hence the spectral flow of a real analytic path t € [0,1] + H; = H} € C™™ of 
self-adjoint matrices with invertible endpoints Hy and H; is defined by 


N 
Sf(t € [0,1] 5 H,) = DET (sgn(A,(1)) - sgn(A,,(0))), (1.1) 


where sgn(A) € {-1,+1} is the sign of a real nonvanishing number A. Thus the spectral 
flow effectively counts the spectrum flowing from the negative to the positive spectral 
semiaxis, minus the spectrum flowing from the positive to the negative semiaxis. Using 
the fundamental theorem of calculus and a smooth increasing function g : IR — [-1, 1] 
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which is equal to —1 on (—co, -€] and to 1 on [e, co), one can rewrite the spectral flow 
using the derivative 0,2(A,(s)) as 


Naf 
Sf(t € [0,1] > Hj) = >. 5 | ds.) 


= 

Il 

Ha 
© 


1 
1 
= 5 | d52 TEE) 
0 
1 
1 
=> fas Tr(g" (H,),H;), (1.2) 
0 


where Tr(A) denotes the trace of A € CNX" the spectral theorem was used and e was 
supposed to be sufficiently small so that neither H4 nor Hp has spectrum in [-e, €]. 

Next let us express the spectral flow in terms ofthe signature. Recall that for any in- 
vertible self-adjoint matrix, the signature is defined as the difference between the num- 
ber of positive and negative eigenvalues, 


Sig(H) = #{A € spec(H) : A > 0} — #{A € spec(H) :A < 0], 


where each eigenvalue is counted with its multiplicity. If now P^ = y(H > 0) as well as 
P< = Y(H < 0) are the spectral projections of the positive/negative spectrum of H, then 


Sig(H) = Tr(P^) - Tr(P^). 


Note that Sig(H) € (-N,-N + 2, -N + 4,...,N - 2, N}. One other basic fact about the 
signature is Sylvester's theorem stating that for any invertible matrix A € CN”, 


Sig(A* HA) = Sig(H). 
Furthermore, by (1.1) the following result holds. 
Proposition 1.1.1. Given a real-analytic path t € [0,1]  H, of self-adjoint matrices with 
invertible endpoints, its spectral flow satisfies 


sf(t € [0,1] > H,) = 5 (Sig) - Sig(Hp)). (1.3) 


Let us note that, as both endpoints are invertible, the difference Sig(H,) — Sig(Hg) 
is indeed even so that the right-hand side of (1.3) is an integer. Proposition 1.1.1 has an 
immediate, important corollary. 


Corollary 1.1.2. The spectral flow of a curve of self-adjoint matrices with invertible end- 
points only depends on the endpoints of the path. In particular, one can homotopically 
deform the path with fixed endpoints, and this does not change the spectral flow. 
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Up to now we only considered real-analytic paths and actually it seems hopeless 
to count the eigenvalue crossings of a merely continuous path. On the other hand, as 
the spectral flow only depends on the endpoints due to Proposition 1.1.1, it is reasonable 
to simply define it by the right-hand side of (1.3). Furthermore, it will be helpful and 
convenient to drop the assumption that the endpoints are invertible. Then one has to 
make a choice on how to count zero eigenvalues of the endpoints. Other than in many 
standard works [147, 31], our choice is symmetric around 0. 


Definition 1.1.3. Let I = [tọ, tı] be a bounded interval. Given t € I +» H, € CI", 
a continuous path of self-adjoint matrices, the spectral flow is defined by 


Sf(t e I> H,) = T (Sig) - Sig(H, )), (14) 


where the signature of a self-adjoint matrix is given by the difference of the number of 
its positive and its negative eigenvalues. 


Let us stress that Sf(t € I +» Hj) may take half-integer values. Figure 1.1 illustrates 
in which situations such half-integer values appear. A sufficient condition for having an 
integer-valued spectral flow is that the endpoints are invertible. Often we will choose 
the bounded interval I to be [0,1], a case to which one can restrict after applying an 
affine transformation. Let us also stress again that the definition (1.4) of the spectral 
flow of finite-dimensional matrices only depends on its endpoints and not on the path 
in between them so that one could also simply use the more compact notation Sf(Ho, H;). 
Let us, however, already point out at this point that in infinite dimensions the spectral 
flow does depend on the path, and not only the endpoints. Therefore Sf(Ho, H4) will 
stand for the spectral flow along straight-line paths, both in finite and infinite dimen- 
sion, 


Sf(Ho, H4) = Sf(t € [0, 1] > (1 = t)Ho F tH,). 


A 
spec(H;) 


À 
spec(H;) 


1 


Figure 1.1: Schematic representation of how the kernels at the endpoints are accounted for. The spectral 
flow in the three figures is -3, —1, and 0, respectively. 


Often it will also be of relevance to have unbounded intervals J c R. Then an addi- 
tional assumption is necessary to define the spectral flow: 
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Definition 1.1.4. Let J c R be a possibly unbounded interval and t € I 5 H, e CN 
a continuous path of self-adjoint matrices such that sup;cr o5 IH, | < co and 
SUDtera C oot ) IHI < co for suitable t. < t,. Then the spectral flow of the path is 
defined as 


Sft c T > H) = 2 (Sig, ) - Sig(H, )). (1.5) 
1.2 Structural properties of the spectral flow 


Here we collect a number of basic properties of the spectral flow. Neither of them is 
difficult to prove in finite dimensions. All of these properties have generalizations to 
infinite dimensions. The proof of the first two statements follow immediately from the 
definition. 


Proposition 1.2.1 (Path reversal). Let t € [0,1] +» Hj be a path of self-adjoint matrices. 
Then 


Sf(t e [0,1] = H, ,) = —Sf(t € [0,1]  H;). 


Proposition 1.2.2 (Path reflection). Let t € [0,1]  H, be a path of self-adjoint matrices. 
Then 


Sf(t € [0,1] 5 -H,) = - Sf(t e [0,1]  H,). 


Proposition 1.2.3 (Concatenation). Lett € [0,2] — Hj bea path of self-adjoint matrices. 
Then 


S(t € [0,1]  H;) + SÉ(t € [1,2] > H,) = Sf(t € [0,2] > H;). 
Proof. By Definition 1.1.3, 
Sf(t € [0,1] > H,) + Sf(t € [1,2] > H;) 
= 5 (Sig(th) - Sig(Hy)) + 5 (Sigo) - Sig) 


- P (Sig) - Sig(Hy)) 
= Sf(t € [0,2] > H,) 


showing the claim. 


Proposition 1.2.4 (Homotopy invariance). For s € [0,1] let t € [0,1] + H;,(s) be a contin- 
uous path of self-adjoint matrices such that s € [0,1] + Ho(s) and s € [0,1] + H4(s) are 
paths in the invertible matrices. Then 
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s € [0,1] 5 Sf(t € [0,1] > H,(s)) 


is constant. 


Proof. Ass € [0,1] + Sig(Hg(s)) and s € [0,1] + Sig(H4(s)) are constant, the claim 
follows from Definition 1.1.3. 


Proposition 1.2.5 (Invariance under conjugation). Let t € [0,1] + H, be a path of self- 
adjoint matrices and A an invertible matrix. Then 


Sf(t € [0,1]  A*H,A) = Sf(t € [0,1] > H,). 


Proof. By Sylvester's theorem, Sig(A* HA) = Sig(Ho) and Sig(A" H,A) = Sig(H,). Defini- 
tion 1.13 allows us to conclude the argument. 


Proposition 1.2.6 (Additivity. Let t € [0,1] +» H, and t € [0,1]  H, be paths of self- 
adjoint matrices. Then 


Sf(t € [0,1] > H, e H;) = Sf(t € [0,1]  H;) + Sf(t € [0,1] > H;). 


Proof. AsSig(Hg € H6) = Sig(Ho) + Sig(H$) and Sig(H4 eH) = Sig(H;) +Sig(H{), the claim 
holds by Definition 1.1.3. 


Proposition 1.2.7 (Monotonicity). Let t € [0,1]  H, be an increasing path of self-adjoint 
matrices. Then 


Sf(t € [0,1] = H,) > 0. 


Proof. As the path is increasing, H, > Ho. Therefore Sig(H4) > Sig(H,), and Defini- 
tion 1.1.3 allows us to conclude. 


1.3 Alternative expressions for the spectral flow 


The concatenation procedure stated in Proposition 1.2.3 can be iterated, namely if 0 = 
to < ty < -++ «ty 4 < ty = lisa finite partition of [0, 1], then 


Sf(t € [0,1] > H) = Y. SH, Hi) 
m=1 
1 M 
5 > (Sig(H;,) - Sig, ,))- 


This can be further modified to an expression that will be the starting point for the def- 
inition of the spectral flow of paths of unitaries (in Section 1.5), as well as of self-adjoint 
Fredholm operators on an infinite-dimensional Hilbert space, as given by Phillips [147] 


6 —— 1 Spectral flow in finite dimension 


(see Chapter 4). For each interval [t,, 4, tm], let us next choose an am > 0 such that 
Am € spec(H,) and -am € spec(H,) for all t € [t,, 4, tm]. Then the spectral projections 


Pant - X= asm] At) (1.6) 


have constant rank for all t € [t,, 4, tm]. Note that these spectral projections are orthog- 
onal, namely self-adjoint. Furthermore, the operators 


Pq tHtPa,,,t = Pa tt = A, Pa, t 


are self-adjoint for all t € [t,,_1,t,,] and, because no eigenvalues leave or enter the spec- 
tral interval [-a,,, âm], one has 


Sig(H, ) - Sig(H .) = Sig(H, Pat) - SIg(H,, Pamstm)* 


Therefore 


Ms 


1 , , 
Sft € [0,1] > Hy) = 5 5 (Sig, Ps, v.) - SIBH, Panta): (1.7) 


1 


3 
TI 


One can further manipulate this expression by setting 
Da = X(o,a,,] Ho) B = X[-a, 0) (Hi); 
as well as 
P. = Xia, (Hà; — Po = Xi Ho. 
Then, if a ¢ spec(H,), 
Sig(H;Pa) = Tr(P;, - Par): 


Thus with the a,, as above, 


M 
Sf(t € [0,1] 5 Hj) = ; X Tr(PR e -Pi Po, EP a ) (1.8) 


Anotm amtm E Amtm-1 amtm-1 
Now 


Tr(P;, e) = Tr (Pat -P3 = Tr(P, P - Pox), 


mt 
so that Tr(P,. , ) = Tr(P, , ,) substituted into (1.8) implies 


1 M 1 
Sf(t € [0,1] 5 H;) = 5 Iro) + Y TP. PL. )- ZTP) — Q9 


m Am 
m=1 
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As already pointed out, all three expressions (1.7), (1.8), (1.9) coincide, extend to self- 
adjoint Fredholm operators, and essentially directly lead to Phillips’ definition of the 
spectral flow [147], the difference being the boundary terms j Tr(Po o - Po) which can 
be half-integer. The present symmetric treatment of the kernels at the endpoints assures 
the path reflection property. On the other hand, the map s » Sf(t € [0,5] 5 Hj) is, due 
to these terms, in general neither right nor left continuous, and furthermore the map 
s 5 Sf(t € [0,1]  H, + s1) is not right continuous. 

Another approach to generalize the notion of spectral flow to infinite dimensions, 
actually also going backto the work [14], is to still use (1.4), but with a modified definition 
of the signature. On an infinite-dimensional Hilbert space, one often has the situation 
that there are an infinite number of positive eigenvalues, as well as an infinite number 
of negative eigenvalues. To take the difference with these two infinities, one can attempt 
to work with a ¢-function regularization and this leads to the so-called n-invariant of an 
invertible self-adjoint matrix H, 


i) = lim Tr(H|H| S”). 
S 
Now for an invertible matrix, one readily finds that 
n(H) = Sig(H). (1.10) 


Moreover, due to the integral identity 


I( stl) 


1 

s-1 2 

pes | Itt 2 mau 
2 0 


one can rewrite the above definition of the n-invariant as follows: 


00D = P$ rer 


| dtt? Tr(He ^) 


0 
co 


- = Ja t2Tr(He™), (110) 


because rG) = yz. In this form, the identity n(H) = Sig(H) results from 
ES j« tine = spn(a), AER (1.12) 
VT and » » ki 


which can readily be checked by a change of variables. If now H is a self-adjoint operator 
2 

on an infinite-dimensional Hilbert space having compact resolvent, then often eis 

of trace class and, under suitable further properties, it may be possible to show that the 
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integral in (1.11) is convergent. If this is the case, one says that the r-invariant is well- 
defined. Then the spectral flow is given by ian) — n(H)), similar as in (1.4). In this 
book, the spectral flow will be defined using Phillips approach and then the connection 
to the n-invariant is a consequence under particular assumptions. 


1.4 Spectral flow as a sum of eigenvalue crossings 


The following approximation result will allow computing the spectral flow for generic 
paths by counting eigenvalue crossings, see Propositions 1.4.3 and 1.4.5 below. 


Proposition 1.4.1. Let t € [0,1] ^ H, = H} € C"*" be a continuous path of self-adjoint 
matrices. For any € > 0, there exists areal-analytic patht € [0,1] + H, = H7 e C™™ with 
\|H, — H,|| < e uniformly in t such that all eigenvalue crossings are simple and transversal, 
namely dim(Ker(H;,)) < 1 and OA lor) # 0, and, moreover, with invertible endpoints 
Hy and Hi. 


Proof. The Weierstrass approximation theorem implies that there exists a real-analytic 
path t € [0,1] > A, = (A,)* e C"*" with |Ñ; - H,| < $ uniformly in t. By The- 
orem IL1.10 in [112], there is a real-analytic path of unitaries t € [0,1] — U, such 
that one has U; É,U, = diag(A,(t),. .., Ay (t), where t + A;,(t) are real-analytic func- 
tions representing the eigenvalues of H,. By Sard's theorem, the complement of the 
set of regular values (points with nonvanishing derivative) of the eigenvalues Ax, with 
k = 1,...,N,in (-5,.+5) has measure zero. Thus there are ó,,...,óy € (-5. $) such 
that 0 is a common regular value of the functions t + Ag(t) + 6, fork = 1,...,N 
and such that dim(Ker(diag(A,(t) + 6;,...,Ay(t) + dy))) < 1 forall t € [0,1], as well 
as dim(Ker(diag(A,(t) + 6;,...,Ay(t) + Sy))) = 0 for t = 0,1. Then the continuous path 
t € [0,1] = H, = U, diag(A,(t) + 6,,...,Ay(t) + 5y)U;' has the desired properties. In 
particular, the crossing eigenvalues A, (t) of H, have derivatives A A(t) = 0,A,(t) given by 


Ai At) = (ét) | (0-H) (€). 


where @;(t) is the (only) unit eigenvector of A(t) = 0, namely Ê, pt) = 0 and 
I; (C)|| = 1. 


Remark 1.4.2. Let us note the path H, is not constructed by first diagonalizing H, and 
then approximating the eigenvalues and eigenfunctions by smoothened versions. In- 
deed, this procedure is impossible because Example 11.5.3 in [112] shows that the eigen- 
vectors of H, may even not be continuous. Instead, the above proof first approximates 
the matrix elements by analytic objects. o 


By homotopy invariance, see Proposition 1.2.4, of the spectral flow as defined in 
Definition 1.1.3, one can now compute the spectral flow by the real-analytic path, 
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Sf(t € [0,1] + H,) = Sf(t € [0,1] + H,), 


provided that there is a path of invertible self-adjoints connecting Hy to Hy and a path 
of invertible self-adjoints connecting H, to H, (which, of course, requires that Hy and H; 
are invertible themselves). In particular, this is the case for e < min(lHg l| 5 lH; |). 
By Proposition 1.1.1, the spectral flow of the path t € [0,1] — H, can also be computed 
by the alternative formulas (1.1) and (1.2). These formulas lead to yet another expression 
for the spectral flow. 


Proposition 1.4.3. Ift € [0,1] > H, is a continuously differentiable path with simple and 
transversal eigenvalue crossings and invertible endpoints as given in Proposition 1.4.1, 
then 


Sf(t e[0,1] 5 Hy) - Y, saa), (113) 
A,(t)=0 


where t € [0,1] +> A(t) denote the eigenvalue curves of H, that are continuously differen- 
tiable at any eigenvalue crossing and the sum runs over pairs (j, t) such that A;(t) = 0. 


As a preamble to the proof, let us recall the Kato continuity and selection theo- 
rem. Thus consider a continuously differentiable path t € [0,1] ^ H, € C™™ with 
invertible endpoints. At the endpoints 0 and 1, the derivatives are defined as the left, 
resp. right, limits of the derivatives, or alternatively using only left, resp. right, differ- 
ence quotients. Then by Theorem II 6.8 in [112], the eigenvalues A4(t), .. ., Ay (t) are con- 
tinuously differentiable provided that one chooses the correct branches at level cross- 
ings. Moreover, for tọ € [0,1] let Aj (t), ..., Aj, (t) be the eigenvalues of H, such that 
Ak, (to) = +++ = Ax, (to) = 6 € R. Then (e. g., by Theorem II 54 in [112]) the derivatives 
of these eigenvalues coincide with the spectrum of y; (Hi )(0;H); y,5(H;.) seen as an 
operator on Ran(y;s; (H, )). More precisely, 


{Ay (to), Ses Ay (to) = spec(yia, (Hi (OH) Xt (H,)). 


Proof. Let us first note that the sum on the right-hand side of (1.13) is finite by the gener- 
icity assumption, which also implies that the signs sgn(A; (t)) at these points are well 
defined. Consider tọ € (0,1) such that Ker(H,,) + {0} and choose a > 0 such that 
spec(H, ) n [-a, a] = (0). Then there is e > 0 such that +a € spec(H,) for t € (tg —€, tg 4 €). 
Let A : (ty — €, to + €) — (-a,a) be the continuously differentiable function representing 
the eigenvalue of H, in [-a, a]. Because å’ (tọ) # 0 there is 0 < n < ; such that A(t) # 0 
for t € (tg — 2, to + 2n) V {to}. This implies 


sgn(A(to + n)  - sgn(A(to - n) = sgn(à' (to)), 


and therefore 
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sgn(A' (to) = Tr(X(o,a] (Ai,+n)) 5 Tr(Yto.aj (Hi 4). 


As t € (tg — 2, tg + 2N) +> X(aooy (Hy) is continuous and thus the integer-valued map 
t € (to — 2n, to + 2) ^ Tr (Xa) (Hz) is constant, one has 


sgn(A'(t9)) = Tr(Y{0,00) (Hi, +9) — TEX 10,00) (Hz, -n)) 
1. : 
= 5 (Sis (Hi, +9) x Sig(Hi,-n)) 
= Sf(t € [ty - n, tg + n] > Hj). 


The concatenation property of the spectral flow, see Proposition 1.2.3, implies the 
claim. 


In some situations, one is confronted with paths which are not generic in the above 
sense, and one would not like to deform them into a generic one as in Proposition 1.4.1. 
A typical example is a path with certain symmetry properties. Under a weaker genericity 
assumption (so-called regular crossings), it is nevertheless possible to find a generaliza- 
tion of (1.13) which uses the notion of crossing form [160, 84, 200]. 


Definition 1.4.4. Let t € [0,1] —— H, = H; be a continuously differentiable path of 
self-adjoint matrices. An instant t € [0,1] is called a crossing if Ker(H;) # {0}. Then the 
crossing form at t is the quadratic form 


T, : Ker(H,) > R, L(9)- (|(0,H),@). 
A crossing is called regular if T, is nondegenerate. 


By the above, a crossing tọ is regular if and only if all derivatives A; (to) of eigen- 
values contributing to the kernel of H, do not vanish at the point t = tọ. In particular, 
regular crossings are isolated. Moreover, if Ho, H; are invertible, then there is e > 0 such 
that Hj + 61 and H; + 61 are invertible for all 6 € (—e, €). Then, by Proposition 1.2.4, 
Sf(t € [0,1] 5 Hj) = Sf(t € [0,1]  H, + 61). Again appealing to Sard’s theorem, the 
complement of the set of common regular values of the eigenvalues A,, k = 1,...,N in 
(—e, €) has measure zero. Therefore, for the computation of the spectral flow it is suffi- 
cient to consider paths t € [0,1] — Hj that have only regular crossings. The next result 
provides the formula expressing the spectral flow in terms of all crossing forms, in par- 
ticular the endpoints are not necessarily invertible. The reader is invited to check that 
the boundary terms are correct by inspecting once again Figure 1.1. 


Proposition 1.4.5. Lett € [0,1] = H, € CX” be a continuously differentiable path of 
self-adjoint matrices with only regular crossings. Then the spectral flow of this path is 
Sf(t e [0,1] 5 H;) = ; Sigs) + Y SigT)- ; Sig(T4), (1.14) 


te(0,1) 


where Sig(T,) denotes the signature of the quadratic form Y,. 
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Proof. Let us suppose for simplicity that Hj and H; are invertible. As already stated, a 
look at Figure 1.1 shows how to deal with nontrivial kernels at these points (details are 
also given in the proof of Proposition 4.3.6 below). First note that by the above regular 
crossings are isolated, thus the sum on the right-hand side of (1.14) is finite. Moreover, if 
the path t € [0,1] + H, consists of invertibles, both sides of (1.14) vanish. Consider one 
regular crossing to € (0,1). Choose a > 0 such that spec(H; ) n [-a, a] = {0}. Then there 
is e > 0 such that +a ¢ spec(H,) for t € (ty — e, ty + €). Form = dim(Ker(H, )), let 


Àt»... Am : (tp — 6 to + €) = (-a, a) 


be the continuously differentiable eigenvalues of H, in [-a,a]. Because ty is a regular 
crossing, Aj (to) + 0 for k =1,...,m. Therefore, there is 0 <n < 5 such that A; (t) + 0 for 
k =1,...,mandt e (ty - 2, tọ + 2n) V {to}. This implies 


sgn(Ax(to 4 m) = -sgn(Ax(tg — m) = sgn(Ap(to)), k=1...,m. 
Summing over all eigenvalues A; shows 
Sig(T;) = Tr((X{0,a] (Hi an)) m Tr(Yio.aj (Hi,-n))- 


As t € (tg — 2, tg + Zr) +> Xiao) (Hz) is continuous and therefore the integer-valued 
continuous map t € (to — 2N, to + 2N) > Tr(X(aoo)(H;)) is constant, one has 


Sig(T;) = Tr(X{0,00) (Hi, +)) E Tr(Yto.oo (Hz, 5) 
PER : 
= 5 Sig, s) e Sig(H, -n)) 
= Sf(t € [ty - n, to + n] > Hj). 


The concatenation property of the spectral flow, see Proposition 1.2.3, implies the 
claim. 


1.5 The spectral flow for paths of unitaries 


Let t € [0,1] — U, € U(N) be a (not necessarily closed) continuous path of unitary N x N 
matrices. For each t, the spectrum of U, lies on the unit circle $t. The aim of this section 
is to define a spectral flow of this path through -1 € S! in the positive sense. For the 
particular case of a closed path, this spectral flow is nothing but the standard winding 
number. There are several ways to approach the definition of the spectral flow of a path 
of unitaries. One way is to first show that the path can be approximated by a smooth 
one (the so-called generic position in differential topology [105]) and then resile to a for- 
mula similar to (1.2). Another approach introduces self-adjoint matrices H, = —:log(U;) 
by choosing a suitable branch of the logarithm and then applies Definition 1.133 to it. 
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However, suppose one chooses the branch cut on the positive real axis, then 1 is a spe- 
cial point which, after all, should intuitively be irrelevant for the spectral flow through 
—1 that only depends on eigenvalues close to —1 (this is avoided by the so-called homo- 
topy lifting lemma). This expectation turns out to be true, see Section 4.5 which shows 
that one may even allow for essential spectrum away from -1, provided the suitable 
definition of spectral flow is used which is presented in this section. The basic idea of 
this construction goes back to Phillips [147] and will be used later on. Hence this section 
serves as an intuitive preparation for the following. Before starting out, let us point the 
interested reader to a leisurely introduction of the winding number and its applications 
by Roe [161]. 

Let us begin with a technical preparation. For a € [0, 7), the spectral projections are 
denoted by 


Pat = Xtehbepz-azica] Uo (1.15) 


where y; denotes the characteristic function onto the set S c C. These are the natural 
counterparts of the spectral projections (1.6) in the case of paths of self-adjoint matrices. 


Lemma 1.5.1. For a unitary matrix U € U(N), there are a number a € [0,7) and a 
neighborhood N of U in U(N) such that V > X;ev.pejn-an+a} (V) is a norm-continuous, 
projection-valued map on N. 


Proof. There is an a € [0, 7t) such that e'"*? are not in the spectrum of U. Then there 
exists 7 — a > € > 0 such that the set 


Nae = (e "P : p e [-a- e, -a] u [a.a + e] 
is disjoint from spec(U). The set 
N = (V € U(N) : Nae nspec(V) = Ø} 


is open and on this set the function V +> X;eb:bejr-an+a} (V) is norm-continuous as 


Xe-be{n-an+a}} agrees with the continuous function f : S! > C defined by 


1 


1 
e ? o Xin-a,n+a) (9) ~ (9 Es Gt tac €)) zXinanrare (9) 


1 
* (9 n Gt -a- €)) ZXIn-a-en-a)(9)- 


This concludes the argument. 


By compactness and the previous lemma, it is possible to choose a finite partition 
O=t)<t, <-:+<ty.<ty=1 


of [0,1] and am € [0,7),m=1,...,M, such that 


1.5 The spectral flow for paths of unitaries —— 13 


t € [tm tm] = Pant 
is continuous with constant rank. Each projection P, , can be decomposed into 


> < 
Pat = Xte-pe(nn+ayy Ur) Pat E Xe:betn—-a.ny}Ur)- 


This is illustrated in Figure 1.2. 


t=0 t t t3 t4 ts te t;—1 


Figure 1.2: Schematic representation of the spectrum of a closed path of unitary matrices and the objects 
used in Definition 1.5.2. 


Definition 1.5.2. For a partition 0 = tọ < t < =- < ty 4 < ty = 1and a, e [0,7), 
m =1,...,M as above, the spectral flow of the path t € [0,1] — U, € U(N) is defined as 


M 
Sf(t e [0,1] 5 U;) = ; I BE ge Pg Pol B rok 


Amstm B gt, z amtm-1 amtm-1 


Let us first explain how this definition fits together with Definition 1.1.3. For that 
purpose, let us first of all note that 


TROP. = Pot) = Sig( Jm(U; )P,;), 


where Jm(A) = xA - A*) is the imaginary part of a matrix A and P, , is the spec- 
tral projection defined in (1.15) (note that this is also the spectral projection of the self- 
adjoint operator Re(U;) onto the interval [-1, — cos(a)]). As it is a self-adjoint matrix, 
Jm(U; )Pa t = P443m(U; )P, t on the right-hand side, one hence takes the signature of a 
self-adjoint matrix given by the difference of its positive and negative eigenvalues. The 
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projection P, , restricts to the spectrum around —1 in a symmetric way, see once again 
Figure 1.2. Note that the self-adjoint matrix P, ,JIm(U;)Pa, = Jm(U;)P, + therefore has 
potentially a large kernel, but this kernel does not influence its signature (which only 
counts positive and negative eigenvalues). Now replacing into Definition 1.5.2 gives 


Ms 


1 i " ; * 
Sf(t € [0,1] > Ur) = 3 » (Sig(am(U; )Ps, s, ) - Sig(m(U; ,)Ps,,,, ,)). 


1 


= 
Tl 


Comparing with (1.7), this clearly shows the similarities with the spectral flow of self- 
adjoint matrices. The basic result about the spectral flow is that it is well defined by the 
above procedure and it is homotopy invariant. 


Theorem 1.5.3. The definition of Sf(t € [0,1] +> U+) is independent of the choice of the 
partition 0 = ty < t < =- < ty 4 < ty = 10f [0,1] and values am € [0,7) such that 
t € [t 4 tm] +> Pat is continuous. 


Proof. For each point t, € [t4 4, tm] for m € (1,2,..., Mj added to the partition, the 
number Tr(P; , —P; , )isboth added and subtracted, thus Sf(t € [0,1] > U;) does not 
change. Therefore the definition of the spectral flow is independent of the choice of the 
partition. 

For m € (1,2,..., M], let us compare apm to a7, where t € [ty 4, tm] >} Py, , is con- 
tinuous with constant rank. Without loss of generality, one may assume a’, > dm. As 
g7505) and e*m) are not in the spectrum of U, for any t € [tm-1 tm], it follows that 
both t € [tmtm] > Pare - P; and t € [tmtm] > P - P; , are continuous 
projection-valued functions and hence of constant rank, say k^ and k<. Thus 

Tr(P^, , -P$ P, +P, ) 


I = i $ 
nom Amtm amtm-1 amtm-1 


= Tr(P5, e) - TP.) - Tr(P5 , + Tipo v) 
SP, DEKUSTHPS eR eT pak + TCP a. pee 
B Tr (Po tin = Pos zi P, fes m P$ tsi) 


Therefore the definition of the spectral flow is independent of the choice of the values 
am € [0, 7) such that t € [t5 4, tm] > Pa, t is continuous. 


Remark 1.5.4. Note that the spectral flow of paths of unitaries does not only depend 
on the endpoints of the path. In particular there are closed paths of unitaries with non- 
vanishing spectral flow. For example consider the path t € [0,1]  U, = e?" of complex 
numbers on the unit circle identified with unitary matrices acting on C. This path is 
closed with endpoints Uy = U, = 1 but its spectral flow Sf(t € [0,1] +» U+) = 1 does not 
vanish. o 
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Some elementary properties of the spectral flow are collected in the following result. 

Theorem 1.5.5. Lett € [0,1] + U, € U(N) be a continuous path. 

(i) If-1 € spec(U,) for all t € [0,1], then Sf(t € [0,1] > Up) = 0. 

(i) The spectral flow has a concatenation property, namely if t € [1,2] + U, € U(N) isa 
second continuous path, composable to the first one in the sense that the endpoint of 
the first path is the initial point of the second path, then 

Sf(t € [0,2] + U+) = Sf(t € [0,1] > U;) + Sf(t € [1,2] > Uj). 
(iii) Changing the orientation of the path leads to a change of the sign of the spectral flow 
Sf(t € [0,1] > U+) = - Sf(t € [0,1] 5 U, ,). 
(iv) The spectral flow has the reflection property 


Sf(t € [0,1] 9 U;) = - Sf(t € [0,1]  U; ). 


(v) The spectral flow has an additivity property under direct sums, namely if one has a 
second continuous path t € [0,1] + V, € U(N’), then 


Sf(t € [0,1] 9 U, e V,) = Sf(t € [0,1] > U,) + Sf(t € [0,1] > V,). 


(vi) The spectral flow is invariant under conjugation of the given path by another path 
t € [0,1] œ W, € UW) of unitaries 


Sf(t € [0,1] > U;) = Sf(t € [0.1] > W,U,W; ). 


Proof. Allitems follow directly form the definition of the spectral flow. 


Theorem 1.5.6. Let t € [0,1] > U, and t € [0,1]  U, be two continuous paths in U(N) 
such that Uy = Uj and U, = Uj and such that there exists a continuous homotopy between 
the two paths leaving the endpoints fixed. Then 


Sf(t € [0,1] > U+) = Sf(t € [0,1] > Uj). 


Proof. Let us first note that for Up, U, € U(N), both in the same neighborhood XN of the 
type given in Lemma 1.5.1, and any path t € [0,1] + U, of unitaries from Up to Up lying 
entirely in N, the spectral flow is 


Sf(t € [0,1] 0j) = 5 Tr(P;; - Pj 


> < 
al Pao + Pao) 


where a = q is chosen as in Lemma 1.5.1 and the partition is trivial, namely tọ = 0 and 
t = 1. Therefore the spectral flow is independent of the path in N connecting Ug to Uj. 
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Let us denote the homotopy between the two paths by h : [0,1] x [0,1] — U(N), 
more precisely, h is continuous, h(t,0) = U, and h(t,1) = U; for all t € [0,1], and one 
has h(0,s) = Ug = Uj and h(1,s) = U, = Uj for all s € [0,1]. By compactness, one can 
cover the image of h by a finite set {N}, . . ., Ng} of neighborhoods as in Lemma 1.5.1. The 
preimages (h 1(N4),. .., À 1(N,)) of these neighborhoods form a finite cover of the set 
[0,1] x [0, 1]. For the Lebesgue number e, > 0 of this cover, any subset of [0, 1] x [0,1] of 
diameter less than e, is contained in some element of this finite cover of [0,1] x [0, 1]. 
Thus, if we partition [0,1] x [0, 1] into a grid of squares of diameter less than ey, then the 
image of each square will lie entirely within some XN; for l € (1,..., kj. By compactness, 
it is sufficient to show that 


Sf(t € [0,1] + A(t,s’)) = Sf(t € [0,1] = h(t, s")) 


for s', s" € [0,1] with |s’ — s"| < RU Without loss of generality, one may assume s' « s". 
For a partition 0 = tọ < tj < = < ty4 < ty = 1such that |t, - t, 4| < $ for all 
me {1,...,M}, the image h([tm-1 tm] x [s', s" ]) is contained in one of the neighborhoods 
Nj for l € {1,...,k}. Therefore, by the first paragraph of this proof, one has 
Sf(t € [tm tm] > h(ts')) + Sf(s € [s',s"] = h(ts,,s)) 
= Sf(s e [s',s"] = h(t, 4,5) + Sf(t € [£, V. tm] > A(t, s") 


for all m € (1,..., Mj. In conclusion, 


Sf(t € [0,1] = h(t,s’)) = Y Sf(t € [tj tm] > h(ts’)) 


Ms iMs 


Sf(s € [s', s"]  h(t,, 4, s)) 
Lent € [tmi tm] > h(t,s")) - Sf(s € [s s" ] = A(tms)) 
= Y Site [Gait | > A(t, s”)) 

= it € [0,1] = h(t, s")), 


where the third step follows from Sf(s e [s', s"] + A(0,s)) = Sf(s € [s', s"] 5 h(1,s)) = 0 
as the considered paths are constant. 


Remark 1.5.7. For a path t € [0,1] — A, € CP of invertible matrices, one can define 
the spectral flow as the spectral flow of the unitary phase U; = A;|A,| 5, 


Sf(t € [0,1] > Aj) = Sf(t € [0,1]  U,). 


If A, is normal for all t € [0,1], it is possible to label the spectral curves Aj(t) such that 
each varies continuously in t. When t increases, the spectral curves t +> A,(t) can cross 
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the segment [0, 1] x (—co, 0). One has a spectral crossing of positive signature if there is a 
passage through the negative real axis from the upper half-plane to the lower half-plane 
or a spectral crossing of negative signature if the passage is from the lower half-plane 
to the upper half-plane. If there is a finite number of crossings and no crossings at the 
boundaries t = 0 and t = 1, the sum of these signatures over all crossings is equal to 
Sf(t € [0,1] > Ap). o 


Up to now, all paths of unitaries were merely assumed to be continuous. In complete 
analogy with Proposition 1.4.1, one can deform the path into a real-analytic one with 
simple regular crossings. A detailed proof is omitted. 


Proposition 1.5.8. Lett < [0,1] +» U, € U(N) be a continuous path of unitary matrices. 
For any € > 0, there exists a real-analytic path t € [0,1] — V, € U(N) of unitary ma- 
trices with |V, — U,|| < e uniformly in t such that all eigenvalue crossings are simple and 
transversal, namely dim(Ker(V;)+1y) < Land -1V/'0,Vilxerv,+1) # 0, and, moreover, with 
endpoints Vy and V, having no spectrum at —1. 


Of course, much more can be said if the path is differentiable. First of all, there is 
an integral formula related to (1.2) for the spectral flow of self-adjoint matrices. 


Proposition 1.5.9. Lett € [0,1] + U, € U(N) be a continuously differentiable path of 
unitaries such that -1 is no eigenvalue of its endpoints. Let (A;(t));-1,_,w be the eigenvalues 
of U, with a enumeration such that each eigenvalue is differentiable in t. Then 


z 


Sf(t e eo? > | dt g' (-1(log_(A,(t)) - m))2, log_(A,(t)), 


where log_ : C \ [0,c0) — C is a branch of the logarithm such that log_(-1) = i, and 
g : R  [-11] is as above a smooth function which is equal to —1 on (-co, -e] and 
equal to 1 on [e, co) where e > 0 is such that the endpoints Ug and U; have no spectrum 
in (e? : b € [r — ez + €]}. Note that in the integrand on the right-hand side one has 
£ (-1(log_(A,(t)) —17)) = 0 unless WO -1| < |e - 1| and for those t and j also log (Aj(t)) 
is well-defined and differentiable. 


Just as (1.2), this follows directly from the fundamental theorem. It is also possible 
to write out formulas for the spectral flow using crossing forms. Again the proofs are 
not spelled out. 


Definition 1.5.10. Lett € [0,1] + U, € U(N) be a differentiable path of unitary matri- 
ces. An instant t € [0,1] is called a crossing if Ker(U, + 1y) + {0}. Then the crossing form 
attisthe quadratic form 


T,:Ker(U,*1y) >R, T$) = -plU QU, à). 


A crossing is called regular, if T, is nondegenerate. 
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Proposition 1.5.11. Let t € [0,1]  U, € U(N) be a continuously differentiable path of 
unitary matrices that has only regular crossings. Then the spectral flow of this path is 


Sf(t € [0,1] > Uj) = 5 sigo) + Y SigT)- 2 sigt, (1.16) 
te(0,1) 


where Sig(T,) denotes the signature of the quadratic formT,. 


For a closed path, the spectral flow of a path of unitaries reduces to the winding 
number which for differentiable paths has further well-known expressions. 


Proposition 1.5.12. Lett € [0,1] — U; bea closed path in U(N) which is piecewise con- 
tinuously differentiable. Then 


1 


: | dt Tr(U;0,U;) (1.17) 


Sft € [0,1] > U) = ;— 
1 


0 
1 1 
== Jo à, log(det(U,)). 


Proof. The spectral flow on the left-hand side of (1.17) is a homotopy invariant by The- 
orem 1.5.6. Moreover, it is also well known that the winding number integral on the 
right-hand side of (1.17) is a homotopy invariant on the set of differentiable closed paths. 
Indeed, consider a path s € [0,1] +> U, , of piecewise continuously differentiable closed 
loops (in t) of unitaries that is continuously differentiable in s for any t. Then 


1 
0s | dt Tr(U;,0,U;s) dt Tr(9,U; ,o,U, , + U, ,0,0,U, ,) 
0 


dt Tr(9, U; Ot Urs zh ot U, 0, Uss) 


ll 
—— oor OO 


dt Tr(-U7,0,U, ,U; OU, ts + U, NU! tsU tsOsU ts) 


Il 
O o 


where in the first step the derivatives 0, and 0, were exchanged, the second step used 
integration by parts, and the final step uses the cyclicity of the trace. Now one can deform 
t € [0,1]  U, to a path t € [0,1] 5 e?" p +1 — P where n is the winding number and 
P € CN* is a one-dimensional projection. For the latter path, the equality can be readily 
checked and as both sides are constant along the homotopy, the claim follows. 
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1.6 The spectral flow through the imaginary axis 


Up to now, the spectral flow of paths of self-adjoint and unitary matrices was considered. 
This section briefly discusses what can be done for more general paths t € [0,1] > A, 
of matrices. The most fruitful generalization is to look at the spectral flow through the 
imaginary axis where the passage of each eigenvalue is weighted by the orientation 
and the algebraic multiplicity of the eigenvalue. The algebraic multiplicity is given by 
the dimension of the Riesz projection of the eigenvalue (see Appendix A.1). Therefore let 
us introduce several Riesz projections of a given matrix A, namely P" (A), P? (A), P" (A), 
P* (A), and P*(A) on all eigenvalues having positive, nonnegative, vanishing, negative, 
and nonpositive real part. Then the signature of a matrix A will be defined as the number 
of eigenvalues with positive real part minus the number of eigenvalues with negative 
real part, both counted with their algebraic multiplicities, 


Sig(A) = Tr(P*(A)) - Tr(P*(A)). 

Based on this, the spectral flow can be defined as in Definition 1.1.3 by 

Sf(t € [0,1] > A,) = (Sig) - Sig(Ao)). (118) 
Itis possible to rewrite this as in (1.9), namely 

Sf(t € [0,1] 5 Aj) = ; Tr(P^ (A4)) + Tr(P^ (A;)) - Tr(P" (A9)) - : Tr(P" (Ap)). 
With these definitions, one can again verify the basic properties from Section 1.2, except 
for the invariance under conjugation (Proposition 1.2.5) and the comparison (Proposi- 
tion 1.2.7). On the other hand, one has the following invariance under a continuous path 
t € [0,1] B, of invertible basis changes: 
Sf(t € [0,1] + B,A,B,') = Sf(t € [0,1] > A,). 

Clearly, the definition (1.18) reduces to Definition 1.1.3 if all A, are self-adjoint. More- 
over, if all A, are normal, then by the spectral theorem the real part of an eigenvalue is 
given by the eigenvalue of the self-adjoint matrix Re(A) = (A +A"), also called the real 
part of A. Therefore, for a path t € [0,1] > A, of normal matrices A,, one has 


Sf(t € [0,1] > A,) = Sf(t € [0,1] > Re(A,), 


where the right-hand side is a spectral flow in the sense of Definition 1.1.3. In general, 
however, such a connection does not hold as is shown by the next example. 
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Example 1.6.1. Consider 


at 1 


te aa) 4, = (5 " 


J: acl, 


which has a spectral flow +2 depending on the sign of a for all a > 0. But 


1/0 1 
Re(A,) - at1 2 ( » 


has spectrum (at + 1 at — 1. Therefore, for a sufficiently small, the spectral flow of 
t c [-a, a]  Re(A,) vanishes. o 


1.7 Z,-valued orientation flow of skew-adjoint real matrices 


This section considers real matrices A € IR *". They can either be considered as IR-linear 
operators on a finite-dimensional real Hilbert space Hg = RY, or as C-linear operators 
on C that commute with the componentwise complex conjugation, namely satisfying 
A = A. If considered as C-linear, then one can dispose the spectral theory of A and the 
spectrum is invariant under complex conjugation. Furthermore, let us now suppose that 
the matrix A € RP" is skew-adjoint, namely that it satisfies A* = —A. As H = 1A is self- 
adjoint and has real spectrum, the spectrum of A lies on the imaginary axis. Together 
with the invariance ofthe spectrum under complex conjugation, one deduces the reflec- 
tion symmetry 


spec(A) = - spec(A) c 1R. 


This implies that a skew-adjoint real matrix can only be invertible if N is even. For odd 
N, the kernel is necessarily of dimension greater than or equal to 1. Moreover, given 
two invertible real skew-adjoint matrices A, and 44, the spectral flow between the as- 
sociated self-adjoints Hy = 1A, and H; = :A, vanishes simply because both Hy and Hi 
have a vanishing signature due to the spectral symmetry. Nevertheless, one can extract 
a Z»-valued flow as in [57, 75]. It was called Z,-valued spectral flow in [57], but here we 
rather follow the terminology of [75] because there is no spectral flow involved (see the 
example below). 


Definition 1.7.1. Suppose given two invertible skew-adjoint matrices Ay,A, € RY“, 
The Z,-valued orientation flow (along the straight line path) from A, to A, is then defined 


by 
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Here Z, is viewed as a multiplicative group {-1, 1} and pf(A;) denotes the Pfaffian of A; 
for i = 0,1. 


Example 1.7.2. Let Hg = IR? and consider two paths, one linear and a second nonana- 
lytic path t € [0,1] + A, of skew-adjoint matrices: 


A-a-»( a) Ay = e-11() 5) (1.19) 


The spectra of A, and A; are 
spec(A,) = spec(À;) = {(1 — 2t), 2t — 1)ı}. 


Thus both eigenvalues form a crossing with a double degenerate kernel at t = i, and 
the associated spectral flow vanishes. Nevertheless, there is a difference between the 
two paths. In fact, for À,, one can consider the homotopy s € [0,1] + A,(s) of paths of 
skew-adjoints given by 


A,(s) = |2ts — 1| C Ey 


that leaves the endpoints fixed. Then A,(1) = Ã, while Á,(0) is a constant path with 
spectrum spec(A,(0)) = {—1 1} which is actually the straight-line path between A, and 
A,. Consequently the spectral crossing of the path A, can be homotopically lifted. On 
the other hand, it is impossible to lift the kernel of A,. This defect is encoded in the 
eigenfunctions as follows. Viewing A, and A, as nondegenerate skew-symmetric bilinear 
forms, results from linear algebra imply that there exists a real invertible matrix B such 
that 


Ay = B' AB. 


Actually, here B = (? t) which exchanges the eigenvectors of the upper and lower branch 
of A; att = j. This is reflected by the sign of det(B) and this sign is the Z;-valued orien- 
tation flow Of(Ao, A;) between the points Ay and A, along the straight line path as 


pf(B* AB) = det(B) pf(Ap). 


Let us stress again that due to the above, this Z,-valued orientation flow is not only de- 
termined by the spectrum ofthe path, but rather depends on the eigenfunctions as well. 
However, we will show further below that a path having vanishing kernel throughout 
necessarily has a trivial Z;-valued orientation flow. Another important difference be- 
tween the two cases in (1.19) is that A, is analytic in t, while A, is not. Let us also note 
that in the complex matrices one can deform A, into À, by the homotopy 
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S 1 0 -1 
s € [0,1] 5 A,(s) = e7€ HED 2t — 1 t 0 Jj 


Hence the reality restriction is necessary for the definition of the Z,-valued orientation 

flow. o 
Next let us analyze a few properties of the orientation flow. 

Lemma 1.7.3. For invertible skew-adjoint matrices Ag, A, € RY" 

trices B,C € RN” with det(C) > 0, one has 


and any invertible ma- 


Moreover, if Aj, A; € RM are skew-adjoint invertibles, 
Of(Ag & Ap, A4 e Aj) = Of(Ap, Ay) Of(A5, A1), 


with multiplication in (Z», -). 
Proof. By definition, Of(Ao, A4) = Of(A;, Ay). Moreover, 
Of(BAgB" , BA,B") = sgn(pf(BAoB")) sgn(pf( BA,B")) 


sgn(det(B)) sgn(pf(Ap)) sgn(det(B)) sgn(pf(A,)) 
= sgn(pf(Ao)) sgn(pf(A)) 


= Of(Ap, A1), 
and 
Of(CASC", A4) = sgn(pf(CAgC* )) sgn(pf(A4)) 
= sgn(det(C)) sgn(pf(Ao)) sgn(pf(A;)) 
= sgn(pf(Ao)) sgn(pf(A,)) 
Of(Ao, A4). 
Furthermore, 


Of(A, & Ag, A, € A1) = sgn(pf(Ao @ Ab) sgn(pf(A; @ Aj) 
= sgn(pf(Ao)) sgn(pf(A,)) sgn(pf(A1)) sgn(pf(A;)) 
= Of(Ap, Ay) Of(Ap, A1), 


proving the last claim. 


The following proposition indicates that the Z,-valued orientation flow can be used 
as an obstruction. 
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Proposition 1.7.4. Let Ay, A, € R" be skew-adjoint invertible matrices. Let there exist 
a path t € [0,1] > A, of skew-adjoint invertibles from Ag to A4. Then 


Of(Ag, A1) — 1. 


Proof. Ast € [0,1] — pf(A,) is continuous and pf(A,) + 0 for all t € [0,1], one has 
sgn(pf(Ao)) = sgn(pf(A4)). Therefore Of(Ag, A4) = sgn(pf(Ag)) sgn(pf(A,)) = 1. 


Next let us discuss the concatenation property of the Z,-valued orientation flow. 
Proposition 1.7.5. For skew-adjoint invertibles Ay, A4, A; € RY", 


Proof. The claim directly follows from Definition 1.7.1. 


Itrequires supplementary thought to introduce the Z,-valued orientation flow if the 
endpoints of the considered path are not invertible [77]. On the other hand, this issue 
is not of importance for the concatenation of a subdivision of a path t € [0,2] + A, 
where A, and A; are invertibles. Then if A, is not invertible, one can add a skew-adjoint 
perturbation W; on the kernel of W; such that A, + W; is invertible, and then (1.20) 
holds if A, is replaced by A, + Wj. This is independent of the choice of W, because the 
two modifications cancel out. This fact is important for the definition of the Z,-valued 
orientation flow for arbitrary paths in infinite dimension. 

However, in this book the definition of the Z,-valued orientation flow for skew- 
adjoint real Fredholm operators is not carried out. The reader is referred to the ref- 
erences [57, 75, 77]. Let us note though that it is straightforward to combine the above 
description of the finite dimensional case with the Phillips approach to spectral flow de- 
scribed in Chapter 4. Furthermore, let us note that it is possible to define various other 
Z,-valued flows for paths of matrices (or Fredholm operators) having other symmetry 
properties. The earliest is the parity introduced in [86] and further studied in the spirit 
above in [76], another one with a symmetry in the time parameter t was introduced in 
[71] and finally an exhaustive and unifying treatment of Z;-valued flows was given re- 
cently in [75]. An alternative approach to the same problem is based on a Clifford algebra 
valued flow [37]. 


1.8 Multiparameter spectral flow 


Proposition 1.5.12 states that the spectral flow of a closed differentiable path in the uni- 
tary group U(N) is equal to its winding number. On the other hand, it is well known that 
the fundamental group of U(N) is equal to Z for all N and that each connected compo- 
nent of the loops in U(N) is precisely labeled by the winding number (e. g., [161]). Hence 
the spectral flow establishes a concrete form of the homomorphism 


Sf : z4(U(N)) > Z, (1.21) 
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where the independence of the choice of representative is guaranteed by Theorem 1.5.6. 
On the other hand, recall that the higher homotopy groups 7r, (U(N)) for k € IN are the 
pointed homotopy equivalence classes of continuous maps Z € sk o U, € U(N) from 
the k-sphere S* to the unitary matrices, with a group structure given by glueing [103]. 
A famous result of Bott [35] states that for N sufficiently large (in the so-called stable 
range) 


Z, kodd, 
0, keven. 


Just as the spectral flow establishes the group homomorphism (1.21), one would now like 
an explicit map providing a group homomorphism 


Sf, 3 7 (U(N)) = Z, k odd. 


Similar as the winding number cocycle, this map applied to the dense set of differen- 
tiable functions z € SK > U, € U(N) will naturally involve integrals and derivatives of 
all k variables on S*. It will therefore be called the k-multiparameter spectral flow and 
is given by 


k+1 
Sf,(z € SK > U,) = (=) ds [navy k odd, 
gk 
where K!! = k(k — 2)---3- 1. Another term often used in the physics literature for this 
object is higher winding number or an odd Chern number. Of course, the choice of the 
normalization factor is crucial to guarantee that the integral is an integer, and the above 
is the standard choice [63, 152, 58]. In fact, there is an index theorem showing that Sf,(z € 
s% > U,) is an integer. Moreover, one can compute the integral for the generator of 
7t (U(N)) which is given by 


k 
U, = izgl + $ zy 
j=1 


Here z = (Zp,...,Z,) € SX c Rand y,,..., y, is an irreducible self-adjoint representa- 
tion of the Clifford algebra with k generators, namely y;y; + yjy; = 26; j and each y; isa 


matrix of size 27. A lengthy, but explicit computation then shows Sf,(z € so U;)-1 
(e.g., [58]. A similar construction can also be done in even dimensions [58], see also 
[119]. Furthermore, higher-dimensional generalizations of the index theorem of [14] are 
so-called Callias-type index theorems, see [171, 172]. Building on all the above, it is pos- 
sible to construct a k-multiparameter spectral flow for paths of self-adjoint Fredholm 
operators, anticommuting with a symmetry (see [171, 172]). 


2 Applications of finite-dimensional spectral flow 


This chapter is about the Bott-Maslov and Conley—Zehnder indices in a finite-dimen- 
sional setting. Both of them can be defined as a spectral flow of unitary matrices, but 
what makes these indices particularly interesting is an interpretation as an intersec- 
tion number of Lagrangian subspaces. Especially simple is the situation of closed paths 
for which the spectral flow reduces to the winding number, see Section 1.5. Hence 
closed paths are often considered as a special example, but no further applications 
of the winding number are given (see the book of [161]). On the other hand, the ap- 
plication of the Bott-Maslov and Conley-Zehnder indices that we focus on considers 
open paths. It is based on the intersection theory interpretation and, in particular, 
addresses transversality and monotonicity aspects: the Sturm-Liouville oscillation the- 
ory for the spectral theory of matrix-valued Jacobi matrices. Such Jacobi matrices are 
technically less involved than their continuous analogues, namely Sturm-Liouville op- 
erators and Hamiltonian systems, but nevertheless allow us to illustrate all essential 
features. 

This chapter is based on Chapter 1, but otherwise essentially self-contained. Later 
on, it is only relevant for Chapter 9, so the reader mainly interested in spectral flow in 
an infinite-dimensional setting may directly jump to Chapter 3 or even Chapter 4. 


2.1 Bott-Maslov index in finite dimension 


The Bott-Maslov index was introduced independently by Bott [35] and Maslov [133], and 
consecutively studied by numerous authors [9, 11, 47, 61, 97, 127, 159, 164, 209, 166, 167, 
106]. It is an intersection number associated to paths of Lagrangian planes in a finite- 
dimensional Krein space. In many applications (such as classical mechanics), the Krein 
space is real and thus reduces to a symplectic vector space. The classical theory of the 
Maslov index is developed in this context [133, 9, 11, 159], but no real structure will be 
used here. It turns out that the intersection number defining the Bott-Maslov index is 
tightly linked to the spectral flow of unitary matrices as discussed in Section 1.5, via 
the so-called stereographic projection. Bott's initial motivation was to study the spectral 
properties of matrix-valued Sturm-Liouville operators [35] and the discrete analogue of 
this, oscillation theory for block Jacobi matrices, will be discussed as an application in 
the following Sections 2.4 and 2.5. Maslov's motivation rather came from semiclassical 
analysis where the Bott-Maslov index is relevant for a correct choice of phase factors 
[133]. Very influential was also the paper by Arnold analyzing the Bott-Maslov index 
from the point of view of differentialtopology [9]. Here the theory is developed for finite- 
dimensional complex Krein spaces, following [166, 167]. In Chapter 9 it is then extended 
to infinite-dimensional Krein spaces. 

Let us consider the even-dimensional complex vector space C?". The euclidean 
scalar product of ¢,y € C?" is denoted by (ó|U) = * where the second notation 
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alludes to à and w as frames for one-dimensional subspaces spanned by these vectors 
(more general frames will be introduced on the next page). On C?" act the matrices 


1 0 0 -1 
rst 2 e a (a) 


where all block entries are of size N x N. Both define a sesquilinear form on C?" by 
(Ol), = "JU and (|); = 9 IU which equip C? with a so-called Krein space structure 
[29, 20, 100]. When is restricted to IR?" c C?" , one also speaks ofa real symplectic vector 
space [115]. Let us also note that J and J induce quadratic forms @ € C™ 5 @*J and 
à € C?" > $* I$ on C™. Of course, these forms and the two matrices J and I are related, 
namely 


il = eje, (2.2) 


where C is the Cayley transform given by 


1/1 -7 
e-—( x (2.3) 


This allows working in either representation and we choose to focus on J. All of the 
concepts and results below directly transfer to results formulated with I. 

The central object of this section and actually most of the chapter are J-Lagrangian 
projections. First recall that a square matrix P is called an orthogonal projection pro- 
vided that P = P* = P*. Further recall that there is a tight connection between projec- 
tions and subspaces, namely associated to each projection is the subspace Ran(P) given 
by its range, and inversely associated to every subspace there is an orthogonal projec- 
tion. Moreover, the dimension of a projection is the dimension dim(Ran(P)). 


Definition 2.1.1. An orthogonal projection P € C?V€?" is called J-isotropic if and only 


if PJP = 0. Further, N-dimensional J-isotropic projections are called J-Lagrangian. The 
set of all J-Lagrangian projections is denoted by IP(C?"', J) and called the J-Lagrangian 
Grassmannian. 


Note that the dimension of any J-isotropic projection is less than or equalto N. More- 
over, J-Lagrangian projections are maximally J-isotropic projections in the sense that 
for any J-isotropic projection P there is a projection P’ such that P + P' is a J-Lagrangian 
projection. 

Based on the equivalence between subspaces and projections, one calls a subspace 
€ c C?" J.Lagrangian if the restriction J|; of J to € vanishes, namely if ¢*Jy = 0 for 
all 9, y € €. For the description of P € IP(C?", J), the concept of a J-Lagrangian frame 
is useful. By definition, this is an 2N x N matrix 6 of full rank N such that 6*J@ = 0. 
The frame is called normalized if, moreover, ®*® = 1. Associated to a frame is then a 
J-Lagrangian projection P = ®(®*) !$* and aJ-Lagrangian subspace € = Ran(). Note 
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that, if ® is a J-Lagrangian frame for P, then so is bA where A € GL(N, C) is an invertible 
matrix. 


Lemma 2.1.2. An orthogonal projection P € IP(C/") is J-Lagrangian if and only if JPJ = 
1- P. 


REN 


is a normalized frame for P, and (JÓ,), 4... y is an orthonormal set of vectors which are 
all orthogonal to Ran(P). Hence (Øn, /Ó,),4... y are 2N orthonormal vectors which hence 
form a basis of C2”. Moreover, (6, J®) is unitary and JẸ is a frame for 1 - P, that is, 
1-P = JO(J®)* = J&*] = JPJ. Conversely, multiplying JPJ = 1 - P by P from the left 
and J from the right shows PJP = 0. 


Let us note that JPJ = 1 — P can be rewritten as J(1 — P)J = P so that J-Lagrangian 
projections always come in pairs which span orthogonal subspaces. Another comment 
concerns the symmetry Q = 1 — 2P associated to the projection P. If P is J-Lagrangian, it 
satisfies JQ] = —Q. Hence Q is odd with respect to J, but often the relation is also called 
a chiral symmetry of Q. 

For the following, one needs to specify a reference J-Lagrangian projection P e¢ with 
associated normalized reference frame ®,.¢ which we choose to be 


1/1 1 1/1 
Pret= 5 (4 ni 9u- (a) (2.4) 


Then also set €,o¢ = Ran(Pyer) = Ran(®,ef), and furthermore Poor = JPref J, Piet = J Preps 
as well as Eip = JE ver. 


Definition 2.1.3. The singular cycle Psing(C, J) in P(C™,J) consists of those J-La- 


grangian projections having a nontrivial intersection with £7, 


Pass (C^^,]) = {P e P(C™,J) : € = Ran(P) satisfies dim(£ n £7.) > 1]. 


ref. 


The singular cycle has a natural stratification by dim(£ n €;,,). As will be shown 


below, it is moreover two-sided in the sense that a path t € [0,1] > P, € P(C7%,J) can 
pass through Psing(C™ ,J) from left to right or from right to left. Following [9], the Bott- 
Maslov index is then defined as the weighted sum over all intersections along the path. 
Here we give an equivalent definition which is based on the following fact: 


Proposition 2.1.4. The J-Lagrangian Grassmannian is bijectively mapped onto the uni- 
tary matrices U(N) by the stereographic projection II : P(C?", J) + U(N) defined by 


1/1 U 
I(P) = U, E a (2.5) 


or alternatively by 
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ane 1/1 U 
II «- s (y. 2 (2.6) 


Moreover, 
TI(Psing(C,J)) = {U € U(N) : dim(Ker(U + 1)) > 1}. 
More precisely, if € = Ran(P) and U = II(P), 
dim(£ n Ehe) = dim(Ker(U + 1)). (2.7) 


Proof. Let us consider the symmetry Q = 1 - 2P. The relation JQJ = -Q then implies 
that Q = ( 9. U) is off-diagonal in the grading of J, and Q^ = 1 then shows that the off- 
diagonal entry U € CN" is indeed unitary, as the notation suggests. Thus P = 5(1- Q) 
is of the form given in (2.5). Note that a normalized form for P is then given by 


= — (2.8) 


Let us now verify (2.7). First of all, let € = Ran(®) and £7, = Ran(®;,,). One readily 
checks U +1 = 2(@*.,,)*J®. Hence the claim is 


ref 
dim(Ran(®) n Ran(®;,,)) = dim(Ker((01,) J®)), 


as the kernel on the right-hand side is clearly independent of the choice of the frame ® 
representing €. Let us begin with the inequality <. Suppose there are N x k matrices c, d 
of rank k such that ®c = ied. Then (Php Jc = (®;,,)*J®;g¢d = 0, showing that indeed 


e ref ref 


(®;,,)*J® has atleast a kernel of dimension k. Conversely, if c is an N x k matrix of rank 


k such that 0 = (L2*76c = ($,,5)" (6c), then a k-dimensional subspace of Ran(ó) is 


ref 
orthogonal to Ran(® ef) (with respect to the euclidean scalar product) and thus lies in 


the orthogonal complement Ran ($p). 


For a J-Lagrangian plane € given by the range of a J-Lagrangian projection Pe, its 
stereographic projection is defined by 


I(E) = (Pe). (2.9) 


Remark 2.1.5. Let us spell out the algebraic relations that Proposition 2.1.4 provides for 
a J-Lagrangian frame ® for P € P(C2%, J), namely P = (6*) !6*. Let a,b e CYN 
denote the matrix entries of ® = (7). Then J-unitary is equivalent to a*a — b* b = 0. As ® 
is of rank N, one can hence conclude that 0 < ®*® = a*a+b*b = 2a*a = 2b* b, which in 
turn implies that a and b are both invertible. Moreover, one has U = II(P) = ab. o 


Based on Proposition 2.14, Arnold's two-sidedness of Psing(C™, J) is easily ex- 
plained: All elements of a small neighborhood of P,.¢ are such that II(P) has an eigen- 
value close to —1 and it is to the left if its imaginary part is positive and to its right if 
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its imaginary part is negative (of course, the choice of left and right is arbitrary here). 
A path through P, now either passes from left to right, or vice versa, depending on the 
direction in which the eigenvalue passes through -1. All this supposes that the inter- 
section is simple and transversal, namely in a so-called generic position (which can be 
assured by differential topological arguments). On the other hand, these issues become 
irrelevant if the Bott-Maslov index is directly defined as a spectral flow: 


Definition 2.1.6. Let t € [0,1] — P, be a path in the J-Lagrangian Grassmannian 
IP(C?", J). Its Bott-Maslov index is defined by 


BM(t € [0,1] > P,) = Sf(t € [0,1] > II(P,)). 


Let us stress that Definition 2.1.6 does not require the path to be closed, which differs 
from part of the literature and is needed for several applications in which one naturally 
has to deal with open paths. Of course, closed paths lead to stronger stability results 
which will hence be stated separately. From its definition, the Bott-Maslov index never- 
theless inherits all the properties of the spectral flow stated in Section 1.5: path reversal, 
concatenation, homotopy invariance, additivity, etc. No further detail will be given here. 
Also the Bott-Maslov index of paths of I-Lagrangian planes and its properties are not 
spelled out explicitly. 

Another important point is that the Bott-Maslov index depends on the choice of the 
reference J-Lagrangian subspace Eef. The choice (2.4) leads to I(P ef) = 1. If one is in- 
terested in a general situation of intersections through an arbitrary given J-Lagrangian 
subspace 3, then the following statement is of interest. Its proof is essentially identical 
to that of Proposition 2.14. 


Proposition 2.1.7. Let € and 3 be J-Lagrangian subspaces with associated J-Lagrangian 
projections Pg, Py € P(C?", J). Then 


dim(£ n 3^) = dim(Ker(II(P4) 'TI(Pe) +1)). (2.10) 


Therefore the following is a straightforward generalization of Definition 2.1.6. 


Definition 2.1.8. Let t € [0,1] — P, be a path in the J-Lagrangian Grassmannian 
IP(C?", J) and let F be a J-Lagrangian subspace with associated J-Lagrangian projection 
P4. € IP(C?", J). Its Bott-Maslov index through F is defined by 


BM(t € [0,1] + (P4, P,)) = Sf(t € [0,1]  II(P4)  II(Pj)). 


We will later on see that the transitive Móbius action of J-unitaries always allows 
choosing F = €, so that then P4 = Pep, see Corollary 22.11. 

Lett € [0,1] — €, be a path of J-Lagrangian subspaces and let Pe, denote the 
J-Lagrangian projection onto €+. If the path t € [0,1] +> Pe is continuous the Bott- 
Maslov index of the path t € [0,1] + €, through a J-Lagrangian subspace 3 is given by 
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BM(t e [0,1] > (F, €,)) = BM(t e [0,1] ^ (Ps. Pe,)). (2.11) 


From this formula it is clear that another straightforward generalization is to con- 
sider the Bott-Maslov index also for paths t € [0,1] + (F, €+) of pairs of Lagrangian 
subspace. Also this case can be reduced to Definition 2.1.6, see also Chapter 9. 

Let us now consider the special case of a differentiable path of J-Lagrangian sub- 
spaces. Then one can use the following formulas. The first is useful to analyze the 
transversality of the path, the second for the computation of the winding number inte- 
gral. 


emma 2.1.9. Let t € [0,1] => = (5) be a differentiable path of (not necessari 
L 2.1.9. L [0, 1] $, p) be a di iable path of ( ily 
t 


normalized) J-Lagrangian frames with associated projections P, = ©,(®*®,)'®*. Then 
U, = II(P;) satisfies 


Ue OU; = (b) (9:09) (b,) 
and 
Tr(U7 àU,) = Tr((a,) d;a; — (b,) abe). 
Proof. As U, = a;b;! by Remark 2.1.5, one has 
Us 0,U; = (B;")” af ((8,a)) - a,b; "(,b,));*. 

AS 

aja, = aU; = a? (Ue) = aia) 
this concludes the proof of the first identity. As to the second one, 


Tr(U; 9,U;) = Tr(bi(a)) (Ora) b) - (Bp) Obb) 
= Tr((aj) "0,4; — (0;b,)(D;) .). 


Alternatively, one can take the trace of the first formula and use the cyclicity together 
with the identity b;!(b; )*a7 = aj. 


Combined with Proposition 1.5.12, one deduces the following: 


Corollary 2.1.10. Lett < [0,1] +> ®, = (7) bea closed path of J-Lagrangian frames which 


is piecewise continuously differentiable. Then P, = (7 d,) 9} satisfies 


1 
1 , k 
BM(t € [0,1] > Pj) = z | dt Tr((a,)10,a; — (b) a;b). 
0 
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2.2 J-unitary matrices 


For the application of the Bott-Maslov index in the next section, it will be necessary to 
introduce invertible linear maps that preserve the Krein space structures. These are the 
so-called J-unitary and I-unitary 2N x 2N matrices T and M which satisfy T*JT = J and 
M*IM = I, respectively. Note that these relations imply that T and M are invertible. The 
set of all matrices satisfying these relations form two subgroups of the general linear 
group GL(C, 2N): 


U(C"",]) = (T € GLN, C) : T*JT = J}, 
U(C™,I) = (M e GL(2N, C) : M'IM = I]. 


The group U(C2%, J) is also called the generalized Lorentz group of signature (N, N) and 
often denoted by U(N, N). It follows from (2.2) that the Cayley transform connects these 
two groups via 


e*u(c?", J)e = v(c?",r) (2.12) 
The group U(C", I) contains the symplectic group as the following real subgroup: 
SP(2N, IR) = U(C2%, 1) n GLQN, R). 


This section is only about the complex theory so that this reality constraint will not play 
any role. Furthermore, everything will be spelled out for the Lorentz group U(C”, J). 
Based on (2.12), it can readily translated into claims on u(c?N ,I). 

Let us note that when T € uc, J), then also the inverse T isin uc’ ,J). Taking 
the inverse of the relation T*JT = J also shows that T* is in U(C?", J) so that this group 
is «-invariant. The group can be written out more explicitly using N x N matrices A, B, 
C, D. More precisely, 


A B w 
4 2.13 
(^ A e UC’, J) 213) 
if and only if 
A*A-C*ř*C=1, D*D-B*B=1, A'B-C'D. (2.14) 


One reads off that D'D- 1+ B*B > 1 and thus D is invertible, Moreover, 
|D'| <1, |BD"| <1. 
Due to «-invariance, one further has DD* = 1+CC* so that D''c(D"'c)* = 1-D (D ))* < 


1. In particular, IDC] « 1. Similarly, A is invertible. Let us also note that uc, J) has 
a subgroup 
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u(C%, J) n U(2N) = U(N) e U(N), (2.15) 


explicitly given by the diagonal J-unitaries diag(U,, U1) where Us, U} € U(N). 


Remark 2.2.1. In the above and also in the following, the focus is on the Lie group of 
J-unitary matrices and their spectral and geometric properties. The group U(C2, J) has 
the Lie algebra IB,, (C?", J) formed by the J-self-adjoint 2N x 2N matrices H satisfying 
JH*J = H. Note that B,, (CP, J) is a real vector space and for all H € B,,(C?", J) with 
||| < 1 one has 


e" e U(C™,J) 
and 
C(H) = (H - )(H « 1)? € U(C™,J), 
namely exponential and Cayley transform of J-self-adjoints are J-unitary. o 


In the following, some elements of the spectral theory of J-unitaries will be used. 
Even though this can be found in the monographs [29, 20, 100], we include the basic 
properties needed here. The spectrum spec(T) of a J-unitary T has the reflection prop- 
erty 


spec(T) = (specT)) , (2.16) 


which follows directly from the identity 
T-A-J(T*) '-ay = -u() (-z71]. 


Also some facts about spectral projections of a J-unitary T will be relevant. Let hence 
A c spec(T) be a (separated) spectral subset and recall that the Riesz projection of T on 
Ais 


d d -1 
Ry= $ xU - T). (2.17) 


where I is a curve in C V spec(T) with winding number 1 around each point of ^ and 
0 around all points of spec(T) \ A. Let us stress that R, is (in general) not self-adjoint. 
Standard facts about Riesz projections are recalled in Appendix A.1. 


Proposition 2.2.2. Let T be a J-unitary, ^ c C a spectral subset and its S'-reflected set 
given by (A)! = {z € C : Z" e A}. Then 


(Ra) a JRay4J 


and 
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Ker(R,)” = J Ran(R g) 


where the orthogonal complement is with respect to the euclidean scalar product. In par- 
ticular, 


dim(Ran(R,)) = dim(Ran(Rq)-1)). (2.18) 


Proof. First of all, let us note that indeed (A)? is in the spectrum of T, and thus by the 
spectral mapping theorem one also knows that A is in the spectrum of T 5. Let us take 
the adjoint of formula (2.17), 
4 dz xyi 
(Ry) 2o.—(A-T), 


where I is the complex conjugate of I, hence encircling A instead of A. It is also positively 
oriented even though the complex conjugated of the path T would have inverse orien- 
tation, but the imaginary factor compensates this. Thus R,(T)* = R(T *) if one adds the 
initial operator as an argument to the Riesz projection. As T* = JT}, 


* dz -14- 
Ry)" =J a-r, 
T 


concluding the proof of the first identity. As to the second, 


Ker(Rj)^ = Ran(Rq) = Ran YR g-J) =J Ran(R g), 


so that the proof is complete. 


The following result now shows how one can construct two J-Lagrangian subspaces 
from a hyperbolic J-unitary (one which has no eigenvalues of unit modulus). 


Proposition 2.2.3. Let T be a J-unitary with spec(T) n $! = 0. For A = spec(T) n B,(0), 
let € = Ran(Rj) and €? = Ran(Rca) be the subspaces of contracting and expanding 
directions for T. Then €^ and €? are J-Lagrangian subspaces. 


Proof. By hypothesis and (2.18), both £< and €? are half-dimensional. Moreover, Propo- 
sition 2.2.2 shows that they are J-isotropic. 


Let us note that the orthogonal projections on £< and €? can be constructed from 
the Riesz projections. More generally, from a Riesz projection R,, one can now construct 
a (self-adjoint) projection P4 onto Ran(R,) by setting 


* -1 p* 
Py > Ra (Rika) Ry. 
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Remark 2.2.4. All the spectral properties of J-unitaries have a counterpart for the J-self- 
adjoint operators, the essential difference being that the reflection on the unit circle 
becomes reflection on the real axis. © 


Next let us turn to the polar decomposition in U(C2, J) and an important corollary 
of it. 


Proposition 2.2.5. Let T € U(C?",]) have the polar decomposition T = W|T| where 
1 
IT| = (T* T)? and W is unitary. Then |T| € U(C2%, J) and W € U(C2%, J) n U(2N). 


Proof. As U(C2%,J) is a «invariant group, also T* € U(C%,/) and therefore one has 
T*T € U(C?", J). By Lemma 22.6 below, one also has |T] € U(C?", J). Finally, it follows 
that W = TIT! € U(C®™,J) as a product of two J-unitaries. 


Lemma 2.2.6. Let T = T* € U(C?,J) be a self-adjoint J-unitary and f : IR > C 
a function that is continuous on a neighborhood of spec(T) u spec(T !). Then one has 
Jf TY] = f(T). In particular, if T > 0 and s € R, then T? is also a self-adjoint J-unitary. 


Proof. Let g : R > C, g(x) = bd aAmX™ be a polynomial that agrees with f on the set 
spec(T) U spec(T 5), namely such that f |, ccr spec) = Slspectryuspectr-)- Then, as T is 
J-unitary, one obtains 


M M 
JYJ =JETYJ = X Gr yy! => alt) = g(T*) = f(T). 
m=0 


This is then applied to f(z) = z? as function on the half-space Re(z) > 0 which is real on 
the real axis, so that J(TS)*J = T 5 = (TS) 1. 


Corollary 2.2.7. The group U(C?",J) is path connected. 


Proof. The path s € [0,1] +» W*|T|* connects a J-unitary T = W|T| to the identity. 
Here W? is defined using any branch cut, e. g., on the negative real axis. Due to Proposi- 
tion 2.2.5 and Lemma 2.2.6, one has |T| € U(C2%, J). As to W?, one can argue similarly, 
or use that W € U(C%, J) is equivalent to W = JWJ = diag(W,, W_) with W, € U(N) so 
that also WS = diag(W3, WS) € U(C, J). In conclusion, the path lies in U(C7", J). 


The group U(C2", J) of J-unitaries naturally acts on the J-Lagrangian Grassmannian 
IP(C?", J). On J-Lagrangian subspaces €, the action is easy to write out: 


(T, £) TE. 
If 6 is a normalized frame for €, then the action becomes 


(T,9) o TOIT, 


2.2 J-unitary matrices —— 35 


where the positive factor |T| ! € C"* assures that the right-hand side is again a nor- 
malized frame. On projections, the formula looks a little more involved, which is why 
the notation T - P is introduced by 


(T, P) € U(C*’, J) x P(C™,J) > T -P = TPT*|TPT" | TPT^ e P(C””, J). 


Note here that |TPT"| is not an invertible matrix, but it is bijective on the range of 
TPT* . Let us also comment that one can check that this is indeed a group action, namely 
S-(T-P) = (ST) -P for S,T e uC, J). Under the stereographic projection II, this 
action becomes the action of the group U(C?", J) via operator Möbius transformation 
(also called canonical transformation or fractional transformation) on the unitary group 
which is defined by the following equation and also denoted by a dot: 


» 2) -U = (AU + B(CU + D) 4. 


Note that indeed CU + D = D(D CU + 1) is invertible because |D !C|| < 1 and the right- 
hand side (AU + B)(CU + D) ! is unitary. 


Proposition 2.2.8. The Möbius action implements the group action of U(C2%,J) on 
IP(C?", J) under the stereographic projection 


I(T - P) = T - I(P). (2.19) 


Proof. One way to check this is to realize that the action on frames in the form (2.8) can 
be read off the identity 


1 PaA 1 Ce 
CU «D 


d. VÀ 1 


This directly implies the claim. 


Jeu +D). 


Proposition 2.2.9. The action of U(C?",J) on P(C2%, J) is transitive. More precisely, for 
each pair P, and P, of J-Lagrangian projections there is a T € U(C?N,J) n U(2N) such 
that T - Py = P4. The J-Lagrangian Grassmannian P(C2, J) is path connected. 


Proof. Let Ug = II(P9) and U, = II(P,). Then T = diag(U,, Ug) is J-unitary and satisfies 
T - Uy = U4. The second claim now follows from Corollary 2.2.7. 


Now let us come to a first application of the above action. Suppose given a path 
t > P, € IP(C?", J) and a J-unitary T € U(C?", J), one naturally obtains another path 
t ^ T-P, € P(C2%, J). Its Bott-Maslov index can be computed in terms of that of t + P, 
albeit with respect to a different reference Lagrangian plane. 


Proposition 2.2.10. Lett € [0,1] + P, € P(C™,J), F aJ-Lagrangian reference plane and 
T € U/C’, J) n U(2N). Then 
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BM(t € [0,1] > (P4, T - P)) = BM(t € [0,1] > (Pr 4, P,)). (2.20) 


Proof. Set V = II(P4). Furthermore, let €; = Ran(P;) and U, = II(P;). According to (2.10), 
BM(t € [0,1] + (Pz, T - P;)) is given by counting the intersections T£, n F+. Now 

(r'3) = ($e CI" :ó*T' -0 vy eF} 
{pe C^ (T6) V 20 vy e3] 
pog 


Il 


so that 24 = T(T*3)* and 
T£,n3* =T(E,n(T*F) ). 
As T is bijective, 
dim(TE, n 3^) = dim(£; n (T*3)^), 


showing that the intersections of the two sides of (2.20) are of the same dimension. It 
remains to show that they also have the same orientation. For this purpose, let us first 
note that Proposition 1.4.1 allows approximating the path by a differentiable one (even 
only with simple transversal eigenvalue crossings; strictly speaking, Proposition 1.4.1 
addresses paths of self-adjoints, but it readily transposes to paths of unitaries). For the 
computation of the two spectral flows as given by Definition 2.1.8, one can then invoke 
Lemma 2.1.9 to analyze the orientation of the eigenvalue crossings of the two paths in 
(2.20). For that purpose, let T = diag(W,, W_) with W, € U(N). For the path on the 
left-hand side, the crossing form (without factor +) is 


(V*T- U) d(V*T -Uj)|katy- T-U,+1) 
= (V*W,UW?) a (V^ W,UW ec wu w-a 


= W_(Uš o, U, )WŽ lw. Ker(V* W,U,+W_)? 


) 


while for the right-hand side it is 


((T* -V) U) 0,((T* -V) Uz) lker((r*-v)*U,+1) = Ur OU leer wv" W,U,+1) 


x 
=U, OU lrer" w, Uaw) 


Hence the eigenvalue crossings are also in the same direction. 


Corollary 2.2.11. Let t € [0,1] ^ P, € IP(C?*,J) and F be a reference J-Lagrangian 
subspace. Then there exists a T € U(c, J) n UN) such that 


BM(t € [0,1] (P4, P,)) = BM(t € [0,1] = T - P,). 
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Proof. Due to Proposition 2.2.9, (T~!)*F = Ever for a suitable T € U(C7%,J) n U(2N). 
Thus applying Proposition 2.2.10 concludes the proof. 


For closed paths, the following can now be said. 


Proposition 2.2.12. Let t € [0,1] œ> P, € P(C™,J) be a closed path. Then for any 
J-Lagrangian reference subspace F and any T € U(C™, J), one has 


BM(t € [0,1] — (P4, T - P))) = BM(t € [0,1] > Pj). 
Proof. By Corollary 22.11, one can choose T” € U(c?, J) n U(2N) such that 
BM(t € [0,1] + (Pz, T - P) = BM(t € [0,1]  (T'T) - P,). 


By Definition 2.1.6 and the hypothesis, the Bott-Maslov index is given by the winding 
number of a closed path. As U(C2%, J) n U(C?") is path connected by Corollary 2.2.7, T' T 
can be homotopically deformed into the identity. Hence the homotopy invariance of the 
spectral flow implies the claim. 


Another scenario to obtain a path of J-Lagrangians (and thus an associated Bott- 
Maslov index) is to have a path of J-unitaries 


te T,= [o 2). (2.21) 
t t 


and then, given a fixed J-Lagrangian projection P € IP(C?", J), to consider t + T,-P. After 
applying the stereographic projection, this provides a path t > U, = II(T, - P) = T,- II(P) 
of unitaries. For the analysis of transversality of this path and an explicit computation of 
its winding number (and thus the associated Bott-Maslov index as in Corollary 2.1.10), 
the following result is then useful. 


Lemma 2.2.13. Let t T, be a differentiable path in U(C?", J) and P € P(C2%, J). Then 
U, = I(T; - P) € UN) satisfies 


" UV PR 
U; QU, = E (0,T JT; ) ey 
and 
Tr(U; àU;) = 2Tr((1— P,)(A,T JT; )), 


where P, = T, - P. 


Proof. Let ® = (7) be a frame for P so that V = II(P) = ab !. Lemma 2.1.9 applied to the 
(not normalized) frame ®, = T,® implies 


38 —— 2 Applications of finite-dimensional spectral flow 


U;a,U; = ((C,a + Db) !) 9* (T;JO,T,)®(C,a + DbY. (2.22) 


Using the identity 


$(C,a + Djb) | = (1) (GV +D)” = T7 WD 


together with 
(175) ; (LOTT, =; J(®TJT; y. 


implies the first claim. This immediately implies the second claim. An alternative proof 
is given in Proposition 9.5.11 below. 


For closed paths of the type t +> T, - P, it is again particularly simple to compute 
the Bott-Maslov index. It will be shown in Section 2.3 that the outcome is in fact the 
Conley—Zehnder index. 


Proposition 2.2.14. Let t € [0,1] + T, € U(C?",J) be a closed differentiable path. Then 
BM(t € [0,1] — T, - P) 


1 
1 P == 
= fama, + By) 1O(A; +B) = (C; + Da) 13 (C, +D)), 
0 


where the matrix entries of T, are denoted as in (2.21). In particular, the Bott-Maslov index 
BM(t € [0,1] + T, - P) is independent of P € P(C%, J), a fact that also holds without the 
differentiability assumption. 


Proof. Because the path is closed, the Bott-Maslov index is given by a winding num- 
ber and thus is homotopy invariant. Therefore, one may deform P to Pyo¢ for which 
U, = I(T; Prep) = (Ap + B(C, + Dj) as T$, = zin, Replacing in the expres- 
sion for the winding number leads to the claimed formula (alternatively, one can use 
Corollary 2.1.10). As to the very last claim on the independence of P for only continuous 
paths, one can use the homotopy invariance of the winding number under a homotopy 
s € [0,1] = (TY - Pye from P to a fixed reference Lagrangian projection P,.;, where 
T € U(C%, J) n UQN) is such that P = T - Pres. 


One can further combine Lemma 2.2.13 with Lemma 2.1.9 and consider paths in 
IP(C?. J) of the type t + T, - P,. This leads to a formula that allows to analyze their 
transversality. Closed paths of this type are considered below. 


Lemma 2.2.15. Lett € [0,1] +» ®, be a differentiable path of (not necessarily normalized) 
J-Lagrangian frames with associated P, = ©,(6*®,)'*. Further let t ^ T, € U(C™,J) 
be differentiable and consider the path t + T,-P, € IP(C?", J). Then U, = II(T,-P,) satisfies 
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* 


š U, «S f Ui ENTRA - 
uu, - (C5) rro (A) + 9 Eae, 
where now b, is the entry of T,®, = (5). 
Proof. Again using the first identity of Lemma 2.1.9, one finds 
U; oU, = (bj) ((L,®;)"JO,(T,®,));*. 


Using the Leibniz rule and the arguments of the proofs of Lemmas 2.1.9 and 2.2.13 allows 
to conclude the computation. 


Proposition 2.2.16. Let t € [0,1] œ> P, € P(C%,J) and t € [0,1] > T, € U(C™,J) be 
closed paths. Then for any fixed P € P(C”, J), one has 


BM(t € [0,1] T, - P) = BM(t € [0,1] = T, - P) + BM(t € [0,1]  P,). 


Proof. Because the path is closed and the Bott-Maslov index is given by a winding num- 
ber, one can deform the path homotopically to 


without changing the winding number. The concatenation property of the winding num- 
ber combined with Propositions 2.2.12 and 2.2.14 then allows to conclude the proof. 


2.3 Conley-Zehnder index in finite dimension 


It is a well-known fact that the graph of a symplectic matrix is a Lagrangian subspace 
with respect to a suitable quadratic form. This algebraic fact transposes to Krein spaces 
(C? J). The graph of a J-unitary is then a subspace of C^" on which one has to choose 
a suitable sesquilinear form J such that the graph is a J-Lagrangian subspace. Then the 
theory of Section 2.1 readily transfers. In particular (and similar as in Proposition 2.1.4), 
there is a stereographic projection of the graph providing a unitary matrix on C^" which 
allows studying the intersection with a suitable reference /-Lagrangian subspace ©, of 
in a convenient manner. Given a path of J-unitaries, its Conley-Zehnder index is then 
nothing but a Bott-Maslov index of the path of the J-Lagrangian subspaces given by 
graphs of J-unitaries. 
Let T be a J-unitary matrix. Then its graph 


gee Ran( ae 7\(1)) T Ran((7)) c CAN 
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is Lagrangian with respect to the Krein form (-J) eJ on C*". Moreover, the diagonal 
Ran((})) c C?" is another (—) e J-Lagrangian subspace and therefore 


Ran((7)) n Ran((/)) 7 A :  € Ker(T 7 )| (2.23) 


and, in particular 


dim(Ker(T  1)) = dim(Ran( a n nan((,))) 


can be computed as the dimension of the intersection of two (-J) e J-Lagrangian sub- 
spaces in C". In order to apply the intersection theory developed in Section 2.1, let us 
use the basis change to the canonical Krein form J = diag(1, 1) on C^": 


0010 
x ~- [0100 

F(-DepF-]. F= 170 iG (2.24) 
0001 


Then it is natural to associate to T € U(C?", J) the operator 
T = P(e TÊ eu(c^,J) 


Its range Ran(T) is then equal to the transformed graph 9, = P9;. 
Let II denote the associated stereographic projection in the Krein space (C*”, J). Asa 
reference projection and reference frame, we will then use the F-transformed diagonal 


e 1/1 1 = 1 f1 
Pea 3! Se= — (1). (2.25) 


Note that while this looks the same as in (2.4), the entries are of double size here. One 
has T(P et) = 1and FP, ¢F = Prep, as well as 97 = Ran(T6, 4), so that T-P,,4 € P(C, J) is 
the orthogonal projection on 97. Moreover, the reference plane Eet = Ran(P,,) satisfies 


dim(Ker(T - 1)) = dim(S7 N Eet), dim(Ker(T + 1)) = dim(S; Jere). (2.26) 


Now it is natural to look at the stereographic projection of the graph which is denoted 
S(T) because of its connections to scattering theory explained further down. 


Theorem 2.3.1. To a given T € U(C7",J) let us associate a unitary S(T) by 


S(T) = T(r) = Tle) H(T $ Pier) € UQN). (2.27) 
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IfT = (43), then 


A-BD'C 2 " (ou a) 


S(T) = 
(7) ( -pic D -pic pi 


The nonlinear map T € uc", J) ^» S(T) € UN) is a continuous dense embedding with 
image 
iG A € U(2N) : a, 8 e CV" invertible} ] (2.28) 


Proof. As noted after (2.13), one has D' D > 1and DD* > 1sothat Dis invertible (similarly 
A is invertible). Now as 


> (2.29) 


Mel] 
Lem 
ye 
Ll 

I 
cO0mÍÓBoOomnmn 
sorb 


the lower 2 x 2 block is invertible. Hence one can normalize F(3) to a frame by multi- 
plying by its inverse. According to Remark 2.1.5, the upper 2 x 2 entry is the associated 
stereographic projection, namely 


S(T) = fi( Ran(F 
(o ae p) 
"d " pss pi): 


From this the first formula for S(T) follows, and the second results from the relations in 
U(C?", J). Clearly, its upper left and lower right entries, the matrices denoted by a and 
6 in (228), are invertible. 

Finally let us show that the map T € U(c?, J) |> S(T) € U(2N) is surjective onto 
the set (2.28). Indeed, given an element of this set, it is natural to set D — 61, B- Bo, 
C = -6 ty, and A = a-fó y. With some care one then checks that the defining equations 
stated after (2.13) indeed hold. 

To show that the set given in (2.28) is dense in U(2N) let us consider a unitary matrix 


U = [S A e U(2N), 


as 
Md 
jh 
bd 
p ER c 


where a is not invertible. Because U is unitary, a^ a + y"y = 1 and therefore y maps 
Ker(a) bijectively onto y Ker(a). Thus there is u : CY’ — C mapping y Ker(a) onto 
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Ker(a*) and such that uy : CY — CP is a partial isometry with Ker(uy) = Ker(a)* and 


Ran(uy) = Ker(a*). Clearly, 
0 
V, = exp (« & 5 


is unitary for all t € IR and 


TUE Caney Pee) tO 
yritu'a ó vitu p 

As a maps Ker(a)* bijectively onto Ran(a) = Ker(a*)* and uô maps Ker(a) = Ker(uó)- 
isometrically onto Ran(uó) = Ker(a*), the map a+ituy : C" — C is invertible for t + 0 
and its inverse is bounded by ||(a + ituy) |l < C|t| ! for some constant C > 0 and |t| < 1. 
Therefore the upper left entry of V,U is invertible for t + 0 sufficiently small. A similar 
argument shows that for t + 0 sufficiently small and e > 0 there is a unitary W such that 
|1— W|| < e and such that the diagonal entries of WV;U are invertible. This implies the 
last claim. 


Proposition 2.3.2. Given T € U(C™, J), one has 
SCT) = -JS(T)J 


and 


S(T)” = SITY” = S(T”) = S(T" Vj. 


Proof. The first claim follows directly from the definition. The first equality of the sec- 
ond set of identities holds as S(T) is unitary. The second can directly be checked using 
the defining equations of U(C?", J). Using T ! = JT*J, one next finds 


NEC S: 


> oR 03) 


S(T ) = mom (p*yi 
and 


-1 -1 -1 * *\—1 
A -A ayer A -C'(D') ) (2.30) 


Zu 
S(T ) B ee (D*y1 (D*)p* (D*) 


This shows the last claim. 


The following result states that there is a tight connection between the eigenvalues 
1and -1 of T and S(T). 


Theorem 2.3.3. Let T and S(T) be as in Theorem 2.3.1. Then 


Ker(T -1) = Ker(S(T) -1), Ker(T + 1) = J Ker(S(T) +1). 
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Proof. While this follows from (2.23) and the results of Section 2.1, let us provide a direct 
proof. One has for all vectors ¢, 6’, V, Y' € H, 
Y ó' 
r( yet ) (2.31) 
$ y' 


sm(2)- (4) 


as can readily be seen by writing everything out: 


_ ppt -1 
Cu mg — e G 
In particular, studying an eigenvalue A of T, one has 


H- e re I 


$ ó 
or similarly for eigenvalues A of S(T): 
soh) = X7) = 20 - Go (2.33) 
Both equations are particularly interesting in the case A = +1: 
(e) - qe an 


This equivalence proves the theorem. 


Remark 2.3.4. The transformation (2.31) from T to S(T) can be visualized as follows: 


In a quantum-mechanical setup, the box in the middle is referred to as the sample. The 
(transfer) matrix T transfers left states to right states, while the (scattering) matrix S(T) 
maps incoming states to outgoing states. Having this picture in mind, the eigenvalue 1 
of T appearing in Theorem 2.3.3 allows constructing periodic solutions of a periodized 
system in which the same sample is repeated periodically. Similarly, the eigenvalue -1 
of T corresponds to antiperiodic solutions (having a double period). Let us note that the 
conventions are different than in [21] where a formulation closer to scattering theory 
was chosen. This implies that the off-diagonal entries in S(T) each haveanextrasign. © 


Remark 2.3.5. If (") is an eigenvector of T € U(C?", J) with eigenvalue A off the unit 
circle, then ||| = ||@||. Indeed, by (2.32) and the fact that S(T) is unitary and therefore 
isometric, it follows that 
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Iwi? + APII? = AP IDI + lol. 
As |A| + 1, the claim follows. o 


Theorem 2.33, as well as the connection between eigenvectors, can easily be 
adapted to study other eigenvalues on the unit circle. Indeed, if Tọ = z for z € $t, 
then also (ZT)ó = @. But the operator zT is also J-unitary so that one can apply the 
above again to construct an associated unitary. This shows the following: 


Proposition 2.3.6. Let T = (42) bea J-unitary so that, for z € S', 


sra*y\-1 -1 
ME BD | (2.35) 


SO ( -DC zD” 
Then 
Ker(T - z1) = Ker(S(ZT) - 1). 
Therefore, the unitaries S(ZT) are a tool to study the eigenvalues of T which lie 
on the unit circle. Let us focus again on z = +1. Theorem 2.3.3 concerns the kernel of 


S(T) ¥ 1. It is natural to analyze how much more spectrum S(T) has close to +1, or, what 
is equivalent, how much spectrum the self-adjoint operator 


Re(S(T)) = (str) + S(T)") 


has close to +1. For this purpose it is useful to have an explicit expression for Re(S(T)). 


Proposition 2.3.7. Let T be a J-unitary and S(T) as above. Then 
Re(S(T)) = (14+ (14 T'T) 14 T) - 1. 
Proof. Let us begin by calculating 
Re(S(T)) = (s(n) +S") = (s(n) +1)(S(T) #1)" 1. 
Next let us rewrite (2.29) as 
a EXE a): 


Hence 


so that 
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-1 -1 
1 0\ /1 Cc 
ees) - 5a « D(* 5) e 2t («Ted 


But using the identities (2.14), one finds 


( 2. Naar) 


Replacing shows the claim. 


Now we can define the Conley-Zehnder index of a path of t + T, of J-unitaries [62] 
(which, strictly speaking, also goes back to the work of Bott [35]). There are two possible 
choices, namely one can either choose to focus on the eigenvalues +1 or -1 of T,. Due 
to (2.26), this corresponds to the intersections of the graph $7, with Eper or with JE of, 
respectively, or yet otherwise stated, the spectral flow of t — S(T;) through 1 or -1, 
respectively. Here we will choose the second possibility, which then fits with the spectral 
flow of unitaries as defined in Section 1.5. Let us stress that this is merely a choice in the 
present finite-dimensional setup, but in the infinite-dimensional setting of Chapter 9 the 
Fredholm condition is chosen such that one has to consider the spectral flow through -1 
(as is done here). 


Definition 2.3.8. Given a path t € [0,1] > T, € U(C%, J), the Conley-Zehnder index is 
defined as 


CZ(t € [0,1] > T) = BM(t € [0,1] + (JErep Sr,)). (2.36) 

The Bott-Maslov index on the right-hand side of (2.36) is taken in the Krein space 

(co D. Of course, one can also come back to the Krein space (c ,(-J) eJ) by multi- 
plying by F and then 


CZ(t € [0,1] > T,) = BM(t € [0,1] > (F, Sr,)), 


where 7, = Ran(( 1)), in which the minus sign results from the choice of counting eigen- 


+ 


value passages of T, through —1. Alternatively, if one is interested in counting the eigen- 
value passages through 1 (often corresponding to periodic solutions), then 


CZ(t € [0,1] ^ -T;) = BM(t € [0,1] > (F, Sr,)). 


Furthermore, applying the stereographic projection II, one then immediately deduces 
that 


CZ(t € [0,1]  T;) = Sf(t e [0,1] > S(T,)), 
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where the spectral flow of unitaries on the right-hand side is the spectral flow through 
—1, see Section 1.5. The following formula allows to analyze transversality issues of a 
given differentiable path of J-unitaries. 


Lemma 2.3.9. Lett + T, = es D) be a differentiable path in U(C?", J). Then 


1 0V 1 0 
S(T,)"0,S(T,) = T; Jo, T, . 
TAS =(_pig pa) GUSTO puc, pi) 


For a vector à, € C?" satisfying T,, = $, one has S(T,)@, = $, by (2.34) and 
9; S(T)) S(T) = iT JOT 6s. 
For a vector $, € C? satisfying T,o, = —$,, one has S(T,)J@, = J, by (2.34) and 
PSST OST Oe = 6; T; JOT be. 
Proof. First of all, 
S(T) S(T) = (Ty - Prog) OTT, - Prep). 
Now one can apply (2.22) to get 


S(T)“ S(T.) = (p ye $T; 0,T;,)® reb > 


where b, is the lower component of T,®,ep namely 


1 0 
b7! = v 24 k 
, -D, C, D, 


Next 
T Jo: T, = F(1e T')FF( eJ)FF(0e TF = F(0 ® T; Ja;T;)F, 
and the formula for S(T,)*0,S(T,) now follows from the identity 
F0 8 A)FO ef = A 


substituted into the above. Finally, if T,9, = 9, then 


ee D, 1) b= be 


as one checks directly by decomposing ¢, in upper and lower components. The last claim 
is verified in a similar manner. 
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For the computation of the Conley—Zehnder index of a closed path it is again use- 
ful to have an explicit formula for the winding number cocycle at one’s disposal, see 
Proposition 2.3.11 below. 


Lemma 2.3.10. Lett — T, be a differentiable path of J-unitaries with diagonal entries A, 
and D,. Then 


Tr(S(T,)* à,S(T,)) = Tr((Aj) 0,4; - (D,) !9,D,). 


Proof. Itis possible to derive this result from Lemma 2.3.9, but we provide a direct proof 
(as in [21]) because it is not any longer. Let us drop the index t and also simply write 
ð = 0. The J-unitarity of T and T* is equivalent to the following identities: 


A'Az1«C'C, D'D-A-«B'B, A'B-C'D, 
AA“ =1+BB*, DD* =1+CC*, AC'-BD'. 


As already noted, A and D are thus invertible. Now 
" ATL -A'B (A)! BD! 
meras) e m(( pig Jo (A) pt ) 
= Tr(A lo(A*) ! + A" BOB'(A*) | + A!BB'Q(A*) | 
+(D*) 'B*aBD™' + (D*) !B' BƏD” + (D*) ƏD”). 


Now let us replace BB* and B*B by the above expressions in the third and fifth sum- 
mands: 


Tr(S(T)*9S(T) 


"4 (D*) ! B'9BD! + Dad”) 


) 
= Tr(A*2(A*) +A“ BOB'(A*) 
= Tr(A*a(A*) | +(A*) A"! BaB* + D (D*) BB + DOD") 
= Tr(A*a(A*) | +(AA*) ! BOB" + (D'D) | B*0B + DOD”). 
Now replace AA* and D" D in terms of B and use (1+ B'B)ÀB* = B*(1+ BB). Again 
using the cyclicity, one finds 


Tr(S(T)*aS(T)) = Tr(A*a(A*) | + (1+ BB*) 'o(BB*) + DOD”) 
= Tr(A*a(A*) | +(AA*) 'd(AA*) + DOD“) 


= Tr(-(A*) 0A" + (AA*) (QAA* + A2A*) - Da), 


which implies the result. 
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Proposition 2.3.11. Lett < [0,1] — T, be a closed path of J-unitaries with diagonal en- 
tries A, and D, which are piecewise continuously differentiable. Then 


1 
CZ(t e [0,1] > T,) = = fa Tr((Aj) 9A, - (DAD). (2.37) 
0 


Proof. Proposition 1.5.12 combined with Lemma 2.3.10 implies the claim. 


Corollary 2.3.12. Let t T, = (^ P) be a closed path in U(C’, J). Then for P € P(X, J), 
CZ(t € [0,1] = T,;) = BM(t € [0,1] > T; - P). 


Proof. By an approximation argument, one can assume the path to be continuously dif- 
ferentiable. Let us deform the path t +> T, via the homotopy h,(T;) = T,IT,| ? for s € 
[0, 1]. This homotopy is indeed inside the J-unitary matrices (see Proposition 2.2.5). Then 
ho(T;) = T, and hy(T;) = TTA € UCC”, J) n U(C?"). Matrices in U(C2%, J) n U(C7%) 
are diagonal, so that one has a path of diagonal matrices. For such diagonal matrices in 
U(C?, J) n U(C?^), the formula in Proposition 2.2.14 coincides with (2.37). Therefore, 
using the homotopy invariance of the winding numbers defining the Conley-Zehnder 
and Bott-Maslov indices, one deduces 


CZ(t € [0,1] > T,) = CZ(t e [0,1]  A,(T,)) 
= BM(t € [0,1] > My(T;) - Pret) 
= BM(t € [0,1] > T, - Pref) 
= BM(t € [0,1] > T, -P), 


concluding the proof. 


Finally, let us combine Corollary 2.3.12 with Proposition 2.2.16. 


Corollary 2.3.13. Lett € [0,1] = P, € P(C™,J) andt e [0,1] T, € U(C?", J) be closed 
paths. Then 


BM(t € [0,1] T, - P,) = CZ(t € [0,1] > T,) + BM(t € [0,1]  P,). 


2.4 Oscillation theory for finite Jacobi matrices 


Classical Sturm-Liouville oscillation theory [16, 8] shows that the number of zeros of a 
formal solution to a Sturm-Liouville equation at a given energy (a second-order ordi- 
nary differential equation of a particular type) is equal to the number of bound states 
below that energy. This number of zeros can also be understood as the spectral flow 
of the Prüfer phase associated to the solution which in turn is the Bott-Maslov index of 
the solution if the equation is understood as a first order Hamiltonian system. This point 
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also allows us to deal with matrix-valued Sturm-Liouville equations [35, 10] which is of 
importance for many applications. For example, linearizing the geodesic equation leads 
to the Jacobi equation which is a matrix-valued Sturm-Liouville equation [35]. Instead 
of analyzing the oscillations of one solution in the space variable, it is also of great in- 
terest to study the oscillation of the solution on the energy variable. This provides an 
effective approach to the spectral theory of the Sturm-Liouville operator. Both types of 
oscillation are linked and provide complementary insight [173]. 

It is well-known that tridiagonal Jacobi operators are the discrete analogues of 
Sturm-Liouville operators. In particular, their spectral theory can be understood via 
oscillation theory in the energy variable [166, 167, 78]. As an application of the Bott- 
Maslov index and hence spectral flow, this will be explained in detail in this section. 
A matrix Jacobi operator of finite length L > 3 is a matrix of the form 


VW Ap 
A V, Ay 
at ys. n 
H, = e.g , (2.38) 
Vi4 Ay 
AS v 


where (V,),.,.. ; are self-adjoint complex N x N matrices and (An)n=2,..z, are invertible 
complex N x N matrices. The scalar case corresponds to N = 1. The aim in the following 
is to compute the spectrum of H;, namely to find those E € R for which there exists a 
nonvanishing state j^ € CI" such that the Schrödinger equation holds: 


Hw" = Ey’. (2.39) 


Remark 2.4.1. It is always possible to consider the particular setup where the A, are 
positive. Indeed, one can attain this by a gauge transformation, namely a strictly local 
unitary G = diag(G,,...,G,) with N x N unitary matrices G,, n = 1,..., L. Then 


UAE. e 
(G,AG;))  GV3G3  G,A3G3 
. (G2A3G3)' G3V3G3 
GHiGt= 
Gi aViaGra | Gi aALG; 
(Gi ,ALG;) — G,V,G; 


Now one can iteratively choose the G,. Start out with G4 = 1. Then choose G, to be the 
(unitary) phase in the polar decomposition of A, = G;|A;]|, next let G4 be the phase of 
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G,A; = G3|G,A3|, and so on. One concludes that GH,G* is again of the form of H; given 
in (2.38), but with positive off-diagonal terms. From now on, one may thus suppose that 
A, > 0 for all n = 2,...,L. For periodic Jacobi matrices as considered in Section 2.5, 
it is not possible to construct such a gauge transformation G. In fact, a periodic Jacobi 
matrix models a ring through which there can be a magnetic flux. In order to directly 
use the formalism also in Section 2.5, we will therefore keep the A, as general invertible 
self-adjoint matrices. o 


Next let us introduce the 2N x 2N transfer matrices M by 


TA G = Vn)An A; 


> n=1,...,L, 2.40 
acu’ a) 240 


with A, = 1. Of crucial importance is that, for a real energy E € R, the transfer matrices 
are in the group U(C%, J), 


(My) IM; - I, 
with I as in (2.1). Also their products 


M*(n, m) = MË -.. MË n» m, 


m+’ 


are I-unitary. It is also useful to set MË (n, n) = 1 and MË (n, m) = MË(m, m) ! for n < m. 
The transfer matrix M* (n, 0) is the equivalent of the fundamental solution of a Sturm- 
Liouville operator (rewritten as a first order system). 

The eigenvalue problem (2.39) at energy E € R will now be considered as an equa- 
tion for vectors y^ = QE). L€ c™ composed of vectors yt € C". The tridiagonal 
form of H; then leads to 


E E * E E 
Anna + VnYn + AnYn = EUy, (2.41) 

forn = 2,...,L - 1, together with the (Dirichlet) boundary conditions 
A3U; + Vili =Ep Vipi + Arby 4 = Evy. (2.42) 


Equation (2.41) is also called the three-term recurrence relation because yf, can be 
computed from yË and wea. In particular, if two neighboring values are known, then 
all others can be computed. This produces a vector which, however, typically does not 
satisfy both boundary conditions (it can only do so if E happens to be an eigenvalue 
of H,). Regrouping two neighboring vectors into 


we = (Anson) 
n E > 
Yn 


one can then rewrite (2.41) using the above I-unitary transfer matrices ME as 


we = MEy£ , (2.43) 
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This equation will also be used for 2N xN matrix-valued YE, which are then -Lagrangian 
frames (if the initial condition pE is I-Lagrangian). Furthermore, (2.43) can be iterated 

YË = MEYE, n=1,...,L. (2.44) 
This forces one to fix the initial condition wi . In order to satisfy the first boundary con- 
dition in (2.42) automatically, let us therefore choose 


wi = (5) ra eua (2.45) 


which is a left Dirichlet boundary condition. Clearly, the rank of Vr is N and it satisfies 
(UL yw = 0,sothatitisan I-Lagrangian frame. Hence its range spans an I-Lagrangian 
subspace of C7". As the transfer matrices are I-unitary, it follows that also the range of 
yr spans an I-Lagrangian subspace. In particular, yr is an I-Lagrangian frame. Now the 
dimension ofthe intersection of the associated J-Lagrangian subspace Ran(WF ) with the 
right boundary condition 

a= (i) 


which is also an J-Lagrangian subspace, is equal to the multiplicity më of E as the eigen- 
value of Hj, 


m” = dim(Ran(V7) n Ran(Vj;)). (2.46) 


Indeed, any vector in the intersection yields a solution of the Schródinger equation (2.39) 
also satisfying the right boundary condition in (2.42), and vice versa. This establishes the 
connection between the eigenvalue problem of matrix Jacobi operators and the inter- 
section theory of Lagrangian subspaces. 

In order to apply the theory of the Bott-Maslov index developed in Section 2.1 di- 
rectly, let us apply the Cayley transform € to pass to J-unitary transfer matrices lying in 
the generalized Lorentz group U(C%, J) 


TE = eMie*, T (n,m) = CM*(n,m)C", 
as well as to J-unitary frames and projections 
E E E Ert EN EN @E\* 
GIU. B e, ((®,) Da) (n) . 


Explicitly, one finds 


TE 


n 


_1 [c -V,)A 1 -(A' +A) (E -Vp pA; (A? t) 
2\(E-V,)A, -1(A* - AQ). (E- VA, (At € ADT 
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The right boundary condition then becomes 
Pha = CPpa, 


namely y, = (P) = -1®;, 


rep $0 that comparing with (2.46) gives 


where the second equality follows from (2.7). It is hence natural to set 


UŽ = II(PĒ) e U(N). 
This unitary is called the matrix Prüfer phase. By the above, the matrix UP has an eigen- 
value —1 if and only if the matrix H, has an eigenvalue E. To count all eigenvalues be- 
low some E € R, one hence has to count the number of intersections of the path of 
J-Lagrangian planes e € (-oo, E] > Pf with P7. or equivalently the number of passages 
of eigenvalues of e € (-co, E] + Uf by -1. This is not automatically the Bott-Maslov in- 
dex though which takes into account the orientations of the passages. However, the fol- 
lowing result, a core fact of oscillation theory, is that all these passages are in the same 


direction and that they are transversal. 


Theorem 2.4.2. The multiplicity of E as eigenvalues H; is equal to the multiplicity of —1 
as eigenvalue of UË. Moreover, 


l(g£y' a, y » 0. 
1 


As a function of the energy E, the eigenvalues of UF rotate around the unit circle in the 


positive sense and with nonvanishing speed. Furthermore, for E € R V spec(H;) 


ft (eigenvalues of H; < E} = BM(e € (-oo, E] P7) 
= Sf(e € (-co, E] + U; through -1). 


Proof. The first claim was already proved above. For the proof of the positivity, let us 
introduce N x N matrices a” and bË by 


E 
E a 
m bd 
They are invertible and Uf = a (b) ! = ((aF) )* (DF)*. Now 
(UE) agUE = (b^) ^) (a5) aga? - (b^) Opb (b^). 


Thus it is sufficient to verify positive definiteness of 
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Ta) apa" - (2^) ab] = =(@f)"Jo,0f = (v1) Tag, 


where (2.2) was used. From the product rule, it follows that 


L 
95V; = Y Mj- M, 


n+1 


E\y7E EyyE 
(0M, M, 4 E M Vo $ 


n=1 
This implies 


(V5)' rav = Y (YE) (ME ,-- MB (MEY Gs 


n=1 


One checks that 


oy rou) = (C O), 


0 0 
and thus 


Ey* Bot E E (AnA) 0 E ESE 
(vj) IogW, = Y: (9) (Mj 4: Mj) 0 0 (Mr aM Yo- 
n=1 


Clearly, each of the summands is positive semidefinite. In order to prove a strict lower 
bound, it is sufficient that the first two terms n = 1, 2 give a strictly positive contribution. 
Hence let us verify that 


*\-1 *i-1 
[un >) + (ME)" Ga JME sie 


As A, and A, are invertible, this positivity is equivalent to 


1 0 met Jou 
n MERC b o) > 0. 
Using the notation B^ = (E — V)Ai, one thus just has to note the invertibility 
(e (BE)* BE po 7 s p 1 0 
-A;B AA C O 4 -BË Al] 


This proves the claimed positivity. All other claims now follow from the discussion 
above. 


In view of Theorem 2.4.2, it is of interest to study the whole path E € IR ^ UE . As H; 
has NL eigenvalues, the spectral flow of this path has to be equal to NL. The following 
proposition shows that this path is actually closed so that the spectral flow of the path 
E € R > UF reduces to a winding number. 
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Proposition 2.4.3. The matrix Prüfer phases satisfy, for n > 1, 


lim UF =1. 
E—too 


Hence the paths E € R => UF and E € R = PË are closed and the Bott-Maslov index of 
the latter is 


BM(E € Re PP) - nN. 


Proof. We will freely use the notations of the proof of Theorem 2.4.2 with n = L. The 


crucial observation is that all objects YË, $7, a*, and bë are polynomials in E. Hence 


UŽ is a rational function in E. As UË is unitary for all E € R, it is clear that the limits 
lim. ,,,, UË exist. Now 


Ë = eM" (n, 0); 


Em [e JD) «oum 


1 on /(41 aa M 
= — E E ; 
d (aya) «ot ) 


Thus aË = BEM An” + O(E") and bË = AE AA) + O(E" 3) so that 
UË = aF(bF) ! = 1+ O(E ). As already indicated above, the last claim follows from 
Theorem 2.4.2, but it is also possible to carry out an explicit computation. 


Let us stress once again that this section only considered the oscillation theory of 
Jacobi operators in the energy variable. For (renormalized) space oscillation theory, the 
reader is referred to [8, 78, 190, 173]. 


2.5 Oscillation theory for periodic Jacobi matrices 


In this section, the spectral theory of a periodic Jacobi matrix of the form 


V, A, At 
A V A 
A 2s o 
HP" - ANC (247) 
Vra AL 
ES Aj V, 


will be analyzed. Just as in (2.38), (V), ; are self-adjoint complex N x N matrices and 
(A4)4-5,.. ;, are invertible complex N x N matrices, the only difference is the additional 
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entries in the upper right and lower left corner. They periodize the system which can 
thus be thought of as a ring. Other than for H, given by (2.38), the gauge transforma- 
tion as in Remark 2.4.1 only allows rendering A,, n = 2,...,L, positive. Hence all phases 
(corresponding to magnetic fields) are concentrated in A4. The periodic Jacobi matrix 
is the discrete analogue of a periodic Sturm-Liouville operator. Bott's work [35] consid- 
ered precisely such operators because they appear naturally as the Jacobi equation for 
a closed geodesic. For the study of their spectral theory, Bott developed the intersection 
theory as described in Sections 2.1 and 2.3. 

Again the aim here will be to find eigenvalues E € R of HP^ for which there exists 
a nonvanishing state U^ € CI" such that the following Schrodinger equation holds: 


HPF = pf. (2.48) 


Again these eigenfunctions can be constructed using the transfer matrices ME, with 
n = 1,..., L, defined in (2.40), but now A, being as in (2.47). The Schrodinger equation is 
equivalent to 


E E E\yyE 
Wy = (Mj M )¥o. 


for a nonvanishing vector wi = Gl) Therefore one is lead to study the eigenvalue 1 of 
the full transfer matrix Í 


E E E 
M“ =M; Mī. 
Then set 
TË = eMe". 


According to Theorem 2.3.3, this can be achieved by studying the eigenvalue 1 of the 
unitary S (TE ) € U(2N), namely 


dim(Ker(HP™ — E1)) = dim(Ker(S(T”) - 1)). 


This implies the first statement of the following result: 


Theorem 2.5.1. The multiplicity of E as eigenvalues H?®™ is equal to the multiplicity of 1 
as eigenvalue of S(T"). Moreover, 


1 s(TE)*apS(TF) >0. 
1 


As a function of the energy E, the eigenvalues of S(T") rotate around the unit circle in the 
positive sense and with nonvanishing speed. Then for E € IR V spec(HP^^), 


f (eigenvalues of HP™ < E} = Sf(e € (-co, E] + S(T^) through 1). 
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Proof. Based on Lemma 2.3.9, the claimed positivity follows from the positivity of 
H(TP)' Jg TF. This was already checked in the proof of Theorem 2.4.2. All other claims 
follow immediately from the setup. 


2.6 Bound states for scattering systems 


There are numerous extensions of the basic energy oscillation theory presented in Sec- 
tion 2.4 to block Jacobi operators on infinite-dimensional Hilbert spaces. Here block Ja- 
cobi operators H on the infinite discrete line are considered which are perturbations of 
a given periodic block Jacobi operator Hyer. The perturbation H — Hy, is supposed to be 
of finite rank. This is the most elementary setup of quantum scattering theory, already 
considered in [21]. Itis known that the perturbation leads to bound states and it is the ob- 
ject of this section to access these bound states by oscillation theory which again uses the 
theory of the Bott-Maslov index and the spectral flow. The result is also in the spirit of 
relative oscillation theory [7, 81] where one compares two Jacobi operators, here given 
by H and Hy. As part of the preparations for the main result (Theorem 2.6.5), also bound 
states of half-space restrictions of Jacobi operators will be considered. This section also 
Serves as a preparation for Section 9.7 where bound states of higher-dimensional scat- 
tering systems are analyzed which then requires the Bott-Maslov index in an infinite- 
dimensional setting. 

Let us begin by describing the matrix Jacobi operator H. Formally, it is a (two-sided) 
infinite matrix of the form (2.38) associated to two sequences (A,),-7 and (V,),cz of 
respectively positive and self-adjoint N x N matrices. It will be considered as a self- 
adjoint operator on the Hilbert space ¢(Z, C"). The Schrödinger equation Hy” = Ey 
will be considered for all sequences U^ = (J£), of vectors YË € C", and not only 
square-integrable states from ¢7(Z, C"). Explicitly written out, it becomes 


E E E E 
Anna * Vi, * AnUy 4 = Ey. (2.49) 


This is also called the three-term recurrence relation because w,, can be computed 
from yË and yË}, so that the solution y” is fixed by two neighboring values (which are 
often chosen to be yË and wi). Regrouping two neighboring vectors into 


E 
we - pm 
n we 


one can then rewrite (2.49) as in (2.44) using the J-unitary transfer matrices ME : 


(2.50) 


(E1-V,)A. -A 
Y? = MEYE „, M= ( E "o 


A 0 
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This equation will also be used for 2N x N matrix-valued we which just as in Section 2.4 
are then J-Lagrangian frames (if some initial condition is J-Lagrangian). 

Let us now state the hypothesis specifying the scattering situation: there are N x N 
matrices A > 0 and V = V* such that for all n € {1,..., L}, 


An=A, V,-V. 


Thus H only has varying matrix elements on L sites. If also the matrix entries on those N 
sites are equal to A and V, one obtains a periodic Jacobi operator Hper. It can be analyzed 
using the transfer matrix 
E @ -v)A? 
Më = i : 
A 0 

It is well known that the spectrum spec(Hper) of Hyer is purely absolutely continuous 
spectrum and consists of at most N intervals, e. g., Appendix A in [17]. Furthermore, H 
has the same absolutely continuous spectrum, but may, moreover, have a finite number 
of further eigenvalues not lying in spec(Hpe,). Each such eigenvalue, also called bound 
state, corresponds to a square-integrable solution of (2.49) and itis the aim ofthis section 
to show how these eigenvalues can be accessed by oscillation theory. 


The operator Hy, is specified only by A and V and hence it is not surprising that its 
spectrum can be read off the transfer matrix. 


Proposition 2.6.1. E € spec(Hyer) => spec(MP) n S! + 9. 


Proof. We only prove the implication “<=” because the other is essentially obtained 
by the reverse procedure combined with Bloch-Floquet theory. Let e^ belong to the 
spectrum spec(M*). Let w = (wy, w,) € CY @ CN be the corresponding eigenvector, that 
is, 


Mfw = ew. 
The second line of this equation is A !w, = ew}. As A^! has trivial kernel, this shows 
that neither wọ nor w; is vanishing. The first line then becomes 


Ew, = e Aw; Æ Ww, $ e P Aw,. 


Therefore y € £?(Z) & C" defined by (ny) = e?"w, satisfies Aber = Ey. From this one 
can now readily construct a Weyl sequence for Hye; at energy E. Let y; € £(Z) @ CN be 
the indicator function to [-L, L]. Then |yr || = O(L2) and set V; = 7, /IX, VII. It follows 
that ||(Aper — E)pzl| = O(L'1), and we conclude that E € spec(Hper). Let us note that 
by translating the y; one can also obtain an orthonormal Weyl sequence so that E is 
actually in the essential spectrum of Hyer. 
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Proposition 2.6.2. For E € spec(Hper), the subspaces £^* and €^" spanned by all 
eigenspaces of MË with eigenvalues of modulus less than 1 or larger than 1 respectively 
are I-Lagrangian. 


Proof. Let R< and R?” be the corresponding Riesz projections. If 
A = {z € spec(MP) : |z| < 1}, 


then in the notations of Proposition 22.2 one has R^* = R, and RF^ = R. Proposi- 


tion 22.2 holds for an I-unitary just as for a J-unitary, so that one concludes (R^*)* = 
I* RF^]. Thus 


(ee ege qo yr spo rSg 


implying the claim. 


Let us now introduce the two unitaries 
w^*2Ige^^ gw mE 


where here the subspaces are identified with their orthogonal range projections (in or- 
der to avoid yet another notation). For their analysis, it is helpful to provide another ex- 
pression and this also leads to another useful interpretation of these unitaries. Let Hy. 
and Hyer be the (Dirichlet) restrictions of Hy, to E(N, CP) and (N^, CP), respectively, 
where N = {1,2,...} and N` = {...,—1, 0}. Clearly, one has spec(Hyer) > spec(Hper) and 
spec(Hper) > spec(Hper), by a standard Weyl sequence argument. All new points of the 
spectrum are called bound states of Hs and Hyer, respectively. Such a bound state with 
energy E € spec(Hyer) \ spec(Hper) is always given when the Dirichlet boundary condi- 
tion leads to a square integrable solution (which in this case will be exponentially decay- 
ing at +o). The Dirichlet boundary condition at sites 0 and 1is given by the J-Lagrangian 
frame (4). Therefore the 


+E _ 


Ter 


multiplicity of E as eigenvalue of Hy, 


is given by 


mre = tim (£^ n Ran (5) 


per 


This is an intersection of two J-Lagrangian subspaces. Applying the Cayley transform € 
and using C(}) = $t with ®,o¢ as in (2.4), this can be rewritten as 


m** = dim(C£^* n Ran(®,¢)) = dim(J G£^* n Ete), 


per ref. 


and hence, due to Proposition 2.1.4 and II(JCE®<) = -II(e£^*) = -W®<, one concludes 


m^ = dim(Ker(W** - 1)). 


per 
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Similarly, the multiplicity mo; of E as eigenvalue of Hye. is given by the intersection of 


the Dirichlet boundary condition (9) with £F" so that 
m. = dim(eé*” n Ete) = dim(Ker(W?" +1)) 
per ref + : 
Further let z, : C" — ¢?(Z, C") be the partial isometry onto the nth site, and similarly 
for ¢?(IN, CX) and £?(N7, C") (in later chapters, zz, also denotes homotopy groups, but 
we believe that no confusion can arise). For E € C not in the spectrum of Hier and Hier 
respectively, the N x N Green matrices of H7... and Hy, are defined by 


per 


GHE = nt HL.-E) m, GË -2nzxH.-E) m. 


per 


Note that for real E, these matrices are self-adjoint. On the other hand, for Jm(E) > 0, 
one has Jm(G**) = (Ge ~(G**)*) > 0, while for Jm(E) < 0, one has 3m(G*^) < 0. 


Proposition 2.6.3. For real E € spec(Ayer) and E € spec(Hy,,), the I-Lagrangian frames 
gie = (497) pe a1 
-A-1 G-E 
span the I-Lagrangian subspaces €®™< and £P", respectively. For all real E € spec(Hper), 
one has 


WF< = (AGFA + 1)(AG"A - i1) , 


= 7 -1 
w^" sso -A(G +1), 
where the right-hand sides of these equations are understood as analytic extensions into 


Ee spec(Ayer) \ spec(Hper) and E € spec(Hper) V spec(Hper), respectively. One has for 
E € R \ spec(Hper), 


s(w^*y gw <0, (W°) aw” sg. (2.51) 
Proof. Let us consider 


yË = n° (Ht, - E) mec", 


per `~ 


ASE € spec(H»,.), the sequences y^ = (UE), are square-integrable. More precisely, for 


any w € C" one has U^w e £&*(N, C"). Now for n > 2, 


n (Hi. - Ej. = ni(Hi.-EY(Hi,-E) m-mm-0. 


per `~ per `~ per | 


As 7t; Hy, 715, # 0 only for [m - n| < 1, one gets 
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Ay + (V - Eph + Apr, = 0, 


which is equivalent to 


(CRP onec 


n-1 n-1 


Furthermore, 


* E * =f * 
T (Hy, -E)p = Ty (Her - E) (Her -E) T4 = 74 Ty = 1, 
where the 1 on the right-hand side is the N x N identity matrix. Writing out the left-hand 
side with the three-term recurrence relation, one gets 


(V - EY} + Ave - 1. 


This can be rewritten as 


CAT DOR ee 


Successively applying M” leads to decaying solutions so that the frame on the right- 
hand side has to span the contracting directions £^* of MF. As y? = G**, the first claim 
follows for all E not being a bound state of Has For the second, let E € spec(Hy,,) and 
set 


gE -m(H.-E) my, n<0. 


n5 per^ 


Then one finds as above (V — E)¢Ë + AQË} = 1so that 
— E E = — 
QUO) = Get) = "(Gg 


Now $* = (65) neo is square integrable (at —co). As the expanding subspace £^? of MË 
is the contracting subspace of (MË), this implies the claim for £7”. 

Next the expressions for the unitaries W^* = II(G£^*) and W^? = II(G£7) can 
readily read off for all real energies not being bound states. Let E, be a bound state of 
Hy. Then E +> WP is analytic on a pointed neighborhood of B,(E,) V {E,} c C. To 
prove that one can apply the Riemann theorem on removable singularities (following 
the argument in [169]), one needs to prove a uniform bound on the WF<. For real E, this 
follows from the unitarity; for Jm(E) > 0, one readily checks that 3m(G** ) > 0 that 
(W*<)*w*< < 1 (notably the Cayley transform maps the matrix upper half-plane of 
matrices with Jm(G) > 0 bijectively onto the Siegel disc of matrices with W*W < 1). 
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For Jm(E) < 0, let us use the identity WĒ< = ((W£*)75)*. Now the inverse can be com- 
puted by the quotient of subdeterminants of W^* by det(W®<). This latter determinant 
det(w*<) takes values in S! for real E and is continuous, therefore bounded away from 
0 on the pointed neighborhood. Hence also W®< is bounded for Jm(E) < 0. This shows 
that the singularity is indeed removable. For W>, one proceeds in the same manner. 
Let us also note that the singularities of G*^^ and G^ ** lead to an eigenvalue 1 in W^* and 
-1in WF? of the same multiplicity, respectively, which agrees with the above formulas 
for m** and m”. 
Proceeding as in the proof of Theorem 2.4.2 (with yr replaced by VW^*), one finds 


LOWES) opw = (AGEA + IPS) IYE (AGA — a) ^. — (252 
1 


It is thus sufficient to show the negativity of 


Bur cede n i 2 (us 
(ET) aeu t 1 0 0 


which indeed holds for E ¢ spec(Hy er). Substituting into (2.52), this proves the first bound 
(2.51) for all but a finite set of energies in spec(H yer) \ spec(Hper). By continuity in E, one 
obtains that the first bound (2.51) holds with an < instead of <. To obtain a strict bound 
at a bound state energy E, € spec( per) V spec(Hper), one needs again a supplementary 
argument. Let P, = Xie, y Ager) be the spectral projection on the bound state and set 
P5 = 1- P,. Then z P,71, is nonnegative, but typically with nontrivial kernel. Then set 


e- E- E, and B = At, as well as 


1 - 
Ce = B-(AG'^A - 11) 1g 
= (-Bnj P, 14B + eBny P (Hey - E) PE mB - iA) , 
where the second equality follows from HB. = E,P, so that ( a -EyÀP, = -1P,. 
By (2.52), one then has 
1 


B; (W^7)'or WP*B 
1 


= -CÅ [B m] P mB + €B n] PS (Hey - E) PE r,B^!]C,. 
Now on the range of Bim P, 7B ! and e sufficiently small, the right-hand side is given 
by (B int P,74B |) ! + O(e) and thus clearly negative. On the orthogonal complement, 
namely the kernel of Brž P mB’, one can again redistribute the e’s as before to check 
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that also on this subspace the right-hand side is negative. For the second inequality in 
(2.51), one proceeds similarly using 


E>\* E> P E 0 ) 
Ce = (g 1 0/ GE 


ux pG Ë 


m -2 
= Ty ( per — E) To, 


which is positive. 


Similar as in Theorem 2.4.2 and based on the above formulas for m= one now 
concludes the following: 


Corollary 2.6.4. As a function of the energy E, the eigenvalues of W^* and W?’ rotate 
around the unit circle in the negative and positive sense, respectively. For an interval 
[Eo E1] c R\spec(Hper) such that Ep, E, are not bound states of. ei and Hy,,, respectively, 
one has 


#{eigenvalues of Hj, € [Eg E]]] = - S(E € (Ep, E1] => W^ through 1) 
and 
(eigenvalues of Hzer € [Ep E1]} = Sf(E € (Ep, E1] > W^" through -1). 


Now let us come back to the scattering situation described at the beginning of the 
section and set 


mË = multiplicity of E as eigenvalue of H. 


Each eigenstate U^ € £^(Z, C") decays both at -co and «co. Outside of the interval 
[1, L] N Z, the decaying solution satisfies (2.50) with MË = M¥. Hence neighboring sites 
must produce vectors lying in £F? on (-co, 0] n Z and lying in €^* on [L + 1,00) n Z. 
In-between the solutions must match. Therefore 


m” = dim(M*(L,1)£F? n £^). 


Note that this is again the intersection of two I-Lagrangian subspaces because of Propo- 
sition 2.6.2 and because M*(L, 1) is I-unitary. One can therefore directly apply Proposi- 
tion 2.1.7 (after transforming I-Lagrangian subspaces into J-Lagrangian subspaces with 
the Cayley transform) to deduce 


m” = dim(Ker(Ii(G£^*)' (CM? (L,1)€"”) - 1)). (2.53) 


Therefore let us set 
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UF = -n(eeP*)' n(ew*(., 2e). (2.54) 


The special case A = 1and V = 0 of the following result is contained in Section 7 of [21]. 
Theorem 2.6.5. One has 


l(g£)*a,y£ » 0. (2.55) 
1 


Suppose that [Eg, E1] N spec(Hper) = 0 and that Ey and E, are not eigenvalues of H. Then 
the number of bound states of H in |Eg, E4] is given by 


f [eigenvalues of H in [Ey E,]] = Sf(E € [Ep E] — U” through -1). 


Proof. Once (2.55) is verified, the second claim follows from (2.53) (just as in the proof 
of Theorem 2.4.2). Let us first note that, due to Proposition 2.6.3, the definition (2.54) can 
be rewritten as 


U* = -(wP*)'n(eM*(. 1)9*"). 


When deriving the definition (2.54) of U E , one readily realizes that it is sufficient to show 
the positivity of 


Lwa WES = w^*(-w^*)apw^*)w^*) eso 
and 
"(ew (L, DP”) og r(eM^(L, DY”). (2.57) 


The first expression is indeed positive by Proposition 2.6.3. For the expression (2.57), one 
can proceed as in the proof of Theorem 2.4.2 (with YË replaced by M*(L,1)9^"), and 
conclude that it is sufficient to show the positivity of 


(M*(L,1)¥"”)"1d,(M*(L,1)¥"”) 
= (w)* (MF (L,1)*I0pM* (L, 1) wP? + (W?) "1a, 8". 


The positivity of M*(L,1)*10,M* (L, 1) was already checked in the proof of Theorem 2.4.2, 
and the positivity of (¥*)*J0,;¥*" in Proposition 2.6.3. 


3 Bounded Fredholm operators 


Spectral flow on infinite-dimensional Hilbert spaces cannot be understood without ba- 
sic knowledge of compact and Fredholm operators. This chapter covers these essentials 
which are typically taught in a class on linear functional analysis. There is, of course, 
an exhaustive literature on the subject. Let us mention the excellent standard books 
[162, 157, 123] which cover most of the material of this chapter. A more detailed account 
of Fredholm operators is contained in [80]. We decided to include this chapter for sev- 
eral reasons. First of all, a detailed account of notations is needed anyway. Secondly, it 
is convenient to have clear statements of what is needed later in the book readily avail- 
able. And last but not least, we hope the chapter helps newcomers to rapidly enter the 
heart of the matter. On the other hand, we did not include detailed proofs of standard 
facts which can be found in the above mentioned text books. Merely Section 3.5, which 
shows an index theorem for the finite-dimensional spectral flow, is not standard text- 
book material. 


3.1 Compact operators and their spectral theory 


Let us begin by fixing some notations. Let H and +’ be separable complex Hilbert spaces 

of infinite dimension. The scalar product of two vectors $,U € H or H’ is denoted by 

(lY) € Cor (b|W) 4» € C, respectively, and is chosen to be linear in the second argu- 
1 


ment, and antilinear in the first. The associated norm is |lYli = IY) a or respectively 


1 
lac = WI); . Given a linear operator T : H — H', its operator norm is defined by 


ITI = sup hse = sup ary, 
v0 lloc — ptigc=t 


The operator T is called bounded if ||T|| < co and the set of all bounded linear operators 
from J€ to H' is denoted by B(H, H’). For H’ = H, the set 


B(H) = BCH, 9€) 


of bounded operators is a Banach -algebra with involution given by the adjoint op- 
erator. In particular, it is complete and the operator norm satisfies ||TS|| < ||T||||S|| for 
T,S € B(H). It is also a C*-algebra because the C*-equation |T|? = ||T* T|| holds. Next 
let us introduce the closed unit ball in H by 


By, = (V € 9C: Ill < 1} 


where here and below the subscript XX on the norm is dropped. Note that in the following 
also the subscript on the scalar product is dropped. It is well known that B4, is a compact 
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set if and only if KH is finite dimensional. The compact operators can now be introduced 
as the set of those bounded linear operators which map B,, into a precompact set. 


Definition 3.1.1. An operator K € B(H, H’) is called compact if and only if its image of 
the unit ball K(B4,) has a compact closure. The set of all compact operators from H to 
H' is denoted by IK(26 H’). For H' = K, we set K(H) = K(H, H). 


A property equivalent to compactness of K is the following: for every bounded se- 
quence (y,),.., in K, the sequence (Ky,),., in H’ has a convergent subsequence. The 
following results are basic. 


Theorem 3.1.2. For K € K(K, H’), A € B(H’,H") and B € B(9(7,90), where H" is 
another separable Hilbert space, AK € B(K, K") and KB € B(K”,H') are compact. 
Moreover, the adjoint operator K* € B(H', H) is compact. 


Theorem 3.1.3. The set K(H) is a closed two-sided «-ideal in B(H). Leti : K(H)  IB(9€) 
denote the embedding. Then the quotient Q(H) = B(H)/IK(K) is a C*-algebra called the 
Calkin algebra. Together with (9€) and B(K), it forms a short exact sequence of C*- 
algebras 

i m 


0 B(H) 


K(H) 


QH) 


0, 


which is called the Calkin exact sequence. The projection m onto the quotient Q(H) is 
called the Calkin projection. 


Proofs of Theorems 3.1.2, 3.1.3 and the following results can be found in the above 
mentioned textbooks. The next theorem shows that eigenspaces and Jordan blocks of 
compact operators are always finite dimensional. 


Theorem 3.1.4. For K € K(H), let us set T = 1— K. The following statements hold: 
(i) There exists n € N such that Ker(T^) = Ker(T") for all k > n. 

(ii) Ran(T) = T(3€) is a closed subspace. 

(iii) dim(Ker(T)) = dim(Ker(T*)) « co. 


Definition 3.1.5. The spectrum spec(T) of a bounded operator consists of all points 
A € C for which 1 - T is not invertible. The point spectrum spec, (T) of T consists of all 
eigenvalues of T, namely all A € € for which Ker(A1 - T) is nontrivial. 


Theorem 3.1.6 (Riesz' spectral theory of compact operators). The spectrum spec(K) of ev- 
ery compact operator K € K(H) is a countable set {A; : j = 1} U {0} where all Àj + 0 are 
eigenvalues of finite multiplicity which can only accumulate at 0. Moreover, 0 can be an 
eigenvalue of either infinite or finite multiplicity, and in the latter case 0 is an accumula- 
tion point of the sequence (Àj)... 
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3.2 Basic properties of bounded Fredholm operators 


Definition 3.2.1. An operator T € B(H, H’) is Fredholm if and only if 
() dim(Ker(T)) « oo, 

(ii) dim(Ker(T*)) « oo, 

(iii) Ran(T) is closed in 1’. 


The set of Fredholm operators is denoted by FB(H, H’). 


Theorem 3.2.2. For T € B(H, 9€), the following are equivalent: 
(i) TisaFredholm operator. 

(ii) dim(Ker(T)) < co and dim(K' / Ran(T)) < co. 

(iii) There exists a unique Sy € B(H', H) with 


Ker(Sy) = Ker(T"), Ker(So) = Ker(T), 


such that SyT and TS, are orthogonal projections onto Ker(T)~ and Ker(T*)* and 
dim(Ran(1- SọT)) «co, dim(Ran(1- TS )) < co. 


(iv) There exists a pseudoinverse for T, namely S € B(9(', H), such that TS -1 € K(H’) 
and ST —1 € K(H). 


Proof. (i) = (ii). This is obvious as Ker(T*) = Ran(T)* is finite dimensional and Ran(T) 
is closed. 

(ii) = (i). As Ker(T*) = Ran(T)~, it remains to show that dim(20'/ Ran(T)) < co 
already implies that Ran(T) is closed. For that purpose, let us consider the restriction 
T- Tlkerry- : Ker(T)" — H’. It is continuous, injective, and has the same image 
Ran(T) = Ran(T). Hence it is sufficient to prove the claim for an injective map with 
a finite-dimensional cokernel, and we denote this map again by T. Let now {@,,..., dy} 
be a basis of H’ /Ran(T). Then we define a linear map T : CY e H > H' by 


N 
TA eM Zn y) = Y AnPn + Ty. 
n=1 


This map T is bijective and continuous. Thus the inverse mapping theorem implies that 
also 7-1 is continuous. Hence Ran(T) = T((0,90)) = (T-1)-!((0, H) is closed. 

(i) = (iii). As T Iker(T)+ : Ker(T)+ — Ran(T) is by assumption a bijective continuous 
linear map between Hilbert spaces, the inverse mapping theorem implies the existence 
of a continuous inverse Sy : Ran(T) — Ker(T)*. It can be extended to all of H’ by Sp) = 0 
for y € Ran(T)*. Then 


TS, = orthogonal projection in 1’ onto Ran(T) = Ran(T) = Ker(T*) , 


SoT = orthogonal projection in H onto Ker(T)^ = Ran(T*). 
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This implies all the stated properties. Uniqueness is obvious. 

(iii) => (iv). This is obvious as every bounded operator with a finite-dimensional 
range is compact. 

(iv) = (i). Suppose that (U,),., is an infinite orthonormal basis of Ker(T). As these 
vectors are all eigenvectors of the compact operator K = ST —1 to the eigenvalue -1, this 
is a contradiction to Theorem 3.1.6. For Ker(T*), one can argue in the same manner by 
using the compact operator K - (TS — 1)*. It remains to show that Ran(T) is closed. Let 
K = ST -1 as above. Choose L € K(H) with a finite-dimensional range and such that 


IK - L| < 


NIe 


Then for all ọ € Ker(L), 
ISIITÓI = ISTO = || » K)e]| 
> |l - IKol = lol - |(K — Do] - IIo 


1 
a> . 
> ll 


Thus |iġl| < 2\|S||||T@|| for all @ € Ker(Z). This, first of all, implies that T(Ker(L)) is closed. 
Indeed, if (T9,),., is a sequence with @, € Ker(L) and y = lim, Tøn, then 


làn — mll < 2ISIIITÓ, — TOmll- 


Thus (®n)n>1 is a Cauchy sequence and hence has a limit point @ = lim, € Ker(L), 
where it is used that Ker(L) = Ker(L). As T is continuous, it follows that y = Tọ e 
T(Ker(L)). On the other hand, 


T(Ker(L)*) = T(Ran(L*)), 


where it is used that Ran(L*) is of finite dimension and hence closed. Consequently, 
T(Ker(L)*) is finite dimensional. Hence Ran(T) = T(Ker(L)) + T(Ker(L)*) is closed as 
the sum of a closed and a finite-dimensional subspace is closed. 


Corollary 3.2.3. If T € B(H, 9€) is a Fredholm operator and K € K(H,H’) is compact, 
then T + K is a Fredholm operator. 


Proof. Indeed, any pseudoinverse of T is also a pseudo-inverse of T + K. 


Theorem 3.2.4. An operator T € B(H) is Fredholm if and only if the image m(T) of T in 
the Calkin algebra is invertible. 


Proof. Let T be a Fredholm operator. By item (iv) in Theorem 3.2.2, there is an operator 
S € B(H) such that TS-1, ST-1 € K(H). As zis an algebra homomorphism and z(K) = 0 
for all K € K(H), 
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0 = z(T)z(S) - m(1) = z(T)n(S) - 1, 
0 = z(S)yn(T) - n(1) = n(S)n(T) - 1. 


Hence zt(T) is invertible with inverse 7(S). 
Conversely, let T = n(T) € Q(H) be invertible with inverse S, namely 


TS-1=0=ST-1. 


As 7 is surjective, there exists S € B(H) such that zt(S) = S. Since zis a homomorphism, 
it follows that 


n(TS - 1) =0=n(ST - 1). 


Consequently, TS — 1, ST — 1 € K(9€) and thus T is a Fredholm operator by item (iv) of 
Theorem 3.2.2. 


Remark 3.2.5. In Definition 3.2.1, it is not possible to drop the condition of closedness 
on the range, as item (ii) in Theorem 3.2.2 might erroneously suggest. Indeed, consider 
the example of the self-adjoint operator 


1 
T-) -In (nl, 


n>1 


on £N), where |n) is the state localized at n > 1 and the Dirac ket-bra notation is used. 
The kernel of T and (the equal) kernel of T* are finite dimensional, but T is compact and 
hence not Fredholm. o 


There are two widely used criteria for a bounded operator to be a Fredholm opera- 
tor. One will be given in Theorem 3.4.1 further down, the other is stated in the following 
proposition. 


Proposition 3.2.6. Let T € B(K, H’) be a bounded linear operator. If there are a com- 
pact linear operator K € K(K, K”), where H" is another separable Hilbert space, and a 
constant c » 0 such that 


loll < c(IITO] + IKoIl) 


for all @ € K, then T has a closed range and a finite-dimensional kernel. 


Proof. Let (Ọn)nen be a bounded sequence in H such that Td, is convergent, namely 
there is a Y € H’ such that lim, ,, Tøn = V. As K is compact, there is a subsequence 
(bn, ken Such that Køn, is convergent. Then (Ko, )xen is a Cauchy sequence and as 
lim, ,4, Ton, = Y, also (Top, ew is a Cauchy sequence. Therefore for all e > 0 there 
is an N € N such that max(lTó,, — Tó;, ||, Køn, — Kn, ll} < $ for all k, m > N. There- 
fore 
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ln, z Pn, l ES c(IITÓ,, ~ TQ, | + IK9,, - Kon, I) «€ 


or all k, m > N. Thus ($n, )xew is a Cauchy sequence and therefore convergent. 

Suppose that the kernel of T is infinite dimensional and that {¢, : n € N} is an 
orthonormal basis of it. Then (0), «y is a bounded sequence in H such that To, is con- 
stant (equal to 0) and therefore convergent. As there is no convergent subsequence of 
(¢n)nen this is a contradiction to the above. Thus Ker(T) is finite dimensional. More- 
over, there is a constant c4 > 0 such that ||u|| < c,lT|| for all y € Ker(T)*, because 
otherwise there is a sequence (,,)nen in Ker(T)* such that |[U,|| = 1for all n € IN and 
VAUM ES t for all n € N. As (TYn)nen is convergent, by the above there is a subsequence 
(Yn, )kew converging to some vector ij € Ker(T)~ with |j] = 1. This is a contradiction 
to Ty = lim, ,,, TU, = 0. Finally, let (0,),., be a sequence in Ran(T) converging to 
some 6. Then there are 9, € Ker(T)- with Td, = 0,. By the previous argument, one 
has |ó, — mll < cil, — Omll so that (0,),.4 is Cauchy and thus converges to some 6. 
Consequently, To = 0 so that 0 € Ran(T) and hence Ran(T) is closed. 


3.3 The index of a Fredholm operator 


Definition 3.3.1. The index of a Fredholm operator T € FB(H, H’) is 
Ind(T) = dim(Ker(T)) - dim(Ker(T")). 


As Ker(T*) = Ran(T)~ and Ran(T) is closed for a Fredholm operator, one can rewrite 
the index as 


Ind(T) = dim(Ker(T)) - dim(3’/ Ran(T)). 


Let us add a word of justification on the terminology. Most textbooks speak of the 
Fredholm index, and not an index, a notable exception being the book of Lax [123]. 
Indeed, Fredholm believed that the index always vanishes as it does for square matri- 
ces. Fritz Noether showed in a 1921 paper [140] that this is not true. In the same work 
he also proved the first index theorem connecting the winding number of an invert- 
ible complex function to an index. In the Russian literature, these contributions are 
honored by speaking of Noether operators. To us it seems more adequate to attribute 
the index to Noether, and thus speak of a Noether index, but we refrain from doing so 
here. 

The following elementary properties of Fredholm operators and the index are im- 
mediate consequences of Theorem 3.2.2 and Definition 3.3.1. 


Corollary 3.3.2. (i) For T € FB(K, H'), T' € FB(H", 30, also TT' € FB(K", 3C). 
(ii) If T € FB(H, 3€), then T* € FB(H', H) and Ind(T*) = - Ind(T). 
(iii) If A € B(H, H’) is invertible, then A € FB(H,H’') and Ind(A) = 0. 
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(iv) For T € FB(K, +’) and invertible operators A € B(H', H") and B € B(H", H), one 
has Ind(AT) = Ind(TB) = Ind(T). 
(v) For T e EB(H, H’), 


Ind(T) = dim(Ker(T* T)) - dim(Ker(TT")). 


(vi) For T € FB(H, HK’) and T' € FB(K", H”), one has T e T' € FB(H @ KH", H' e H") 
and 


Ind(T e 7^) = Ind(T) + Ind(T’). 


Example 3.3.3. The standard example of a Fredholm operator with nonvanishing in- 
dex is the unilateral shift S on PN) defined by S|k) = 6;2|k — 1) which has a one- 
dimensional kernel spanned by |1) and trivial cokernel. Hence Ind(S) = 1. Similarly, it 
follows that Ind(S*) = -1 and Ind(S") = n for n » 1. o 


The following theorem proves the key property of the index, namely its homotopy 
invariance. As a prelude, let us show that this already is a nontrivial fact in finite di- 
mension. Hence let T € CY" pe a matrix which is not necessarily square. By the rank 
theorem, 


M = dim(Ker(T)) + dim(Ran(T)) 
= dim(Ker(T)) + dim(Ker(T*)") 
= dim(Ker(T)) + (N - dim(Ker(T*))). 
Thus 
Ind(T) = dim(Ker(T)) - dim(Ker(T*)) = M - N, 
which, in particular, shows the homotopy invariance of Ind(T). This will now be gener- 
alized to infinite-dimensional Hilbert spaces. 


Theorem 3.3.4. Let T € FB(K, +’), T! € EIBB(9C', +H) be Fredholm, K € K(96 5’) com- 
pact, and t T, € FB(H, H’) a norm-continuous path of Fredholm operators. Then: 

(i) Ind(T +K) = Ind(T), namely Ind is compactly stable. 

(ii) t — Ind(T;) is constant, namely Ind is homotopy invariant. 

(iii) Ind(TT^) = Ind(T) + Ind(T’). 

(iv) Ind : (FB(H),°) — (Z, +) is a homomorphism between semigroups. 


For the proof, but also later use, let us introduce the notation 
EF, B(H, H’) = (T € FB(H, H') : Ind(T) =n}, nez, 


and F,B(H) = F, B(H, H) = Ind {n}. 
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Proof. 


Claim 1. For T € IFjIB(7C +’), there exists a partial isometry V € B(H, 3€) of finite rank 
such that T + V is invertible. 


Indeed, as dim(Ker(T)) = dim(Ker(T*)) = N < oo, there are two orthonormal bases 


grep 


N 
V= Y ln) Onl 
n=1 


gives V(Ker(T)) = Ker(T*). Furthermore, V* V is the orthogonal projection onto Ker(T) 
and VV* is the orthogonal projection onto Ker(T*). Now T +V is injective as (T+V)w = 0 
implies Ty = -Vy € Ran(T) n Ran(V) and 


Ran(T) n Ran(V) = Ran(T) n Ker(T*) = Ran(T) n Ran(T)~ = {0}, 
so that TU = 0 and V* Vy = 0. That implies 
V € Ker(T) n Ker(V" V) = Ker(T) n Ker(T)~ = {0}. 
Furthermore T + V is surjective, as 
(T + V)(H) = (T + V)(Ker(T)* e Ker(T)) = Ran(T) e Ker(T*) = H’. 
Hence T + V is bijective and thus invertible. 


Claim 2. For T € Fy BCH, H’) and K € K(26 H'), one has T +K € FyB(H, H’). 


Indeed, with V as in Claim 1, it follows that 


Ind(T + K) = Ind(T + V)(1+ (T + V) «K - V))) 
= Ind(14 (T + V) (K - V)) 
= 0, 


where in the second equality the invertibility of T + V was exploited, and in the last the 
compactness of (T + V)(K - V) combined with Theorem 3.1.4. 

Now let us consider T € IF ,B(76 H’) for n > 0. Then by Corollary 3.3.2(vi) one 
has T e S" € IF,IB(C e (N), 9€ @ €7(IN)), where S is the unilateral shift on £^(IN) as 
introduced in Example 3.3.3. Hence due to Claim 2, 


(T-K)eS" - TeS" «Ke0 c FyB(JC eL (N), K'e £(N)), 


as K ẹ 0 is compact. Thus Ind(T + K) + n = 0 again by Corollary 3.3.2(vi) and therefore 
T +K € F_,B(H', H). Finally, for T € F ,B(K, H’) one has T* € FF. ,IB(3C, H) by Corol- 
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lary 3.3.2(ii). Thus, by the above, T* + K* € F_,B(H’, H). Again by Corollary 3.3.2(ii), 
T +K € F,B(H, H’) follows. 

For the proof of (ii), let us first show that F)B(H, +’) is open with respect to the 
operator norm. Let A € B(H, H’) and V asin Claim 1. Then 


A+V=T+V+A-T=(T+V)(14+(T+V) (A-T)), 


is invertible for |T — A|| sufficiently small by an obvious Neumann series argument. 
Thus, by Claim 2, A € FB(K, H’) and Ind(A) = 0, namely A € F,B(H, H’). To show 
that F_,B(H, H’) is open for n > 0, one can repeat the argument for T e S" and A e S". 
Then taking adjoints and exchanging H and H’ shows that IF,IB(26 Jt’) is open. Thus 
t 5 Ind(T,) is continuous and therefore constant. 

Next let us address (iii), first for T € FyB(H) so that V as in Claim 1 exists. Due to 
Corollary 3.3.2(iv), 


Ind(7^) = Ind((T + V)T') = md(TT' + VT’) = Ind(TT^), 


where the last equality follows from item (i) as VT’ is compact. For Ind(T) = -n < 0, one 
has again Ind(T e S") = 0 and thus from the above 


Ind(TT' e S”) = Ind((T e S"')(T' @1)) = Ind(T' @ 1) = Ind(T^). 
On the other hand, 
Ind(TT' e S”) = Ind(TT') + Ind(S") = Ind(TT^) + n = Ind(TT") - Ind(T), 
what concludes the proof if Ind(T) < 0. For Ind(T) = n > 0, one has Ind(T e (S*)") = 0 


by Corollary 3.3.2(ii). Thus, we can argue as above where S is replaced by S". Finally, it 
is clear that (iii) implies (iv). 


Theorem 3.3.5. The set E,,B(H,H’) is open and connected with respect to the operator 
norm. Moreover, the space F,B(K, (^) is homotopy equivalent to F)B(H, H’). 


Proof. That F,IB(26 H’) is open with respect to the operator norm was already shown 
in the proof of item (ii) of Theorem 3.3.4. 

To show that IF,IB(2C H’) is connected, let us first consider the case n = 0 and 
H = 9t". For T € FoB(H), let V be as in Claim 1 of the proof of Theorem 3.3.4. Then 
t € [0,1] + T + tV is a continuous path in FoB(H) from T to some invertible opera- 
tor T}. Using its polar decomposition T, = U|T,| with a unitary operator U, the path can 
be continued by t € [52] — T, =U [Et to T, = U. Finally, choose some branch of the 
logarithm and set H = -1log(U) by spectral calculus. Then t € [2,3] T, = e'&?P isa 
continuous path from U to the identity. In summary, any T € FyB(5) is homotopic to 1 
within IF9IB(3€), a fact that we henceforth denote by T ~ 1. 
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Now let n be arbitrary. For T, T' € F,,B(H, H’) by Theorem 3.2.2, there is a pseudoin- 
verse S € B(H’, H) such that ST’ = 1 + K for K € K(H). Moreover, as S € F_,B(H’, H) 
by construction, TS € IFjIB(7() by Theorem 3.3.4. As shown in the previous paragraph, 
there is a continuous path t € [0,1] + A, € FoB(H') connecting Ag = TS to A, = 1. The 
path 


t € [0,1] 5 B, = AT' - (1- OT(ST' - 1) 
is in F,IB(26 HK’) as A,T' € F,B(H,H') by Theorem 3.3.4 and ST’ — 1 is compact. It 
connects By = T to B, = T'. Consequently, T ~ T". 
It remains to show that F,,B(H, H’) is homotopy equivalent to FyB(H, H’). Con- 


sider a fixed operator T, € IF, IB(7(^) (the existence of such an operator is guaranteed by 
Example 3.3.3 above), and define the continuous map 


f: FoB(H, XH’) > F,B(H, HH’), T TT. 
Let S, € F_,B(’) be a pseudoinverse of T,. Then 
g:F,B(2630) > FoB(H,H’), SH S,S 
is continuous and 
(ge f)(T) - ST,T =(1+K)T, (f° (S) = T,SS = (1+ K)S 
for compact operators K,, K) € K(H'’). The map 
hy : FoB(H, 3C) x [0,1] > FoB(H, H’), A(T, t) = (14 tK,)T 
is a homotopy connecting g » f to the identity map on F,B(H, +’). Analogously, 
h, : F,B(H, K’) x [0,1] > F,B(H,H’), h(S, t) = (14 tK,)S 


defines a homotopy connecting f og to the identity map on F ,B(H, H’), which completes 
the proof. 


Corollary 3.3.6. The index map Ind : FB(H,H') > Z is a bijection between the path- 
connected components of FB(H, H’) = LJ, cz FrB(K, H’) and Z. 


Theorem 3.2.2(iii) exhibited a special pseudoinverse Sọ for a given T € FB(H, +’). 
In terms of Sọ, the index can readily be calculated by 
Ind(T) = dim(Ker(T)) - dim(Ker(T*)) 
= dim(Ran(1- S,T)) - dim(Ran(1- TS))) 
= Tr(4 - ST) - Tr(1 - TS) 
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= Tr((1- SyT)^) - Tr((1 - TSp)?), 


for any p > 0 as1- ST and 1 - TS, are finite-dimensional orthogonal projections. 
Often the special inverse S, is not known, but one may find other pseudoinverses S for 
which 1 - ST and 1 - TS have trace class properties, namely are in one of the Schatten 
ideals £P (H) of compact operators K € K(H) such that Tr((K* K)?) < oo, or LP(H'’) of 
compact operators K’ € K(H’) such that Tr(((K’)*K’ 9) « co, respectively. Then one 
has the following formula in which neither of the summands on the right-hand side is 
necessarily integer-valued. 


Theorem 3.3.7 (Calderon-Fedosov formula [46, 83]. Let T € B(K, H’), S € B(H', H), 
and n € N be such that 


1-ST € L™(H), 1-TS € £"(H’). 
Then T is a Fredholm operator and for allm > n, 
Ind(T) = Tr((1 - ST)™) - Tr((1 - TS)). 


Proof. The Fredholm property clearly follows from Theorem 3.2.2. Let us now first con- 
sider the case m = n = 1. Note that Tiker} : Ker(T)~ — Ran(T) is bijective. Let P 
denote the orthogonal projection onto Ker(T)+. Then 


TP - ST) = T(- ST) = (- TS)T. 
Therefore (1 — TS) maps Ran(T) to Ran(T) and 


Tr((- TS) ran(r)) = Tr((Tlxerry) (A = TS)T |xer(r)) 
= Tr(P(1 = ST)|Ker(1)+)- (3.1) 

As (1- ST) Kerr) = Terr); 

Tr(1 - ST) = Tr((1- ST)lKer(r)) +Tr(P(1- ST)lxerr):) 
Analogously, as (1 TA TS)lnancry- zd Tran) 

Tr(1 - TS) = Tr((1- TS) |ran(r)) +Tr((1- TS) |ran(r)) 

= dim(Ran(T)~) + Tr((1 - TS)lpancr))- 

By (3.1), this implies 


Tr(1 - ST) - Tr(1- TS) = dim(Ker(T)) + Tr((1 - TS) |pancty) 
- dim(Ran(T)*) - Tr((1 - TS)lnantr)) 
- Ind(T). 
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Hence, the formula is proved in the case m = 1. For m > 1, we set K Z1- ST, L-1- TS 
and replace S by Sm = QE K’)S. Then 


m-1 m-1 
SmT = (5 i )sr = (Y e Ja-o -1-K". 
j-0 j=0 


Furthermore, K™ = (1— ST)" € £1(5() by hypothesis. Together with TK = LT, one also 
has 


m-1 m-1 m-1 
TS, = (Y s- PL (Xi Ja-n 21-1". 
j-0 


j-0 j=1 
As L” € £c! (9(), it follows that 


Ind(T) = Tr(K™) - Tr(L™) = Tr((1 - ST)™) - Tr((1 - TS)", 


and this finishes the proof. 


3.4 The notion of essential spectrum 


There is another characterization of Fredholm operators using the notion of essential 
spectrum of a normal operator. For a normal operator T € B(H), the essential spectrum 
is by definition spec,,,(T) = spec(T) \ specg;,(T), where the discrete spectrum spec,;,(T) 
consists of all isolated eigenvalues of finite multiplicity. Further below in Corollary 3.4.5, 
it will be shown that this coincides with another standard definition of the essential 
spectrum. 


Theorem 3.4.1. An operator T € B(H,H’) is Fredholm if and only if 0 € Speces(T*T) 
and 0 € spec. (TT). 


Let us note that Corollary 3.3.2(v) then gives the index in terms of the nullities of 
T*T and TT". For the proof of Theorem 3.4.1, let us use the following lemma (as in [18]). 


Lemma 3.4.2. For T € B(H, +’), the following are equivalent: 

(i) Ran(T)is closed. 

(ii) There is a constant c > 0 such that ||T@|| = clio for all @ € Ker(T)*. 
(iii) 0 is either not in spec(T* T) or an isolated point of spec(T* T). 


Proof. (i) = (ii). The map T : Ker(T)* — Ran(T) is a bijection. If Ran(T) is closed, it is 
a bijection between two Hilbert spaces. By the inverse mapping theorem, the inverse is 
a bounded operator. This is restated in (ii). 

(ii) = (i). Let (0,),., be a sequence in Ran(T) converging to @ € H'. Then there are 
Yn € Ker(T)~ with TU, = $,. By (ii), one has ||U, - Ul < tlon — dll so that (Yn )n>1 is 
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Cauchy and thus converges to some y. One has Tw = $ so that @ € Ran(T) and Ran(T) is 
closed. 

(ii) = (iii). Item (iii) is equivalent to (9|T* T) > c^lól? for some c > 0 and all 
$ € Ker(T)*, which is indeed equivalent to (ii). 


Proof of Theorem 3.4.1. By definition, if T is Fredholm, then Ran(T) is closed and 
Ker(T) = Ker(T*T) is finite dimensional and thus 0 ¢ spec,,,(T* T) by Lemma 3.4.2. 
As spec(TT*) V {0} = spec(T* T) \ {0}, the point 0 is also isolated in spec(TT") or not 
in spec(TT*). Since also Ker(T*) = Ker(TT") is finite dimensional, one concludes that 
0 € spec,(TT"). The inverse implication follows in the same manner from Lem- 
ma 3.4.2. 


Theorem 3.4.1 suggests to consider the self-adjoint operator 


au 
T 0 


T'T 0 
is 
( 0 rre) 


shows that T is a Fredholm operator if and only if spec... (L) c (0, co). Moreover, 


Then 


Ker(L) = Ker(L’) = Ker(T) e Ker(T"). 


Now L has a symmetry 


1 0 
JLJ =-L, J= G M 
This shows that the spectrum of L is symmetric around 0. Of most interest is the ker- 
nel Ker(L) itself. It is invariant under J so that J|xer(z) is also a symmetry (self-adjoint 
unitary) squaring to 1ķer(z): In particular, it has a well-defined signature which actually 
is equal to the index of T by the above expression of Ker(L). This leads to the so-called 
supersymmetric formulation of the index (this terminology is used, e. g., in [67]): 


Corollary 3.4.3. An operator T € B(H,H’) is Fredholm if and only if 0 ¢ spec... (L). If 
this holds, 


Ind(T) = Sig(]|kerz))- 
Now follow some further corollaries of Theorem 3.4.1. 


Corollary 3.4.4. A normal operator T € JB(3€) is Fredholm if and only if 0 € spec... (T). 
The index of a normal Fredholm operator vanishes. 
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Proof. NotethatA € Cis a pointin the spectrum of T if and only if its modulus square |A|? 
lies in spec(TT*) = spec(T* T). Therefore 0 € spec,,, (T) is equivalent to 0 € spec, (TT). 
The first claim then follows from Theorem 3.4.1as T* T = TT". Obviously, the Fredholm 
index then vanishes. 


The following result shows that the above notion of essential spectrum (namely 
Weyl’s notion of essential spectrum) coincides with another standard definition of the 
essential spectrum as the spectrum in the Calkin algebra. There are several other inter- 
mediate versions of essential spectra, see [80]. 


Corollary 3.4.5. Foranormaloperator T € B(H), one has spec, (T) = spec(t(T)) where 
the latter is the spectrum in the Calkin algebra. 


Proof. By adding a constant multiple of the identity, it is sufficient to analyze the essen- 
tial spectrum at 0. But for 0, Corollary 3.4.4 implies the claim because by Theorem 3.2.4 
the Fredholm property is equivalent to being invertible in the Calkin algebra. 


This immediately implies the compact stability of the essential spectrum. (Another 
proof of this stability can be given using the Weyl criterion below.) 


Corollary 3.4.6. For a normal operator T € B(H) and a compact operator K such that 
T + K is normal, one has specs, (T + K) = Specess(T). 


Due to Theorem 3.22 and Corollary 3.4.4, the following criterion is often helpful. 


Proposition 3.4.7 (Weyl criterion for essential spectrum). A point A € R is in the essential 
spectrum of H = H* € B(H) if and only if there exists a singular Weyl sequence for A, 
namely a sequence ($,),.4 of unit vectors in K that converges weakly to 0 and such that 
(H -A1)¢, > 0. 


Proof. “=>” If A is an eigenvalue of infinite multiplicity, then any orthonormal basis 
(04)5.4 of the eigenspace is a Weyl sequence. If A is an accumulation point of the spec- 
trum, then there exists a sequence (A,),.4 of disjoint points in the spectrum spec(H) 
converging to A. Now choose disjoint open intervals I, centered at À, and of length J,,| 
converging to 0. The orthogonal projections P, = y; (H) are nontrivial and pairwise or- 
thogonal. Therefore there exist unit vectors @, € Ran(P,) which are pairwise orthogonal 
and satisfy 


IH - 409, < |H - AnD Gall + An - AI < Isl + An = Àl. 


As this converges to 0, (Øn)n>1 is a singular Weyl sequence. 

“<=” For the converse, it is sufficient to show that for every e > 0 the spectral projec- 
tion P, = Y(IH -A| < e) has an infinite-dimensional range. Let us suppose to the contrary. 
Then P, is compact for some e > 0 and hence P,¢, — 0 for any sequence (0,),.4 weakly 
converging to 0. By spectral calculus, ||(H — A1)@,|| = e(ló, — 2\|P.@,||) and there could 
not exist a singular Weyl sequence. 
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3.5 Spectral flow in finite dimension as index 


This section provides a first example of a concrete Fredholm operator and shows that 
its index contains topological information given by a spectral flow. Hence it establishes 
a first connection between Fredholm operators and spectral flow, using only its finite- 
dimensional version described in the introductory Chapter 1, however. The result goes 
back at least to the work of Atiyah, Patodi, and Singer [14] who considered particular 
classes of paths of self-adjoint operators. The finite-dimensional case is dealt explicitly in 
the works of Ben-Artzi and Gohberg [27], Schwarz [176], as well as Robbin and Salamon 
[160]. It is also covered by the Callias index theorem [45] as the one-dimensional special 
case. 

More concretely, let t € R > H, = H} € C'*" be a continuous path of self-adjoint 
matrices with invertible limits 


Hy, = lim H. (3.2) 


Such a path has a well-defined spectral flow by Definition 1.1.4. In order to construct an 
associated Fredholm operator, let us consider the Sobolev space w?(R, Cc’ ) with norm 

1 1 . . . 
llw: = (fr \(t)||"dt)2 + (fr Io col ao: = lll + llo" lj. The main object of study in 
this section is the operator 


Dy: W'?(m, CX) > r^(m, c") 
given by 
(DHONE) = 9'(t) - Hot). (3.3) 


Theorem 3.5.1. Let t € IR 5 H, = Hë € C'*" pe a continuous path such that the limits 
in (3.2) are invertible. Then Dy is a Fredholm operator of index 


Ind(D;,;) = - Sf(t € R 5 Hj). 


The proof below essentially follows the work of Robbin and Salamon [160]. Later 
on in Section 7.4, an alternative proof based on semiclassical ideas will be given. Before 
going into the proof of Theorem 3.5.1 let us note that if (3.3) is autonomous, namely H 
does not depend on f, then Ind(Dg) = 0. As Ker(D,,) is then trivial by classical ODE 
theory, it follows that Dy is surjective in this case. Also let us comment that the modulus 
of Ind(D;;) is bounded above by N and any k € [-N, N] n Z is the index of some Dy. 
Indeed, this follows from the additivity of the index and the spectral flow as well as the 
following examples for N = 1: the function H, = x arctan(t) leads to Ind(Djj) = +1, while 
H, = 1 gives Ind(D,) = 0. 
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Proof of Theorem 3.5.1. We first show that there are constants a, c > 0 such that 


IDllwee < COX t-aaqllz2q—aay + IDrllzz) (3.4) 


for all à € W'?(R, CY). This estimate is shown in three steps. First note that 


lliw: = lllz + 10’ ze 
= Idle + Dg + H9]: 
< C4 (lIGllz2 + Dy dll), (3.5) 


for some constant c, > 0. Second, assume that H; = Hp is constant, where Hy € C'*" is 
self-adjoint and invertible. Decomposing 


CN = Ran(y(H, > 0)) e Ran(y(Hp < 0)), 
one can assume without loss of generality that all eigenvalues of Hg are of the same sign. 


If they are negative, then for n € L7(IR, C") the unique solution of Dy, = 9 -Hyb-n 
with @ € W'?(R, CY) is 


t 
é(- | ef n(syds = (Y « MË), 


where y(t) = eP*^y(t > 0) is integrable (due to the negative spectrum of Hy). By Young's 
inequality, 


Olle < Ille. 


so that 


lọ'le = lHo% + nliz < (Hoz: + Dll. 


As 1 = Dy,¢, this implies that there is a constant c;(Ho) > 0 such that 


ldlly:2 € c (Ho)lDg, Ólz. (3.6) 


If all eigenvalues of H, are positive, the argument is similar, namely the unique solution 
h € W"^(R, C") of Dj, ó = ó' - Hoó = n for n € L'(R, C") is 


co 


$t) = | ol) n(s)ds = (qb « n)(t) 


t 
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where Wt) = U(-t). It follows that (3.6) holds for all Hp so that Dg, is, in particular, 
injective. Let us note that by the above argument it is also surjective. Hence the operator 
Dy, is bijective. 

For a nonconstant path t € R H,, there is a constant à such that 


1 E 
IH; - Holl < — for+t > ã, 
^ 2c; 


where c; = maxíc;(H,.,), c, (H ,,)). For à € W'?(IR, CP) such that $(t) = 0 for all 
t € [-à,à], we define ¢,(t) = d(ty(t > 0) and 9. (t) = (y(t < 0). Then by (3.6), 
I. lwi2 < colDg,, P+ lize 
< c (|n... - Diz) bs |: + ID Gs liz) 
= c(| 1, us - Hy), |y s Dir, lr) 


< TAF + CoD. lr 
< 519, + cilDuó. lu 
Therefore 
I. llw < 2c21Dp 9, lr 
and similarly 


I$. lw:z < 205lDg. r2- 
In conclusion, 
lliw € 4c2lDgóll; (3.7) 


for all 9 € W^ (m, C") such that g(t) = 0 fort e [-à,à]. Now choose a smooth cutoff 
function B : R — [0,1] such that B(t) = 0 for |t| > à-- 1and B(t) = 1fort € [-à, à]. For 
$ € W'?^(IR, CY), using (3.5) for Bd and (3.7) for (1 — B)ó, one obtains 


lóllg:z < IPO lly + | — Deli: 
< C4(IIBOllz2 + |Dx(BO)||,2) + 4c;] Du (Q - DH) 
< eI say Pll2¢¢-aayy + Du BAr) + 4c;| Dg CQ. - 9]: 
< CI - aid loq a + Dal). 


where a = à + 1and in the last step the inequality 


max(|Dr (BO)| 


r» Pala- B)O) Ire} < Cal-aaiPlln2((-aayy + WD lz 


was used (which follows by an explicit computation). Thus (3.4) is shown. 
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Since the restriction @ +>  y(.4,,4,9 is known to be a compact operator from 
wR, CY) into L?([-a, a]) by the Rellich embedding theorem, Dy has a closed range 
and a finite-dimensional kernel by Proposition 3.2.6. 

The kernel of Dj consists of those solutions of the differential equation ¢’ = Hó 
that converge to zero for t — +oo. The solutions of this nonautonomous system with 
asymptotics (3.2) and invertible limits H, are described by the exponential dichotomy 
theory. A detailed treatment can be found in [65, Section 3.3] for a differentiable t > H, 
(this can be assumed here because both index and spectral flow do not change if a con- 
tinuous t + H, is approximated by a differentiable one) and for continuous paths in 
[59]. We hope that the main results of dichotomy theory described next are intuitively 
clear to the reader. Consider the fundamental solution ®(t, s) € ps ,namely 


0, P(t, s) = H,P(t,s), (s,s) =1, 


which satisfies ®(t,s) = ®(t,r)®(r, s) for r,s,t € IR. The stable and unstable subspaces 
are 


E(to) = {oo € C" : lim (t todo = 0]. 
£'(ty) = {bo € €" : lim et t9)» = 0}. 


Note that €°(t) = ®(t,s)€%(s) and €"(t) = e(t, s)£"(s) for all s,t € IR and therefore 
t € Rv dim(E*(t) n £"(t)) is constant. Moreover, ||@(t)|| converges to 0 exponentially 
fort — +co whenever ó(t) € £*(t), and ||ó(t)|| converges to co exponentially for t — +00 
whenever @(t) € £*(t). Similarly, ||@(t)|| converges to 0 exponentially for t — —co when- 
ever @(t) € &"(t), and ||@(t)|| converges to co exponentially for t — -oo whenever 
g(t) € €"(t). Therefore, 


Ker(Dg) = (6 : R o C" : 9' = Ho, (t) e E(t) n £"(t)] 


and dim(Ker(Dj)) = dim(£*(t) n £"(t)) for all t € R. Next let us examine the cokernel of 
Dy. Assume that ij € L^(IR, C") is orthogonal to the range of Dy. Then 


0 - (JIDu) =  ote'to - H,o(t)) at 


R 


for all € Wl (IR, C™). If there is an a > 0 such that $(t) = 0 for |t| > a, this implies 


0- KOOLE [E voyec)a: 


On the other hand, integration by parts shows that 
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0= KOLO + KG W(s)ds do). 


-a -a “a 


Using this for ý = H* implies 


o= [tvolo'to)at« jc Vs)ds 2 


for all à € W'?(IR, CY) with support in (a, a). Therefore 


f 
W(t) + | Hi w(s)ds = 0. 


Hence w(t) = -H; (t). The fundamental solution of the latter equation is given by 
@(t,s) = (s, t)* and the associated stable and unstable subspaces are therefore given 
by &*(t) = €*(t)* and E"(t) = E“(t)*. Hence 


Ran(Dy)" = [y : R > CY: y' = -H*y, W(t) e (E(t) + EX) ). 
In particular, the cokernel of Dy is finite dimensional. For S = S* € C'*"^, define 
&S)- fv eC’: lim ey = o} = Ran(y(S < 0)) 
and 
e“(s)={vec™: Jim ev = 0] = Ran(y(S > 0)). 


Moreover, lim,_,,, €°(t) = €°(H,,,) andlim, , 4, E"(t) = €"(H_,,) in the standard sense 
of convergence in the Grassmannian. Therefore, 


dim(£*(t)) = dim(£'(H,,,)), dim(£"(t))  dim(£"(H ,,)), 
and thus 
Ind(Dy) = dim(£*(t) n £"(t)) - dim((£*(t) + eX(t))") 
= dim(£*(t) n £"(t)) + dim(E*(t) + £"(t)) - N 
= dim(£*(t)) + dim(£"(t)) - N 
= dim(£"(H ,,)) + dim(£(H,,,)) - N 
= dim(€"(H_,,)) - dim(£"(H,,)). 


As dim(£"(H ,,)) -dim(£"(H,,,)) = XSig o) —Sig(H,,,,)), this implies the claim. 
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3.6 Bounded self-adjoint Fredholm operators 


This section introduces the set of bounded self-adjoint Fredholm operators 
FB,,(H) = {H € FB(H) : H = H*}, 


and collects a few of its basic properties. It is precisely for paths in FB,, (7€) that the next 
Chapter 4 then considers the associated spectral flow. First note that by Corollary 3.4.4, 
one has 


FB,a(H) = {H € B(90:H = H* and 0 ¢ spec... (H)], 


where spec... (H) c R denotes the essential spectrum. Hence it is natural to introduce 
the following three subsets of IFIB,, (2€): 


FB;(920 = {H e FB,,(H) : spec4,(H) c R,} 


ess 


and 


IB; (H) = {H € EB,,OX) : spec, (H) n R} z O}, 


ess 


where R, = {x € R : +x > 0). The following result goes back to Atiyah and Singer [15]: 


Proposition 3.6.1. With respect to the norm topology, FB,, (3C) has three connected com- 
ponents given by FB} (20, FB,,(H), and FIB;,(J0). The components FB;,(H) are con- 
tractible. 


Proof. Clearly, IFB, (9€) = FB} (9€) U FB (H) u IFIB;, (H) is a disjoint decomposition. 
Moreover, the continuity of the essential spectrum implies that IB; (20), IB, (30, and 
IF; (90) are open, and hence, due to the above decomposition, also closed. It remains 
to show that the three sets are (path) connected. 

For H,H' € FB (2€), the linear paths connecting H to Q = -y(H < 0)+y7(H = 0) 
and H' to Q' = —y(H' < 0) + x(H' > 0) lie entirely in FB% (H). Therefore it is sufficient 
to show that there is a path in FB% (7€) connecting Q to Q’. As the projections y(H < 0), 
X(H = 0), Y G1! < 0), and y(H’ > 0) areinfinite-dimensional, there is a unitary U € U(H) 
mapping Ran(y(H' > 0)) onto Ran(Y(H > 0)). Then Q = UQ'U*. By Kuiper's theorem 
[120], there is a path t € [0,1] — U, € U(H) of unitaries connecting Uy) = U to U; = 1. 
Then the path t € [0,1] + U;Q'U; lies in FB% (7C) and connects Q to Q'. 

Next let us show the claimed contractibility which also implies that FB% (=) are 
connected. For (H,t) € FB?,(H) x [0,1], let us define h(H,t) = (1— t)H + t1. Then, 
mh(H,t)) = (1- OT) + tà > 0 and, due to spec... (h(H,t)) = spec(z(h(H, t))), 
by Corollary 3.4.5 one therefore concludes h(H,t) € FB, (2€). Clearly, h(H,0) - H 
and h(H,1) = 1. Thus IB? (H) is contractible to 1. Similarly, IFB,. (7€) is contractible 
to -1. 
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Proposition 3.6.1 determines 7)(IFB,,(H()) and shows that the homotopy groups 
7, (FB, (H)) are trivial for k > 1. The remaining homotopy groups 7, (FB, (#)) will be 
determined in Section 8.3. It will be shown that some of these groups 7r, (FB;,(H)) are 
nontrivial. 

In the remainder of this section, let us prove two elementary results that show that 
the self-adjoint Fredholm operators can be retracted to particularly simple subsets of 
Fredholm operators without changing the homotopy type. Let us introduce the subsets 


FB, (30) = FI 0) N By(H), FB; (C) = FI (30 N B,(H), 
of Fredholm operators lying in the unit ball of bounded operators, 
B,(H) = (T € B(H) : |T] < 1]. 


Henceforth we denote by Oy the norm topology on IB(9€). 


Proposition 3.6.2. Space (IFB4,.(7€), Oy) is a deformation retract of (IFB,, (9C), Oy). 
Moreover, (IFIB; .. (3C), Oy) is a deformation retract of (IF; (3C), Oy). 


Proof. A deformation retraction is given by 


h:EB,(O x [0,1] > FBa(H), h(H,s) = (a s) + — a TTE s. 

Indeed, one has h(H, 0) = H, h(H,1) € FB,,,(H) for all H € IFB4 (30, and A(H,1) = H 
for H € FB,,,(4), and the continuity can readily be checked. This shows the first claim. 
Because h(H,s) € FB;,(H) for H € FB% (7€) and s € [0,1], the same argument shows 
that (FB; ,,(H(), Oy) is a deformation retract of (IEB;, (H), Oy). (Note that the same proof 
shows that B(H) can be retracted to B,(4) in the norm topology.) 


The next result, strengthening Proposition 3.6.2, shows that one can even retract 
IFIB,, (2€) to a set of operators that are symmetries, up to compact perturbations: 


FBT a (H) = {H € FB,,(H) : IHI = 1, specs) c {-1, I}. 


ess 
This set of operators appears naturally in the study of unbounded self-adjoint Fredholm 
operators, namely it contains the image under the bounded transform of the set of un- 
bounded self-adjoint Fredholm operators with compact resolvent, see Proposition 6.4.4 
below. Furthermore, FFIB;,(5() can be retracted to 


FB S (H) = {H € FBZ(0 : IH] = 1, specs) = {-1, I}. 


Proposition 3.6.3. Space (EBi gq (H), Oy) is a deformation retract of (FB,,(H), Oy). 
Moreover, (FB? (H), Oy) is a deformation retract of (FB% (JC), Oy). 


1,sa 
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Proof. For H € FB,,(H), let us define 6(H) = min{1, MiN(sPeCocg(H2)) 2} > 0. Then by the 
spectral radius theorem in the Calkin algebra, it follows that H + ó(H) is continuous. 
For ô > 0, let fs : R —B R be the monotone continuous function defined by 


Js) = X{8,00) 00 7 X(-c0,-6)) + AK Ca 00. 


Then f : FB,,(9€) > FBS, (70) given by f(H) = fszp(H) is norm-continuous. Note that 
6(H) = 1for H € FB, 70) and thus f(H) = H. Hence the linear homotopy 


h : FB;a(H) x [0,1] > FB (H), hH, t = (0 -0H «tf(D, 


is a deformation retraction of the space (FB,a(H), Oy) onto (IBI. (0, Oy). As T maps 
FB (H) onto TB? (4), the last claim follows by restricting h to FB;,(H) x [0,1]. 


1,sa 


Remark 3.6.4. For later use, let us note that the proof of Proposition 3.6.3 also 
implies that (EBE. O0, On) is a deformation retract of (IB, (30), Oy). Moreover, 
(FB; (H), Oy) is a deformation retract of (FB; (H), Oy). o 


1,sa 


A class of natural elements lying in Bf. (3t) are the symmetries (self-adjoint uni- 
taries) for which we use the notation 


U,4(0) = U(H) n Beg (FX). 


Symmetries lying in FB, = UR) are called proper and the set of proper symmetries is 
denoted by Uj, (H). The next result states that operators from the set FB. (9t) are 
compact perturbations of symmetries which can be represented in a particular form. 
Let us stress that this representation does not imply that any H € FB. (9t) has +1 as 
eigenvalues. 


Proposition 3.6.5. Any H € FB a (9t) has a unique representation as 
H-Q-K,«K, 
with Q € U,,(3€) and K, € IK(9€) satisfying 
0<K,<1, 0<K_<1, K,K_=0, [K,,Q]=0. 
In this representation, 
Ker(H - 1) = Ker(Q- 1) n Ker(K,), Ker(H + 1) = Ker(Q +1) n Ker(K ). 


Proof. Given H € FBI0, let P, denote the spectral projections onto the eigenspaces 
of +1, and let (47),.. be the possibly finite sequences of nonnegative and negative eigen- 
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values of modulus smaller than 1, ordered such that 0 < A} < A7,, and 0 > A, > A,,4. If 
$% denote corresponding normalized eigenvectors, then 


H =P, + Y Anlon (Onl + > Anion) (Pal - P- 
n>1 n21 


Then set 


K, = M0 FARO) Onl 
n21 
and Q = H + K, -K .These operators satisfy all the listed properties. 

It remains to prove the uniqueness of the representation. For that purpose, let us 
set 9€, = y(H 2 0) and H_ = y(H < 0). Then [K,,Q] = 0 implies that [H, Q] = 0, and 
therefore the restrictions Q, of Q to H, are symmetries (on J{,, respectively). In fact, 
Q, is the identity on K, and Q_ is minus the identity on 3€ . Indeed, let us assume that 
-1is an eigenvalue of Q,, then there is a unit vector $ € K, such that Q,@ = —-9. This 
implies 


0 < (01H) = (9|(Q, — K, + K_)) = -1- (9IK,0) + (01K Q) 
and therefore 
1<1+ (@|K,@) x (0IK 9), 


in contradiction to K_ < 1. This shows that Q, is the identity on K,. Further assume that 
1is an eigenvalue of Q_, then there is a unit vector y € H_ such that Q. y = y. Then 


1- (YIK, Y)  (JIK-V) = (UI HU) < 0, 


and hence 


1<1+ (JIK V) < (UIK,U), 


now in contradiction to K, < 1. Thus Q_ is minus the identity on 29€. and hence the 
symmetry Q = Y(H = 0) - Y(H < 0) is uniquely determined. Then -K, + K = H- Q is 
uniquely determined. As one, moreover, has 0 < K, and K,K = 0, it can be concluded 
that FK, = (-K, + K_)y(+(-K, + K ) = 0). 


Remark 3.6.6. If one is given a path t € [0,1] > H, € FB. (30, then Proposition 3.6.5 
provides a family t € [0,1] + Q, and t € [0,1] > K; such that H; = Q, + K;. In general, 
though, these families are not continuous. If, however, t € [0,1] +» H, is invertible, 
then P, = HON — 1) is given as a Riesz projection via a contour integral and is hence 
continuous, so that also Q, and K, are continuous. o 
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3.7 Essentially gapped unitary operators 


Chapter 4 not only studies the spectral flow along paths of bounded self-adjoint Fred- 
holm operators, but also the spectral flow for paths lying in the following set of unitary 
operators: 


FU(H) = {U € U(20 : U «1 € FB(H)}. 


This section therefore presents some elementary facts about this set. First of all, due to 
Corollary 3.44, U + 1 € FB(H) is equivalent to 0 ¢ spec,,,(U + 1) so that 


FU(H) = {U € U(H) : -1 € spec, (U)]. 
Due to this rewriting, unitary operators from FU(H) will also be called essentially 
gapped. 
Proposition 3.7.1. The space (IFU(3€), Oy) is connected. 
Proof. We show that for U € FU(H) there is a path in FU(H) connecting U to 1. For 


t € [0,1], let us define the function f, : S! > s! by 


gor). for 9 € [0,7], 


e?) = 
fle") [p m for 9 € (y, 2x). 


For U e FU(20, the continuous path t € [0,1] > f(U) lies entirely in FU(H) and 
connects U to 1. 


The set FU(H) can be retracted to a particularly simple set of unitary operators, 
namely 


U*(30 = {U € U(H) : U -1 € K(H)}, 
which can be rewritten as 
U‘(H) = {1+ K : K € K(H) with K +K* +K*K =K +K* +KK* =0}. 68.8) 
Proposition 3.7.2. The space (U°(), Oy) is a deformation retract of (FU(H), Oy). 
Proof. For U € FU(H), let us define 
6(U) = min{A € [0,7) : spec, (U) n (e? : o € (4,27 - A)} = OF. 


Then U +> 6(U) is continuous by a similar argument as in the proof of Proposition 3.6.3. 
Moreover, for U € U*(3€) one has 6(U) = 0. For ó > 0, let f; : S! x [0,1] — S! be the 
continuous function defined by 
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e?0-0. for 9 € [0, 6), 
e(01-09t755(9-8)) for 9 € [6,7), 

fale”) = T 
eK0-20-04t575(9721*8) for g € [7,27 — 6), 

[ 


e (0-200-0. for 9 € [27 — 6, 2m). 


It can now readily be seen that the homotopy h : FU(H) x [0,1] — IFU(3€) defined 
by A(U,t) = fsa (U ,t) is the desired deformation retraction of the space FU() onto 
vU (20). 


As explained in Section 8.1, Proposition 3.7.2 readily allows deducing the homotopy 
type of FU(H). 


4 Spectral flow for bounded self-adjoint Fredholm 
operators 


In this chapter the spectral flow of paths of self-adjoint bounded Fredholm operators is 
analyzed. In Section 4.1, the spectral flow is defined, essentially as in Phillips’ influential 
work [147], with a minor modification discussed in Remark 4.1.5 below. It is essentially 
an infinite-dimensional version of the approach already presented in Chapter 1. Then 
Section 4.2 collects basic properties of the spectral flow such as concatenation, additivity, 
and homotopy invariance. In Section 4.3, several formulas for the computation of the 
spectral flow are presented. In the brief Section 4.4, it is sketched how to extend the 
notion of spectral flow to paths of essentially hyperbolic operators (see [91] for a Banach 
space generalization). Section 4.5 introduces and studies the spectral flow for paths of 
unitaries which all do not have -1 in the essential spectrum. Finally, Section 4.6 shows 
how the spectral flows of paths of bounded self-adjoint Fredholm operators and paths 
of essentially gapped unitaries are connected. 


4.1 The definition of the spectral flow 


Let t € [0,1] > H; € IFB,4(9€) be a norm-continuous path, not necessarily closed. For 
a > 0, the spectral projections are denoted by 


Pat = X[-a,a] (Hj). (4.1) 


The following lemma plays a key role for the definition of the spectral flow. 


Lemma 4.1.1. For H € FIB,,(+), there are a number a > 0 and a neighborhood N of H 
in FB (JC) such that S  x( 4 4,(S) is a norm-continuous, finite-rank projection-valued 
function on N. 


Proof. Since H is a self-adjoint Fredholm operator, by Corollary 3.4.4 there is an a > 0 
such that +a are not in the spectrum of H and yj 44(H) is a finite-rank orthogonal 
projection. Because +a are not in the spectrum of H, there exists an e > 0 such that 
[-a - €, -a] u [a, a + e] is disjoint from spec(H). The set 


N = [S € FB,,(H) : ([-a - €, -a] u [a,a + €]) n spec(S) = Ø} 


is open and on this set the function S > yp 44/(S) is norm-continuous as Xt-a,a] agrees 
on spec(S) with the continuous function f : IR — IR defined by 


1 1 
X e? X-aal (x) - (x - (a* €)) Kare (x) * (x * (a €)) eXl-a-€,-a] (x). 


Thus 
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N = {S EN: aa) -Xaa D] « 1 


has the desired properties, as for all 5 € N the dimension of the range of y 4 4,(S) is 
equal to the dimension of the range of Xi-a,a} (H), which is finite. 


By compactness and the previous lemma, it is possible to choose a finite partition 
0-2tg«t <- < tmy <ty=1, (4.2) 
of [0,1] and am 2 0, m = 1,..., M, such that 
t € [ty tm] H Pant (4.3) 


is norm-continuous with constant finite rank. Furthermore, let us introduce the spectral 
projections 


Pi =Xoa H) Par 7 Xa Ho. 


Figure 4.1 shows how a permitted partition looks like. The crucial fact is that the eigen- 
values leave the boxes only to the right and left, and never on the top or bottom which 
would lead to a discontinuity of the dimension of P4,- 


spec(H;) A 


1 


to = 0 t ty t3 ts ts te tz=1 


Figure 4.1: Schematic representation of the objects used in Definition 4.1.2 of the spectral flow, as well as in 
the proof of Theorem 4.1.3. Away from the crossings, it is possible to set a = 0. 


Definition 4.1.2. For a partition 0 = ty < t < -- < tm-1 < ty = 1and am 2 0, m = 
1,...,M as above, the spectral flow of the path t € [0,1] + H, € IFB,, (€) is defined as 
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Sf(t € [0,1] > 8) = 5 3 Tr; -Pi,.-P,. Pl, ) (4.4) 


Amtm [EA amtm-1 amtm-1 


Note that all projections involved are finite dimensional so that the trace is finite. 


The first basic result about the spectral flow is that it is well defined by the above 
procedure. 


Theorem 4.1.3. The definition of Sf(t € [0,1] — Hj) is independent of the choice of the 
partition 0 = ty < tq < --- < ty 4 < ty = 10f [0,1] and values am > 0 such that 
t € [ty 4 tm] > Pa, is norm-continuous and of constant finite rank. 


Proof. Ifapointt, € [t,, 4, tm] form € {1,2,...,M}is added to the partition, the number 
Try. a. AP E )is both added and Sübtiitted. thus Sf(t € [0,1] > H,) does not change. 
Therefore the definition of the spectral flow is independent of the choice ofthe partition. 

For m € {1,2,...,M}, let us compare ap to a7, where t € [tm-1 tm] > P, , is norm- 
continuous with constant finite rank. Without loss of generality, one may assume that 
a}, > Gm holds. As am and a}, are not in the spectrum of H, for any t € [ty 4, tm], it 
follows that both t € [t,, 4, tm] > Pa Pant and t € [tm tm] > P$, pt Pant are norm- 


continuous projection-valued functions and hence of constant rank, say k? and k^. Thus 


S E E ) 


a! cis at, aotm- aotm 
= Tr(P7, ta) TB c) TP. JE TE tp 4) 
= E ) +K? e DEP c3 eR Tr (Pi a yk + T(P taa) t KS 
= Tr (Pi sty ~ Pasty E. Pu 


Therefore the definition of the spectral flow is independent of the choice of the values 
am > 0 such that t € [tm-1; tm] — Pa, t is norm-continuous. 


Remark 4.1.4. Let us note that Definition 4.12 is still compatible with the intuitive 
notion of spectral flow as described in Chapter 1, which also furnishes many exam- 
ples of paths of finite-dimensional matrices having nontrivial spectral flow. It is also 
straightforward to provide examples of open paths for infinite-dimensional 2t; see, 
e. g., Example 5.7.4. It is more challenging to provide closed paths which have nonva- 
nishing spectral flow. A very explicit construction of such a nontrivial loop is given in 
Example 8.3.4. o 


Remark 4.1.5. Let us note that Definition 4.12 slightly deviates from Phillips' original 
definition Sf [147]. Indeed, the latter is always integer-valued and the map e +> Sf (t € 
[0,1] +» H; + €) is right continuous at 0, while here the spectral flow also takes half- 
integer values and e +> Sf(t € [0,1] + Hj + €) is neither left- nor right-continuous. One 
advantage of this modification is the antisymmetry of Sf under reflection, see item (iv) 
in Theorem 4.2.1 below. © 
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4.2 Fundamental properties of the spectral flow 


In this section some elementary properties of the spectral flow, as well as its homotopy 
invariance, are collected. All of them are simple generalizations of properties of the spec- 
tral flow of paths of self-adjoint matrices shown in Section 1.2. Therefore most of the 
proofs are omitted. 


Theorem 4.2.1. Lett € [0,1] + H; € FB,a(H) be a norm-continuous path. 

(i) Ift € [0,1] + dim(Ker(H,)) is constant, then Sf(t € [0,1] Hj) = 0. 

(ii) The spectral flow has a concatenation property, namely if t € [1,2] + H; € FB;a(H) 
is a second norm-continuous path, composable to the first one in the sense that the 
endpoint of the first path is the initial point of the second path, then 


Sf(t e [0,2] > H;) = Sf(t e [0,1] > H;) + Sf(t € [1,2] > Ha). 
(iii) Changing the orientation of the path leads to a change of the sign of the spectral flow 
Sf(t € [0,1] > H,) = - Sf(t e [0,1] > H, ,). 
(iv) The spectral flow has a reflection property, namely 
Sf(t e [0,1] > H,) = - Sf(t € [0,1] 5 —H,). 


(v) The spectral flow has an additivity property under direct sums, in the sense that if 
t € [0,1] 5 S, € FB,(J0) is a second norm-continuous path, then 


Sf(t € [0,1] > H; @S,) = Sf(t [0,1] > H,) + Sf(t € [0,1] = Sẹ). 


(vi) The spectral flow is invariant under conjugation of the path by a norm-continuous 
path t € [0,1] + U, € U(K) of unitaries 


Sf(t € [0,1] > H,) = Sf(t € [0,1] > U7 H,U). 


Proof. Allitems directly follow from the definition of the spectral flow. 


Let us next show that the spectral flow is homotopy invariant. 


Theorem 4.2.2. Lett € [0,1] + H, and t € [0,1] 5 H, be two norm-continuous paths 
in FB, (9€) such that Hy = Ho, H, = Hi, and such that there exists a norm-continuous 
homotopy between the two paths leaving the endpoints fixed. Then 


Sf(t e [0,1] > Hj) = Sf(t e [0,1] > Hj). 


Proof. Let us first note that for Ho, H, € IFIB,, (JC) both in the same neighborhood N 
of the type given in Lemma 4.1.1 and any path t € [0,1] + H, lying entirely in XN, the 
spectral flow is 
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1 > 


Sf(t € [0,1] > Hj) = 5 Tr(P;, 


« » « 
Pai Poo + Pro) 


where a = a, is chosen as in Lemma 4.1.1 and the partition is trivial, namely tọ = 0 and 
t = 1. Therefore the spectral flow is independent of the path in N connecting Hy, to H,. 

Let us denote the homotopy between the two paths by h : [0,1] x [0,1] > FB,,(H). 
Thus h is norm-continuous, A(t,0) = H, and H(t,1) = Hi for all t € [0,1], as well as 
h(0,s) = Hy = Hj and h(1,s) = H, = Hj for alls € [0,1]. By compactness, one can 
cover the image of h by a finite set {N}, .. . , Ng} of neighborhoods as in Lemma 4.1.1. The 
preimages of these neighborhoods (h^ 1(N), ..., h 1(N,)) form a finite cover of the set 
[0,1] x [0, 1]. For its Lebesgue number e, » 0, any subset of [0,1] x [0,1] of diameter 
less than e, is contained in some element of this finite cover of [0,1] x [0,1]. Thus, if 
we partition [0,1] x [0, 1] into a grid of squares of diameter less than e,, then the image 
of each square will lie entirely within some N; for l € (1,..., k}. By compactness, it is 
sufficient to show that 


Sf(t € [0,1] = h(t, s')) = Sf(t € [0,1] = h(t, s")) 


for s', s" e [0,1] with |s’ — s"| < 2. Without loss of generality, one may assume s' < s". 
For a partition 0 = tọ < tj < ««« < ty 4 < ty = 1 such that |tm — tl < i for all 
me f1,..., M}, the image A([t,, 4. tm] x [s’, s"]) is contained in one of the neighborhoods 
N for l € {1,...,k}. Therefore, by the first paragraph of this proof, 


Sf(t € [tm tm] > h(ts')) + Sf(s € [s';s"] = (tm, s)) 
= Sf(s e [s'; s"]  h(t,, 4,s)) + Sf(t € [tj tm] > A(t, s") 


for all m e (1,..., M}. In conclusion, 


Sf(t € [0,1] => A(t,s’)) 


M 


Sf(t € [ty tm] > A(t, s")) 


Ms iMs 


(Sf(s € [s',s"] > h(t,, 4. 8)) 


Il 
E 
T 


+ 
N 


f(t € [tmi tm] = h(ts")) - Sf(s € [s', s"] = (ty, S))) 


Sf(t € [tm tm] > h(t,s”)) 


T 
Ms 


3 
T 


I 
n 
^ 

wmm 
~ 


c [0,1] = h(t,s”)), 
where the third step follows from 


Sf(s € [s',s"] = h(0,s)) = Sf(s € [s',s"] = hA, s)) = 0 (4.5) 


as the considered paths are constant. 
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Remark 4.2.3. When Theorem 4.2.2 is applied to closed paths, it shows that 

Sf : m,(IFB;,(H)) > Z 
is a well-defined group homomorphism of the fundamental group of FIB;, (JC) with Z. 
In Section 8.3, it will be proved that this is actually an isomorphism. o 


One can also consider homotopies with varying endpoints, as long as they lie in the 
invertibles. 


Theorem 4.2.4. Let t € [0,1] > H, and t € [0,1] > H be two norm-continuous paths in 
IFB,4(3€) such that there exists a norm-continuous homotopy (t, s) € [0,1] x[0, 1] + A(t, s) 
between the two paths with the property that the paths of endpoints s € [0,1] + h(0, s) 
and s € [0,1]  A(1,s) both lie in the invertible operators G(H). Then 


Sf(t € [0,1] — Hj) = Sf(t € [0,1] + Hf). 


Proof. The proof is a modification of the proof of Theorem 4.2.2. One merely notes that 
(4.5) remains valid because the appearing paths lie in the invertibles. 


Corollary 4.2.5. Lett € [0,1] — H; beanorm-continuous path in FB,, (3C) with invertible 
endpoints and let t € [0,1] — M, beanorm-continuous path in the invertibles G(H). Then 


Sf(t € [0,1] > M? H,M;) = Sf(t e [0,1] > H,). 


Proof. Using the polar decomposition M, = U;|M;|, one can apply Theorem 4.2.4 to the 
homotopy A(t, s) = (U;|M,|*°)* H,U,|M;l^ to conclude that 


Sf(t € [0,1] > M? H,M;) = Sf(t e [0,1] > UŽ HU,). 


The claim then follows from Theorem 4.2.1(vi). 


Finally, let us prove the monotonicity property of the spectral flow. Often this is 
proved via crossing forms (e. g., Theorem 7.1 in [146] or Theorem 3.9 in [184]), but here 
a direct argument based on Loewner's theorem is provided. 


Theorem 4.2.6. Lett < [0,1] ^ H, € FB,,(H) be a norm-continuous and increasing 
path, namely H, > Hy for t > t', then 


Sf(t € [0,1] = H,) > 0. 


Proof. The strategy is to construct an operator monotonic function f : IR — IR map- 
ping the eigenvalues of H, close to 0 to the bottom of the spectrum of f(H,), and then 
apply the minimax principle to f(H,). After possibly dividing [0,1] into subintervals, 
one can assume that there is some A, < 0 such that A. € spec(H,) for all t € [0,1] and 
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spec... (Ho) n [Ac 0] = Ø for all t € [0,1]. Then the function f is simply given by a Möbius 
transformation of the form 

x 
X- Àe 


fo) = 


This function satisfies f (0) = 0 and f(spec,,,(H;)) c (0,00) for all t € [0,1]. As f is the 
Möbius transformation with the real matrix (; 5 ) which has positive determinant -A,, 
itis a Herglotz function, namely Jm(f(z)) > 0 for Jm(z) > 0, and by Loewner’s theorem 
(e. g., [182]) f is therefore operator monotone so that, in particular f(H,) > f(Hy) for 
t > t'. Now by the spectral mapping theorem, 


Sf(t € [0,1] > H,) = Sf(t € [0,1] f (H,)). 


By the monotonicity principle (directly following from the minmax principle), the latter 
spectral flow is nonnegative. 


4.3 Formulas for the spectral flow 


This section is about formulas for the spectral flow that generalize the expressions avail- 
able in the finite-dimensional setting to the infinite-dimensional cases. The first result, 
Proposition 4.3.1, concerns paths which have only either positive or negative essential 
spectrum and then the spectral flow only depends on the endpoints, just as in the finite- 
dimensional setting. Then generalizations ofthe crossing form computation and integral 
representation for the spectral flow are proved in Propositions 4.3.6 and 4.3.12, respec- 
tively. 
The Morse indices t, (H) of a self-adjoint Fredholm operator H are defined as 


L(H) = Tr( Y (XH > 0)) € Ng U {oo}. (4.6) 


The terminology slightly deviates from the literature where merely t_(H) is called the 
Morse index, and i, (H) is called the coindex [86]. If H € FB;,(H) is a Fredholm opera- 
tor with only positive/negative essential spectrum, then the Morse index L, (H) is finite. 
The spectral flow of a path of self-adjoint Fredholm operators with only positive/nega- 
tive essential spectrum can be computed as the difference of the Morse indices of the 
endpoints of the path. 


Proposition 4.3.1. Let t € [0,1] +» H, € FIB{,(H) be a norm-continuous path of self- 
adjoint Fredholm operators with only positive essential spectrum. The spectral flow of 


this path is 


Sf(t € [0,1] > Hj) = ; dim (Ker(#)) + (Ho) - (Hj) - ; dim(Ker(H;). 
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Analogously, for a norm-continuous path t € [0,1] + H, € FB,,(5) of self-adjoint Fred- 
holm operators with only negative essential spectrum, the spectral flow is 


Sf(t € [0,1] > Hj) = ; dim(Ker(H,) + GR) - G (Hg) - ; dim Ker(Hp)). 


In particular, the spectral flow of a path in FB (H) only depends on its endpoints. 


Proof. Let us first focus on a path t € [0,1] + H, € FB} (H) with positive essential 
spectrum. For a partition 0 = ty < t, < ++- «ty 4« ty = 1asin (42) and am > 0 fulfilling 


(4.3) for all m = 1,..., M as above, by Definition 4.12 the spectral flow is 


M 


Sf(t € [0,1] = Hy) = Y Sf(t € [ts tm] > He), 
m=1 
where 
1 
Sf(t € [t tm] H;) = 5 1 Oe ce ee ere a (4.7) 


By assumption t € [ty 4, tm]  Tr(yp 4, 4, 1(H;)) is constant and therefore 


Tr(P; tn) + Tr(P;, t) + dim(Ker(H, )) 


= Tr (På t1) + T(P} t) + dim(Ker(H,. ,)) 


amtm-1 m-1 


or equivalently, 


Tr(P? , )-Tr(P; , ) 


Grol amtm-1 
= Tr(P; t) + dim(Ker(H, ,)) - Tr(P;,  ) - dim(Ker(H, )). 


amtm-1 


Inserting this into equation (4.7) leads to 


Sf(t € [tnt tm] > He) 


= Tr(P, 


amtm-1 


)- Tr(P7 


stg, 


)4 ; dim(Ker(H,..)) - ; dim(Ker(H, )). 


As the essential spectrum of H; is positive, y( ,. , (H;) is traceclass for all t € [0,1] and, 
because -am € spec(H;) for t € [t,, 4, tm], the map t € [tj 4 tm] > Tr OY os, a (Ho) is 
constant. Therefore 
TP. y )e TS Lm TIS taa) + TIC oH) 
= Tr (Pita) = PX 654.904) 
= LI, - L.(H, ). 


This implies 
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Sf(t € [t,, 4, tm] > Hj) 
-L(H, )-UC(H,)4 ; dim(Ker(H,, .) = ; dim(Ker(H, )). 
Consequently, 
Sf(t e [0,1] + H,) 


M 
=. (can, ) -L(H,) ; dim(Ker(H,. ,)) - : dim(Ker(#,,))) 
=1 


; dim(Ker(Hg)) + (Ho) - t (H4) - : dim(Ker(H,)), 


completing the argument for the case of a family of essentially positive operators. The 
other case follows by applying this case to the path t € [0,1] 5 —Hj. 


Let us stress again that Proposition 4.3.1 implies that the spectral flow of paths in 
IFB;, (H) only depends on the difference of the contribution at the endpoints. In partic- 
ular, for a closed path in Fg, (H) the spectral flow vanishes. This is not true for paths in 
FB% (90). An explicit example of a closed path in FB% (H) with nonvanishing spectral 
flow is given in Example 8.3.4. 

From now on, we will also consider paths that do not lie in FBZ, (H) or IFIB;, (2C). On 
the other hand, the paths are supposed to have some regularity which can be assured 
by a small perturbation. 


Proposition 4.3.2. Lett < [0,1] =œ H, € FB,,(+) be a norm-continuous path. For any 
€ > Oexistsanorm-continuous and piecewise real-analytic path t € [0,1] S, € IFIB, (9€) 
with |S; —H,|| < e uniformly in t such that all eigenvalue crossings are simple and transver- 
sal, namely dim(Ker(S,)) < 1for allt € [0,1] and Ker(S,) = {0} except for a discrete set 
of crossings. For any crossing to, there is 6 > 0 such that t € (ty — 6, to + 6) S, is real 
analytic and S;\xers, + 0. 


Proof. After a constant shift t € [0,1] > H, + c1 for a small constant c > 0, one can 
assume that the endpoints are invertible. As t € [0,1] + H, is uniformly continuous, 
there is 5’ > 0 such that |Hy — Hy || < § for all t', t" € [0,1] such that |t - t"| < ó'. Fora 
partition 0 = t; < --- < ty =1such that |tj, — tj, 4| < ó' form =1,...,M, one can replace 
t€ [ts 4 tm] > He by the path t € [t t] > S; = H; , 122 H, Then the 


m-1—tn LE Un ln 


path t € [0,1] + S, is continuous, piecewise real-analytic, and |; - H;|| < $ uniformly 
in t. Moreover, e will be chosen sufficiently small such that the path t € [0,1] + S, 
remains in FB,,(H). If [-a, a] n spec, (S;) = 0 fora > 0 and t € [t,, 4, tm], by Theorem 
VIL1.8 in [112], one can cover the set {(t, A) € [tm- tm] x [-a, a] : A € spec(S,)} by finitely 
many graphs of real-analytic functions Aj, each possibly defined on some subinterval of 
[tm-1> tm] if the eigenvalue leaves [-a, a]. In particular, Ker(S,) = {0} except for finitely 
many crossings t € [tm tm], or Ker(S,) + {0} for all t € [tm tm]. In the latter case, we 
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replace S, by $, = S, & &(t- t, ))(t-t,)1 where 0 < € < £ is chosen such that Ker(S;) = {0} 
except for finitely many crossings t € [t4 4,t,,]. Therefore there is a piecewise real- 
analytic path t € [0,1] + S, such that S, is invertible except for a discrete set of points 
and such that |S, - H,|| < $ uniformly in t. Ast € [0,1] + S, is uniformly continuous, 
there is 6” > 0 such that |Sy — Sql < $ for all tt" € [0,1] such that |t — t"| < 6". If 
to € [0,1] is such that t — S, is not analytic in tọ and such that Ker(S; ) # {0}, there is 
a 5p € (0,6") such that S, +s; is invertible. We then replace S, for t € [tg — So to + 5p] 


ty+5p-to tty td, & E. 
by 28! Sh- + 32 Sty "E Therefore, one can assume that Ker(S,) = {0} except for 


a discrete set of crossings, and there is 6) > 0 such that for each crossing t; the path 
t € (ty — o to + 69) > S, is real analytic and such that ||S, - H;|| < * holds uniformly 
in t. 

For ty € [0,1] such that Ker(S, ) + {0}, there are a > 0 and 0 < 6 < ó, such that 
+a € spec(S,) for t € (to — 6, ty + 6) and such that [-a, a] n spec(S,;) consists of finitely 
many eigenvalues of finite multiplicity for t € (tọ — ô, ty + ô) and such that Sns is invert- 
ible. For 6 sufficiently small, again by Theorem VII.1.8 in [112], there is a real-analytic 
path t € (ty — ô, to + ô) > U, € U(H) of unitaries such that one has U, Ran( yj. «4j (S,)) = 
Ran(X(-aqj(S;,)) Then t € (ty - 6, to + 5) > U,S,U; nant Xaaa) is a real-analytic path 
of finite-dimensional operators and, by Theorem II.1.10 and Section II.62 in [112], there 
is a real-analytic path of unitaries t € (tọ — ô, tọ + 6) => V, € B(Ran(y aj (S, )), c^ ) 
such that V,U,S,U/ V; = diag(A4(t, ..., Ay (0) where t + A; (t) are real-analytic func- 
tions representing the eigenvalues of S,. By Sard's theorem, the complement of the set 
of regular values of the eigenvalues t € (ty — ô, tọ + 6)  Ay(t), k = 1,..., M has mea- 
sure zero. Therefore there are e;,..., ey € (-min{;, IS, all) min{£, IS, sl) such 
that 0 is a common regular value of the functions t + A,(t) + €x for k = 1,...,M and 
such that dim(Ker(diag(A4(t) + &€,,..., Ay (t) + €4))) < 1for all t € (tg — 8, tọ + 6). Then 
t € (f - 6, to +8) S, = Ut V? diag( (t) + ey... Ay (t) + ey) VU; + S(A- y 44 (So) isa 
real-analytic path such that eigenvalue crossings are simple and transversal. Moreover, 
there is 8 > 0 such that ||S, — S, 5|| < £ for all t € (tj — ô — à, t — 6) and such that 
lS; — S; all < £ for all t € (to + 6, to + 8 + ô). We then replace t € (tọ - 5 - 6, ty — ô) S, 
by the linear path t > S, connecting Sa- 5-3 to Sn- and similar for t € (tọ +ô, to +ô +ê). 
As G(H) is open, this linear path lies in the invertibles for 6 sufficiently small. Then set- 
ting S, = S, for t not in (tj — 6 — ô, tọ + 6 + 5) for any eigenvalue crossing tọ, the path 
t € [0,1] S, has the desired properties. 


By homotopy invariance, see Theorem 4.24, of the spectral flow, one can now com- 
pute the spectral flow by the piecewise real-analytic path 


Sf(t € [0,1] + H,) = Sf(t e [0,1] > Sẹ), 


provided that the linear path connecting Sọ to Hp and the linear path connecting S, to H4 
are within the invertibles and that sH, +(1—s)S, is Fredholm for all (s, t) € [0,1] x [0,1]. In 
particular, this is the case for e < Minejo, {lHo IE s HH; I’, It.) ‘Ig }- By the above, 


4.3 Formulas for the spectral flow —— 99 


for any crossing ty € (0,1) there is a real-analytic function t € (ty — ô, to +6) 5 A(t) € IR 
with A(tg) = 0 representing an eigenvalue of S,. Moreover, by Theorem II.5.4 in [112], 
which can be applied to the path t e (ty — ô’, ty + 5") + SiXi-a,a) (St) where a, ó' > 0 are 
chosen such that t € (tg — ó', tg + 6’) > Xi-aa] (So) is of constant finite rank, 


A (t9) = Stalkers.) = (e|; 9) 
for a unit vector @ € Ker(S, ). This leads to another expression for the spectral flow, 


similar as Proposition 1.4.3 in the finite-dimensional case. 


Proposition 4.3.3. Ift € [0,1] — S, is a norm-continuous and piecewise real-analytic 
path with simple and transversal eigenvalue crossings as given in Proposition 4.3.2, then 


1 1 
Sf(t € [0, 1] xd Sj) — 3 (1 = 5500 = zón) sgn(A;(t)), (4.8) 
Aj()=0 


where ô; , denotes the Kronecker delta equal to 1 for t = s and 0 otherwise, and the sum 
runs over pairs (j, t) such that Aj(t) - 0. 


Proof. Let us first note that the sum on the right-hand side of (4.8) is finite by the gener- 
icity assumption, which also implies that the signs sgn(A; (t)) at these points are well 
defined. Consider tọ € (0,1) such that Ker(S;) + (0j. Then choose a > 0 such that 
spec(S,) n [-a, a] = {0}. There is 0 < e such that +a € spec(S,) for t € (ty — €, tg + €) 
and such that t € (ty — €, ty + €) S, is real analytic. Let A : (tọ — €, ty + €) — (-a,a) 
be the continuously differentiable function representing the eigenvalue of S, in [-a, a]. 
Because A'(to) # 0, there is 0 < n < 5 such that A(t) + 0 for t € (ty — 2n, ty + 2n) V {to}. This 
implies 


sgn(A(ty + 7)) = - sgn(A(t - n) = sgn(à' (to)), 
and therefore 
sgn(A (tg)) 


1 
E 2 Tr( X(o,j (Sy iq) — X[-a,0) (Srn) — X(0.a] (Si-n) + X{-a,0)(St,-n)) 
= Sf(t € [ty - N, to +n] 9 Sẹ). 


The concatenation property of the spectral flow, see item (ii) of Proposition 4.2.1, implies 
the claim. 


In some situations, one is confronted with paths which are not generic in the above 
sense, and one would not like to deform them into a generic one as in Proposition 4.3.2. 
As in Section 1.4 for paths of matrices, under the weaker assumption of so-called regu- 
lar crossings, it is nevertheless possible to find a generalization of (4.8) which uses the 
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notion of crossing form [160, 200, 84]. Thus we consider a continuously differentiable 
path t € [0,1] — H, € FB,,(H) and establish a connection between the spectral flow of 
this path and the sum of the signatures of the crossing forms of this path, similar as in 
Proposition 1.4.5 for a path of matrices. The crossing form for a continuously differen- 
tiable path of self-adjoint Fredholm operators is defined as follows. 


Definition 4.3.4. Let t’ € [0,1] = Hy € IFB4(2C) be a continuously differentiable path. 
An instant t € [0,1] is called a crossing for this path if Ker(H;) + {0}. Then the crossing 
form at t is the quadratic form 


T,:Ker(H, >R, T$) = (G1(0,H),9). 


A crossing is called regular, if T, is nondegenerate. 


We will freely identify the quadratic form T, with the self-adjoint matrix represent- 
ing it, hence denoting it also by T,. More precisely, note that by choosing an orthonor- 
mal basis, one can identify Ker(H,, ) with R”, where M = dim(Ker(H, )), namely there 
is a unitary U : Ker(H,) > R”. Then there is a self-adjoint matrix, again denoted by 
T, € C" such that ($|(0,H),,) = (@|U*T,U¢). As already stressed, this isomorphism 
will be suppressed. As in the finite-dimensional case, one has the following results. 


Proposition 4.3.5. For a continuously differentiable path t € [0,1] — H, € FB,,(H), 
there is e » 0 such that 

(i) te[0,1] 5 H, + 61is a path in FB,,(H) for all ó € (—e, €), 

(i) t € [0,1]  H, + ó1 has only regular crossings for almost every 6 € (-€, €). 


Hence one can always assure to be in a situation where the following result applies: 


Proposition 4.3.6. For a continuously differentiable path t € [0,1] » H, € FB,a(H) 
having only regular crossings 


p. ; I. 
Sf(t € [0,1] 5 H;) = 5 Sigo) + Y. sigt) + ; S8). (4.9) 
te(0,1) 


Remark 4.3.7. Itis worth to point out that these theorems provide the following method 
for computing the spectral flow ofa differentiable path t € [0,1] + H, having invertible 
endpoints. Since the set of invertible operators on H is open, there exists 6, > 0 such 
that Hp + 61 and H; + 61 are invertible for all -ó4 < 6 < ô. If we assume that 6, is less 
than e in Proposition 4.3.5, then we conclude by the homotopy invariance ofthe spectral 
flow that t € [0,1] + Hs, = H, + ól and t ¢ [0,1] > H, have the same spectral flow 
for all these 5. By Proposition 4.3.5, there exists 0 < 6 < 6, such that t € [0,1] — Hs. 
has only regular crossings, thus we can use (4.9) for computing the spectral flow of the 
original path t € [0,1] > Hj. Note that in this case the two boundary terms i Sig(To) and 
j Sig(T) vanish. o 
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The proof of Proposition 4.3.5 and Proposition 4.3.6 is based on the following lem- 
mas. 


Lemma 4.3.8. As above let t € [0,1] œ> H; € FB,,(H) be a continuously differentiable 
path. Let t, € (0,1) anda > 0 be such that +a € spec(H, ) and spec(H;, ) N [-a, a] consists 
of finitely many eigenvalues of finite multiplicity. Then there exist e > 0 and continuously 
differentiable functions 


fo- ofyn: (t, -6t, +€) X 


such that (fi(t), . .. , fy(t)) is a basis of Ran(yp a4 (1) for all t € (t, — €, t, + €). 


Proof. We first recall that there is ey > 0 such that +a € spec(H,) and spec(H;,) n [-a, a] 
consists of finitely many eigenvalues of finite multiplicity for t € (t, — ey, t, + €o). In 
particular, yi.4,41(H;) is defined and finite-dimensional for all t € (t, — €9,t, + €o), and 
t € (t, — € 6, + €o) > Xp ag (He) is continuous. Actually, this path is continuously 
differentiable. Indeed, for an open subset O c C such that On spec(H;) = 0 for all 
t € (t, — €, t, + €o), 


(A, t) € Ox (t, -eyt, + €o) > (H, - 4)” 


is continuously differentiable. The spectral projections are yi 4 q)(H;) = = J, 1-4) d 
for y = {z € C : |z| = aj. Differentiation under the integral sign shows 


1 P 
OU i-a a (HO = 2 fam -Ay!dà 
y 


which is continuous. To construct the functions f;,..., fy, we use the operator 
B, = (1 - Xr-aa)(Hi, ) + X[-aa] (Hj) e BCH). 


Note that t € (t, — €o t, + €9) > B, is continuously differentiable and B, = 1. Therefore 
there is ey > € > 0 such that B, is bijective for t € (t, — e, t, + €). Moreover, B, maps 
Ran( yj 4,4) (At, )) onto Ran( y 5,4(H;)). Then for a basis ($4, ..., dy} of Ran( yp aa He, )) 
we define f (t) = B,o, for n = 1,..., N. By construction, t € (t, — €, t, + €) 5 f,(t) are 
continuously differentiable functions and (fi(t), ...,fy(t)} is a basis of Ran( X-aa\ (H2) 
for all (t, — €, t, + €). 


In order to allow the reader to appreciate the difficulties (leading to the techni- 
cal proofs above and further down), let us note that there are continuously differen- 
tiable paths t € [0,1] + H, € FB,a(H) such that the eigenvectors of H, cannot be 
chosen differentiable in t. More precisely, let t, € (0,1) and a > 0 be such that one has 
+a € spec(H, ) and spec(H, )n[-a, a] consists of finitely many eigenvalues of finite mul- 
tiplicity. Then by Theorem IL5.4 in [112], there are continuously differentiable functions 
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Àk : (t, - 6, t, +€) > (-a, a) for k = 1,..., dim(Ran( yp 4,44(H; ))) representing the eigen- 
values of H, in the interval [-a, a]. By Example IL5.3 in [112], it may not be possible to 
chose differentiable functions $; : (t£, —€, t, +€) — H\{0} of eigenvectors of H, such that 
H,$,(t) = Ay(t)o, (t) holds for all t € (t, - e,t, - e) andk 2 1,..., dim(Ran(y, 4 (Hj ))). 


Lemma 4.3.9. As above let t € [0,1] +» H, € FB,,(H) be a continuously differentiable 
path. Let t, € (0,1) and a > 0 be such that xa € spec(H; ) and that the intersection 
spec(H, ) n [-a, a] consists only of finitely many eigenvalues of finite multiplicity. Fur- 
thermore let N = Tr( yi. «,4(H;)). Then there is e > 0 and a continuously differentiable 
function t € (t, — e,t, + €) 9 S, € CX” of self-adjoint matrices and a continuously 
differentiable path of unitaries U, : Ran( y 44(H)) > C" mapping Ker(H, — 5) onto 
Ker(S, — 6) such that 


T,(S - 61(0) =T,(H - 63)(U; 9) 


for all @ € Ker(S, — 61), t € (t, — €, t, - e) and ó € [-a, a]. 


Proof. By Lemma 4.3.8, there exists e > 0 and continuously differentiable functions 
fo ofa i (ta - 6t, +€) 5 H such that (fí(0,..., fw(0) is a basis of Ran(yp aoa (Hj) for 
all (t£, — €, t, + €). By using a Gram-Schmidt process, we may assume that these bases 
are orthonormal. Then define U, : Ran(yi 444(0H;)) > C" by 


i 1 
Ur ó E 2: Pnt) b= 


n=1 


On 


By construction, t € (t, —€, t, +€) + U, is a continuously differentiable path of unitaries. 
Therefore the path t € (t, —¢,t, +€) 9 S, = U,H,U; is continuously differentiable. 
Moreover, U, maps Ker(H, — 61) onto Ker(S, — 61) for all 6 € [-a, a]. For ġ € Ker(S, — 61), 
one has 


T(S- 61)(9) = (|(0,5),9) 
= (|U,(0,(H - 61)),U; 9) + (6|(0,U),H, - 5D) U; 6) 
+ (o|U (A; a 61)(9,U*),0) 
= (U; 9|(,I - 62)),U; 9) + (6|(0,U),H, - 62U; 9) 
+ (A; E EDUT $|(9,U*),0) 
i (U; ó|(a,.H - 61)),U; $) 
=T,(H- 61)(U; $), 


where the fourth step follows because (H, — 61)U; 9 = 0. 
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Remark 4.3.10. Let us note that the eigenvalues A,(t) of S, are the eigenvalues of H, 
between —a and a. Moreover, by Theorem IL5.4 in [112], the derivatives Ai(t) for those Aj 
with A;(t) = 6 are the eigenvalues of the crossing operator T(S — 61). o 


Proof of Proposition 4.3.5. We choose as in the definition of the spectral flow a partition 
0= to < t <---< tu- < tm = 1of[0,1] anda, ..., ay > 0 such that spec(Hj))n [-ag, ay] 
consists of eigenvalues of finite multiplicity and +a,, € spec(H;) for all t € [tm t 4], 
m = 1,..., M. Moreover, we assume that [t,,,tm1] c (t, — €, t, + e) where e > Ois 
chosen as in Lemma 4.3.9 for some t, € [tm (,, 4] and a = am. By Lemma 4.3.9 and as, 
by Theorem II.6.8 in [112], the eigenvalues of a continuously differentiable path of self- 
adjoint matrices are continuously differentiable provided that one chooses the correct 
branches at level crossings, we can cover the set 


M 
LJ 4G 2) € tints tm] x [-am am] : A € spec(H,)} 


3 
T, 


by finitely many graphs of continuously differentiable functions A, each defined on 
some interval [t,, 4, tm]. Because the set of Fredholm operators is open, there exists a 
positive € < min 4. A, such that H, + 61is Fredholm for all t € [0,1] and ó € (-e,e). 
By Sard's theorem, the complement of the set of common regular values of the functions 
Mn in (-€, €) has measure zero. By Lemma 4.3.9 and Remark 4.3.10, 6 € (—e, €) is a com- 
mon regular value of the functions A7, if and only if H,-61 has only regular crossings. 


Proof of Proposition 4.3.6. Let us first note that the sum on the right-hand side of (4.9) 
is finite because the crossings are regular. Consider t, € (0,1) such that Ker(H; ) + {0}. 
Choose a > 0 such that spec(H; ) n [-a, a] = {0}. Then, for e > 0 as in Lemma 4.3.9 and 
N= dim(Ker(H;, )), let 


Àb.. ÀN M (t, - et, +€) > (-a, a) 


be the continuously differentiable functions representing the eigenvalues of H, in [-a, a] 
for t € (t, — €, t, + €). Because t, is a regular crossing, A).(t,) + 0 for n =1,...,N. Thus, 
thereis 0 <n < ; such that A,(t) + 0 forn = 1,...,N and t e (t, - 2n, t, + 2]) V (t,). This 
implies 


sgn(A«(t, + m) =—sgn(A,(t, - n)) =sgn(a}(t,)), n=l,...,N. 
Taking the sum over all eigenvalues A, shows 
Sig(T; ) = Tr(yioaj (Hi, +n) 7 TE(Xc0,a (Hz, -n))> 


where again Theorem IL5.4 in [112] was used, see also Remark 4.3.10. Because the path 
t € (t, - 2n, t, € 2) > Xi aa] (Hy) is continuous and therefore one can conclude that the 
path t € (t, - 2j, t, + 2g)  Tr( X-aa\ (Hà) is constant, one has 
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Tr( X(o.aj (Hi +n)) = Tr( X(o.j (Hi, m) = Tr( X 4,9) (At, am) P Tr( Xy a0) (Hi .4)) 


and hence 


! 1 
Sig(T;) = 5 (TH Xo. (Hi +n)) - Tr( Xi a9) (Ht, +n) 


T Tr(X(o,a) (Hi, m) + Tr( Xia) (Hi, .4))) 
= Sf(t e [t, - n t, +n] > Hj). 


Similarly, for t, = 0 and a, n as above, one has 

sgn(An()) = sgn(A}(t,)), n=1,...,N. 
Taking the sum over all eigenvalues A; shows 

Sigo) = Tr( X0, Hp) - TH(X{-a.0)(A,))- 
As Tr(X(0,q}(Ho)) = Tr(Xi-a0)(Ho)) = 0, one can conclude 


Ta 1 
5 Sig(T) = 5 (Xo. (H,)) - Tr(X{-a.0) (Ay) 


- Tr( X0,a] (Ho)) + Tr(X{-a,0) (Ao))) 
= Sf(t € [0, n] > H,). 


Analogously, one can show 
T2. 
3 Sig(T9) = Sf(t € [1 - n, 1] > Hj). 


The concatenation property of the spectral flow, see item (ii) of Theorem 42.1, implies 
the claim. 


As a first application of the crossing form, let us show how the index of an arbitrary 
Fredholm operator can be computed as a spectral flow of a suitable path of self-adjoint 
Fredholm operators. This path is given by a supersymmetric operator constructed from 
the Fredholm operator and the parameter is then a mass term. 


Corollary 4.3.11. Let T € B(H) be a Fredholm operator and set 


1 T* 
E J: m € IR. 
T -m1 


Then for all M » 0, 


Ind(T) = Sf(m € [-M, M] + L,,). 
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Proof. Note first that the path is clearly differentiable and 


2 * 
2 m14+T°T 0 2 
Cm) -( 0 TT* + m1) 7 ™ © 


Hence there can only be an eigenvalue crossing at m = 0 and the crossing form at 0 is 


1 0 
Tp = . 
: G E 
Moreover, 


Ker(Lo) = Ker(T* T) e Ker(TT^) = Ker(T) e Ker(T"). 


Hence Proposition 4.3.6 implies the claim. 


The next result provides an integral formula akin to (1.2) in the finite-dimensional 
case. Proofs of such results can be found in several places, e. g., [55, 194]. For the sake of 
simplicity, we will assume to be in the generic case where the endpoints are invertible. 


Proposition 4.3.12. Let t € [0,1] = H, € FB,a(H) be a continuously differentiable 
path with invertible endpoints. Moreover, let 0 < e < min{||Ho Tt LH, 1171 pe such that 
[-e, e] n spec (H;) = 0 and let g : IR —> [-1,1] be a smooth increasing function which is 
equal to —1 on (—co, —e] and equal to 1 on [e, co). Then 


Sf(t e [0,1] 5 Hj) = 


NIe 


1 
| dt Tr(g’(H,)0,H;). (4.10) 
0 


Let us note that there are generalizations of (4.10) to functions g for which supp(g’) 
touches the essential spectrum of H, (see Theorem 1.9 in [55]), provided that g is suffi- 
ciently regular at these points so that trace class properties can be assured. 


Proof. By Lemma 4.3.9 and, as by Theorem 11.6.8 in [112], the eigenvalues of a continu- 
ously differentiable path of self-adjoint matrices are continuously differentiable pro- 
vided that one chooses the correct branches at level crossings, we can cover the set 
{(t,A) € [0,1] x [e €] : A € spec(H,)} by finitely many graphs of continuously differ- 
entiable functions A, : [ty9,tn1] > R, n = 1,...,N, each defined on some subinter- 
val [tno t, 4] of [0,1]. Moreover Àn(tno) € {+e} and A,(t,41) € {+e} due to the assump- 
tion on e. For tọ € [0,1], let (A4(to),... LZ (to)} be the eigenvalues of H, in the interval 
[-e, e]. Then, by the remark after Lemma 4.3.9, there is an orthonormal basis of eigen- 
vectors $,..., ÓN, of H, corresponding to the eigenvalues A,(to),... LZ (to) such that 
(Onl) n) = An (to). As Ran(g'(H;,)) = Ran(7,-c,e](H;,)) is spanned by these eigen- 
vectors, 
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Ny 
Tr(g' (H, )(,H),) = Y (slg Gt, OH) On) 
n=1 


No Ny 
= Y. g Anto) On OH) n) = >, 8" Anlo) An (t9). 
n=1 n=1 


Hence, 
1f i 
; [ 4 ron) = 5 Y. | ee 6,00 
0 uae 
1x 
= 2 Y (s) = 8(An(tho)))- 
n=1 
Moreover, 
2. ifAn(tny) = e and An(tho) = —e, 
Enlt) ^ 8An(tno)) = 4-2 if An(tyy) = -€ and ån (tno) = €, (4.11) 
0 if A. (t1) = An(tno): 
Therefore, 


NIe 


1 
fa Tr(g' (H,Y(8,H),) = #{n e {1,..., N} : Anltn1) = € and (tuo) = e] 
0 


- [n € {1,...,N}: An(tn1) = -e and Àn (tno) = €]. 
For a partition 0 = tọ < t4 <--- «ty («ty = 1ande > am > 0 such that +a,, ¢ spec(H,) 


for t € [tm-1 tm] and such that t € [tm1 tm]  X{-a,,a,](Hr) is norm-continuous with 
constant finite rank for all m = 1,..., M, the spectral flow is 


= = +P 
Amst Omstm Om stm—1 Omstm—1 


M 
Sf(t € [0,1] 5 H,) = ; Ye, e -Pi B n] 
m= 


1 M 
75 » Tr(X(oa, (Hz, ) — Xia, o) (Hz, ) 
— Jta, Ay) + Xia, o) (Hz, ,)) 
1 M 
=5 > (#{n € {1,...,N}:An(tm) € (0, aml} 
m=1 


-#{n € {1,...,N}:An(tm) € [7a5,,0)] 
-st[n € {1,..., N}: Anltm-1) € (0, aml} 
4n € {1,...,N}:An(tm_1) € [74m 0)}) 


4.4 Spectral flow for essentially hyperbolic operators —— 107 


#{m € {1,...,M}:An(tm) € [7a5,,0)] 
—#{m € {1,..., M} : A (t 4) € (0, aml} 
#{m € (1,..., M} : Aj (tq, 4) € [-Qm 0)}). 


Ast € [t5 1, tm] |} A,(t) is continuous for all N and A,(t) € {+a,,} for t € [ty 4 tm], 


#{m € {1,...,M}:An(tm) € (0, aml} 
-st(m {1,...,M}:An(tn) € [74m 0)] 
- sm € {1,..., M} : An(tm-1) € (0, am]} 
+#{m € {1,..., M} : At, 4) € [-Gn 0)} 
2. ifâr(tn1) = € and An(tno) = -6, 
= 4-2 ifAn(tn1) = —€ and nltro) = € (412) 
0. ifAn(tn1) = An(tno): 


Comparing (4.11) and (4.12) and summing over n = 1,..., N implies the claim. 


One can now also rewrite the spectral flow as a winding number of a suitable uni- 
tary operator, a fact that goes back at least to [194]. The unitary can be interpreted as the 
image of the path under the K-theoretic exponential map of a suitable exact sequence 


[171]. 


Corollary 4.3.13. Under the same assumptions as in Proposition 4.3.12, one has 
i 1 
S(t € [0,1] + Hj) = 5 | ae Tr(e "£009, e78), (413) 
1 
0 


Proof. Let us start from DuHamel’s formula 


1 
Q,e 8 — i | ds e 1-960805, oH, )e™8 CH), 
0 


Replacing this in the right-hand side of (4.13) and using the cyclicity of the trace, one 
deduces the claim from the formula in Proposition 4.3.12. 


4.4 Spectral flow for essentially hyperbolic operators 


This brief section elaborates on Section 1.6, namely shows how the spectral flow through 
the imaginary axis can be defined. The suitable Fredholm condition is natural, namely to 
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assume that there is merely discrete spectrum on the imaginary axis. The discrete spec- 
trum consists of isolated eigenvalues of finite algebraic multiplicity where the algebraic 
multiplicity is the dimension of the Riesz projection of the eigenvalue, see Appendix A.1. 
Note that for normal operators this coincides with the definition of the discrete spectrum 
from Section 3.4. 


Definition 4.4.1. A bounded operator A € B(H) is called essentially hyperbolic if and 
only if it has only discrete spectrum on the imaginary axis. 


Note that a self-adjoint operator is essentially hyperbolic if and only ifit is Fredholm. 
By Theorem IV.5.28 in [112], an operator A is essentially hyperbolic if and only if A + zy1 
is Fredholm for all y € IR. This implies that if A € B(H) is essentially hyperbolic and 
K € K(X) compact, then A + K is also essentially hyperbolic. Moreover, let us stress 
that an essentially hyperbolic operator has only a finite number of purely imaginary 
eigenvalues (because it is bounded). 

Let now t € [0,1] > A, be a norm-continuous path of essentially hyperbolic opera- 
tors. Then for a > 0 let 


Pat = Rcayxe[-aa]yeR] (At) 


denote the Riesz projection of A, on the spectrum with real part in the interval [-a, a]. 
Furthermore, let 


P = Rey sy:xe(0,a],yeR} (Aj), P > Rocayxe[-4,0),yeR] (Aj) 


be the Riesz projections of A, on the spectrum with real part in the interval (0, a] and 
[-a, 0), respectively. Note that in general neither of these projections are orthogonal. 
By adapting the proof of Lemma 4.1.1 and the compactness argument following it, it is 
possible to choose a finite partition 0 = (y < t, < --- «ty 4« ty = 1and values a,, > 0 
for m - 1,..., M suchthatt € [tm-1> tm] — P, t is continuous and of constant finite rank 
for all m = 1,..., M. Using this partition, the spectral flow of the path t € [0,1] A, is 
defined as follows: 


Definition 4.4.2. For a partition 0 = tọ < t «-- «ty 4 < ty = 1and values a, > 0 
with m = 1,..., M as above, the spectral flow of the path t € [0,1] A, of essentially 
hyperbolic operators is defined as 


M 
Sf(t € [0,1] 5 Aj) = ; $ THP t, E Pi = Bras + p dk 
m=1 


Note that all projections involved are finite dimensional so that the trace is finite. 


The first task is to verify that this definition is independent of the choice of the par- 
tition and the values a,,. This can be shown by following the argument of Theorem 4.1.3. 
In a similar manner, one can then verify most of the other natural properties of spectral 
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flow, such as homotopy invariance, concatenation, and additivity. Details are not spelled 
out. Let us note that for a path of self-adjoint Fredholm operators this coincides with Def- 
inition 4.1.2. Moreover, if A; is normal, then by the spectral theorem the real part of an 
eigenvalue of A, is given by the eigenvalue of the real part Re(A;) = XA, + Ar) ofA. 
Therefore, for a path t € [0,1] + A, of normal operators, one has 


Sf(t € [0,1] + A,) = Sf(t € [0,1] > Re(A,)), (4.14) 


where the right-hand side is the spectral flow in the sense of Definition 4.1.2. A particular 
case is that of a path of unitaries t € [0,1] > U, having no essential spectrum at 1 
and -7. Let us stress that the spectral flow (4.14) then does not distinguish whether the 
eigenvalue travels on the upper or lower half of the unit circle, in contradistinction to 
the spectral flow of essentially gapped unitaries considered in the next section. 


4.5 Spectral flow for paths of essentially gapped unitaries 


In this section the spectral flow of paths of unitaries not having -1 in the essential spec- 
trum is introduced. By choice of convention, a counterclockwise passage through —1 will 
be counted as a positive spectral flow, while clockwise passage as a negative spectral 
flow. Up to extra technical details resulting, the constructions, as well as the properties 
and proofs, are very similar to those of the spectral flow for paths of unitary matrices as 
described in Section 1.5. This leads to some repetitions, but as the results are crucial also 
for the construction of the spectral flow for paths of unbounded Fredholm operators in 
Section 7.1, we decided to keep full details nevertheless. 

If t € [0,1] 5 U, € FU(H) is a norm-continuous path, not necessarily closed, 
then one can define its spectral flow through —1 as follows: For a € [0, 7), the spectral 
projections are denoted by 


Pat = Xe-be(n-an+ay} (Uo) (4.15) 


The following lemma is the counterpart to Lemma 4.1.1 for paths of self-adjoint Fred- 
holm operators. 


Lemma 4.5.1. For U € FU(H), there are a number a € [0, 7) and a neighborhood N of U 
in FU(H) such that V > xio»pets a 5. ag (V) is a norm-continuous, finite-rank projection- 
valued function on N. 


Proof. Since —1 is not in the essential spectrum of U, there is an a € [0,7) such that 
e7*® are not in the spectrum of U and Xe-be{n—-an+a}}(U) is a finite-rank orthogonal 
projection. Because e'"*? are not in the spectrum of U, there exists zt — a > € > 0 such 
that {e +» : b € [-a — e, -a] u [a, a + €]} is disjoint from spec(U). The set 


N = {V e FU(H): (e *P : p e [-a - e, -a] u [a.a + €]} n spec(V) = Ø} 
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is open and on this set the function V +> Y,o0.,e(7_an+aj(V) is norm-continuous as 


Xe-be[n-an+a}} agrees on spec(V) with the continuous function f : S! — C defined by 


1 


e? > Xiram (P) - (B — (+ a + €) Xinsamsare)(®) 
*(p- (t - a - €) Xia er aO) 
Then the subset 
N = dV € N : |Yyeopetn-ansay}(V) 7 Xte*ibetz-a san O < 0 


of Ñ has the desired properties, as for all unitaries V € XN the dimension of 
Ran(Xo.petn-an+ay}(V)) equals dim(Ran( yop pets sa] (U))), which is finite because of 
the choice of a. 


By compactness and the previous lemma, it is possible to choose a finite partition 
0=to<t4 <- «ty 1i cty 51 (4.16) 
of [0,1] and z > am > 0, m = 1,..., M, such that 


t € [t o tm] > Pat (4.17) 
is norm-continuous with constant finite rank. To define the spectral flow, let us introduce 


the spectral projections 


P = Xe-pe(nn+ay}Ur)s P; = X(e*be[n a (Uo). 


Definition 4.5.2. For a partition 0 = tọ < ti < =- < ty 4 < ty = 1and a, € [0,7), 
m = 1,...,M as above, the spectral flow through —1 of the path t € [0,1] 5 U, € FU(H) 
is defined as 


1M 

Sf(t e [0,1]  U) = 5 2 HE OQ eP PU ye Peg): (4.18) 
Note that all appearing spectral projections are finite dimensional so that the trace is 
finite. 


The basic result about the spectral flow is that it is well defined by the above proce- 
dure and it is homotopy invariant. 


Theorem 4.5.3. The definition of Sf(t € [0,1] — U,) is independent of the choice of the 
partition 0 = ty < t < -- < ty 4 < ty = 10f [0,1] and values am € [0,7) such that 
t € [tm- t4] > Pa, t is norm-continuous. 
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Proof. For each point t£, € [tm-1 tm] for m € {1,2,...,M} added to the partition, the 
number Tr(P; , — P; , ) is both added and subtracted. Thus Sf(t € [0,1] > U;) does 
not change, and therefore the definition of the spectral flow is independent of the choice 
of the partition. 

For m € {1,2,...,M}, let us compare ap to aj, where t € [ty ttm] > Py ÍS 
norm-continuous with constant finite rank. Without loss of generality, one may assume 
a! > dm. As e*m) and e*m) are not in the spectrum of U, for any t € [tm tm], it 
follows that both t € [t4 4, tm] > Ps - P; Land t € [tmtm] > P$ - P, „t are norm- 
continuous projection-valued functions and hence of constant rank, say k^ and k^. Thus 


Tr(P^, Py, -P,, xP5.) 


robs E rol roba amwtm-1 
= Tr(P5, e) = Tr(Po,) a Tr(P5 tna) + Tr(P5, tna) 
- Treas) +k? - TEL d -ki- Tr (PZ i.) ake + TRE r3 +k‘ 
= Tr (Pi tn B Ps, ts mi Pontes + Pantra) 


Therefore the definition of the spectral flow is independent of the choice of the values 
am € (0,7) such that t € [tj 4, tm] > Pa, t is norm-continuous. 


The following provides two particularly simple examples of paths of unitaries with 
nontrivial spectral flow. 


Example 4.5.4. Let H = eZ) with orthonormal basis |n), n € Z. For k e€ Z, let us 
consider the norm-continuous path of unitaries 
t € [0,1] > Uke = Y In) (nl + e™™10)(0]. 
n#0 
Clearly, Sf(t € [0,1] + Ux) = k. For the next example, let k > 1 and set 


te[G1 5 Uj, 7 Y gom Y | en. 
ne(1,...,k] ne(1,...,k] 


Then also here Sf(t € [0,1] + U; ,) =k. o 
Some elementary properties ofthe spectral flow are collected in the following result. 


Theorem 4.5.5. Lett € [0,1]  U, € FU(H) be a norm-continuous path. 

(i) If-1 € spec(U;) for all t € [0,1], then Sf(t € [0,1] > U+) = 0. 

(ii) The spectral flow has a concatenation property, namely ift € [1,2] 5 U, € FU(H) 
is a second norm-continuous path, composable to the first one in the sense that the 
endpoint of the first path is the initial point of the second path, then 


Sf(t € [0,2] + U,) = Sf(t € [0,1] = U,) + Sf(t € [1,2]  U,). 
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(iii) Changing the orientation of the path leads to a change of the sign of the spectral flow 
Sf(t e [0,1] > U,) = - Sf(t € [0,1]  U, ,). 

(iv) The spectral flow has a reflection property, namely 
Sf(t € [0,1] = U+) = - Sf(t e [0,1] = UŽ). 


(v) Thespectral flow has an additivity property under direct sums, namely given a second 
norm-continuous path t € [0,1] V, e FU(H’), 


Sf(t € [0,1] = U; e V;) = Sf(t € [0,1] > U;) + Sf(t € [0,1] = V). 


(vi) The spectral flow is invariant under conjugation of the path by another norm- 
continuous path t € [0,1] => W, € U(H) of unitaries 


Sf(t € [0,1] > U;,) = Sf(t € [0,1]  W,U,W; ). 


Proof. Allitems follow directly form the definition of the spectral flow. 


The homotopy invariance of the spectral flow of paths in FU(H) can be proved in 
the same manner as the homotopy invariance ofthe spectral flow of paths of self-adjoint 
Fredholm operators, see Theorem 4.2.2. 


Theorem 4.5.6. Let t € [0,1] +» U, and t € [0,1]  U; be two norm-continuous paths 
in FU(H) such that Uy = Uj, U, = Uj and such that there exists a norm-continuous 
homotopy between the two paths leaving the endpoints fixed. Then 


Sf(t € [0,1] > U;) = Sf(s € [0,1] = U,). 


Proof. Let us first note that for Up, U, € FU(H) both in the same neighborhood N of the 
type given in Lemma 4.5.1 and any path t € [0,1] > U, of unitaries from Ug to U; lying 
entirely in N, the spectral flow is 


Sf(t € [0,1] 5 Uj) = ; Tr(Pža P -P30 + Pho) 


where a = q is chosen as in Lemma 4.5.1 and the partition is trivial, namely tọ = 0 and 
t = 1. Therefore the spectral flow is independent of the path in N connecting Up to Uj. 
Let us denote the homotopy between the two paths by h : [0,1] x [0,1] —^ FU(H), 
more precisely h is norm-continuous, h(t,0) = U,, h(t,1) = U; for all t € [0,1], as well 
as h(0,s) = Uy = Uj and h(1,s) = U, = U; for alls € [0,1]. By compactness, one can 
cover the image of h by a finite set {N}, ..., Ng} of neighborhoods as in Lemma 4.5.1. 
Then the preimages of these neighborhoods (h !(Nj),..., h !(N,)) form a finite cover 
of [0,1] x [0, 1]. Let e; » 0 be its Lebesgue number. Then any subset of [0, 1] x [0,1] of 
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diameter less than e, is contained in some element of this finite cover of [0,1] x [0,1]. 
Thus, if we partition [0, 1] x [0,1] into a grid of squares of diameter less than ey, then the 
image of each square will lie entirely within some N;. By compactness, it is sufficient to 
show that 


Sf(t € [0,1] = h(t, s')) = Sf(t € [0,1] = h(t, s")) 


for s',s" e [0,1] with |s' — s"| < RA Without loss of generality, one may assume s' « s". 
For a partition 0 = tọ < & < +++ < ty4 < ty = 1 such that |t, — tml < < for all 
me {1,...,M}, the image h([tm-1 tm] x [s’, s"]) is contained in one of the neighborhoods 
N; for l € {1,...,k}. Therefore, by the first paragraph of this proof, one has 


Sf(t € [tm tm] > h(ts')) + Sf(s € [s',s"] = h(t,, s) 
= Sf(s e [s', s"] = h(t, 4,s)) + Sf(t € [tmi tm] > R(t, s") 


for all m € (1,..., M}. In conclusion, 
M 
Sf(t € [0,1] = h(t,s')) = Y St(t € [tt tml > A(t. s’)) 
m= 


M 
= Y (Sf(s e [s',s"] > (ty. 4. s) 


f(t € [tint tm] h(t, s") 
f(s e [s s" ] > h(tm $))) 


M 
Y. SE(t € (t, tm) > h(6s")) 


m=1 


= Sf(t € [0,1] > A(t,s”)), 


where the third step follows from Sf(s e [s', s"] + h(0,s)) = Sf(s e [s', s"] 5 hl, s)) = 0 
as the considered paths are constant. 


It is also possible to naturally carry over the concept of crossing form to differen- 
tiable paths of essentially unitary operators. This transposes Definition 4.3.4 and Propo- 
sitions 4.3.5 and 4.3.6 in a suitable manner. 


Definition 4.5.7. Let t € [0,1] œ> Uy € FU(H) be a continuously differentiable path. 
Aninstant t € [0,1] is called a crossing for this path if Ker(U, 1) + {0}. Then the crossing 
form at t is the quadratic form 


T,:Ker(U,*1) >R, (9) = -(01U; 0,9). 


A crossing is called regular, if T, is nondegenerate. 
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Note that indeed (—:)U; 0,U, is self-adjoint and that the sign is chosen such that coun- 
terclockwise passages lead to a positive T,. Again the quadratic form T, will be freely 
identified with the self-adjoint matrix representing it. 


Proposition 4.5.8. For a continuously differentiable path t € [0,1] + U, € FU(H), there 
is € > 0 such that 

(i) te[0,1] ^ e?U, is a path in FU(K) for all 6 € (—e, €), 

(ii) t € [0,1] ^ e?U, has only regular crossings for almost every 6 € (—e, e). 


Proposition 4.5.9. For a continuously differentiable path t € [0,1] +» U, € FU(H) hav- 
ing only regular crossings, 


Sf(t e [0,1] 5 U;) = ; sigo) + Y SigT)- ; Sigt». (4.19) 
te(0,1) 


The proofs of Propositions 4.5.8 and 4.5.9 are completely analogous to the proofs of 
Propositions 4.3.5 and 4.3.6 and are therefore not spelled out. 

There is also a winding number formula for the spectral flow of loops of essentially 
gapped unitaries, similar to Corollary 4.3.13. 


Proposition 4.5.10. Let t € [0,1] = U, € FU(H) be a closed and continuously 
differentiable path. Let & be an open neighborhood of the joint essential spectrum 
Uteto1] SPCCess(U;) and f : S! — S! a smooth function homotopic to the identity and 
such that f|y = 1, as well as f (-1) = -1 and :f' (-1) > 0. Then V, = f(U,) satisfies 


1 
Sf(t € [0,1] > U;) = x fa Tr(V9,V;). (4.20) 
1 
0 


Proof. By Theorem 4.5.6, Sf(t € [0,1] > U+) is a homotopy invariant on the set of closed 
paths in FU(2€). By Proposition 4.5.8, one can deform the path to one with regular cross- 
ings so that the spectral flow can be computed by Proposition 4.5.9. These contributions 
can in turn be obtained as in (the proof of) Proposition 4.3.12 and this leads to the stated 
formula. Note that by construction V,—1 = f(U;)-1is of finite rank so that the expression 
is actually the winding number ofa finite rank matrix which is homotopy invariant (e. g., 
Proposition 1.5.12) so that one can deform back from the path with regular crossings to 
the original one. 


An alternative proof can be given by transforming the spectral flow of essentially 
gapped unitaries to one of self-adjoint Fredholm operators (by Proposition 4.6.16 below) 
and then applying Corollary 4.3.13. 


Proposition 4.5.11. Lett € [0,1] — U; € FU(H) be a closed and continuously differen- 
tiable path such that 0,U, is trace class. Then 
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1 
Sf(t € [0,1] > U;,) = | amio. (4.21) 


JU 
0 


Proof. One can start out with Proposition 4.5.10 and then deform f into the identity by 
a differentiable homotopy s € [0,1] f; which is chosen to be 


f,(A) = exp((1 - s) Log(f()) + sLog()), AES, 


where Log is the principle branch of the logarithm (with cut on (-co,0]). Note that 
f (71) = - so that in spite of the discontinuity of Log the map A € S! + f,(A) € S! is 
continuous. Then define the unitaries U,, = f;(U;) which are continuous (and actually 
even differentiable) in s and t. Moreover, by functional calculus U,, € FU(H). There- 
fore the spectral flow on the left-hand side of (4.21) is constant along this homotopy by 
Theorem 4.5.6. To show that also the right-hand side does not change, let us first verify 
that the derivatives 0,U;,, are trace class. By DuHamel's formula, 


1 


9,U,, = | dt(U; 5)" “((1 - s)ó; Log(f(U;)) + sd, Log(U,)) (Uz s)", 
0 


which holds as long as U, has no eigenvalue -1. In case there is such an eigenvalue 
—1, the associated finite dimensional eigenspace of U, is separated and only leads to a 
trace class contribution. From now on, let us hence assume that U, has no eigenvalue -1. 
By construction of f, 0, Log(f(U;)) is finite dimensional. Moreover, one can prove that 
0, Log(U,) is trace class due to the assumption that 0,U; is trace class, by an argument 
that is now merely sketched: as —1 is not an eigenvalue, one can write Log(U;) = g(U;) 
for some smooth function g; the smooth function can then be approximated in norm 
by trigonometric polynomials p(U,) for which the trace class property of 0,p(U;) is ob- 
vious and can be checked to extend to 0,g(U;). A more elegant approach carries out the 
functional calculus for g(U,) by a Dynkin-Helffer-Sjorstrand formula for unitaries, e. g., 
[178]. It states that there is a quasianalytic extension f, : C > C, namely f| gi = fs and 
(x + 10,)f,(x + 1y)lg: = 0, such that 


e 


U, 
50m 


| dx dy(dy + 10 f, (x + y)(x + 1y - U)”, 


R2 


which then readily allows deducing that 0,g(U,) is trace class. Deriving the above for- 
mula with respect to s shows that also 0,0,U, , is trace class and therefore the algebraic 
computation in the proof of Proposition 1.5.12 shows that also the right-hand side of (4.21) 
does not change. As both sides are constant along the homotopy, the claim follows from 
Proposition 4.5.10. 
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4.6 Connecting spectral flows of self-adjoints and unitaries 


Comparing Sections 4.1 and 4.5, one realizes that the constructions of the spectral flow 
of paths of bounded self-adjoint Fredholm operators and of paths of essentially gapped 
unitaries are almost identical. This section shows that, indeed, one can deduce either 
one from the other, by mapping the bounded self-adjoint Fredholm operators (from 
IFB,4(3€)) essentially bijectively onto the essentially gapped unitaries. Many maps with 
this property might come to mind, e. g., H € FB,4(H) 5 (eH E € FU(H), but one 
also realizes that there must be some difficulty involved because U € FU(H) has one 
gap in the essential spectrum, while H € FB,,(5) has two of them (one at 0 and one at 
+00). However, the second of the latter gaps (that at +oo) is irrelevant for the spectral 
flow and should therefore be discarded by a suitable choice of topology. It turns out that 
this can be achieved in combination with a suitable choice of the map from IFB,4(3€) to 
FU(K) (which is not the one above). Let us note that some of the results of this section 
also prepare the ground for a definition of the spectral flow of unbounded self-adjoint 
Fredholm operators (Chapter 7) and, beyond that, for results on the homotopy theory of 
the set of unbounded self-adjoint operators (Chapter 8). 

Let us begin with a preparatory result which normalizes the norm along a given 
path. Define the map 


N : BO \ {0} > BIO, NCT) = m^ 


where for a » 0 the closed unit ball of bounded operators is defined by 

B,(H) = (T € B(H) : ITI < aj. 
Note that FB,,(H() c B(H) V {0} and that, along a given path t € [0,1] 5 H, € FB,,(90), 
the norm |[H;|| is uniformly bounded from below by compactness of the interval. Fur- 
thermore, one clearly has 

Sf(t e [0,1] 5 N(H;)) = Sf(t e [0,1] > Hə). 

Therefore from now on we only consider paths in 

EB, (0) = EB, n B,(70, 
which is a subset of 

Bj, (H) = B (90) n By (H). 

Let us define a map 


g:[-1,1] > $, 
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by 
SA) = (223 -1) - waa - 22)? 


Alternative expressions are given by 


-10 —2)2 
eet 
A+1(1—A2)2 


The map S is one-to-one except at the boundaries where one has 9(-1) = 9(1) = 1. It 
extends to a continuous map 


S : (Bi,4(70, Oy) > (U(H), Oy) 


by 
G(H) = 2H? -1- 2H(1 - m). (4.22) 
Note that S(H) can also be written as 
G(H) = (H -:(1 - H2)?)(H «i - H2)?) 7, (4.23) 


and both factors are unitary so that $(H) is indeed in U(H). Also let us point out that if 
H has both —1 and 1 as eigenvalues, they are both mapped to 1. In particular, for every 
symmetry Q (namely, Q* = Q and Q? = 1) one has 9(Q) = 1. Hence 9 is not a bijection. 


Remark 4.6.1. From (4.23) one can readily check that G is the continuous extension of 
the map € o 3^! where € is the Cayley transform defined in (6.14) and F the bounded 
transform which is shown to be invertible in Theorem 6.1.4, see Chapter 6. More pre- 
cisely, C o F (H) is defined if neither —1 nor 1 is an eigenvalue of H, and in this case 
3H )=HA-H 2-1, which is a (possibly unbounded) self-adjoint operator. o 


Next note that 9(0) = —1, so that S maps any eigenvalue at 0 to —1. Therefore 
G(FB,.a(H)) c FU(H). (4.24) 
Restricting to the subset of essential symmetries, one has 
G(FBY ,4(H)) c U*(30. (4.25) 
Now for a norm-continuous path t € [0,1] — H, € B,,(4), also the associated path 


t € [0,1] + (G°N)(H;) € U(H) is norm-continuous. The following result is thus obvious 
by the spectral mapping theorem. 
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Proposition 4.6.2. For a norm-continuous path t € [0,1]  H, € FB,,(4), one has 
Sf(t € [0,1] > Hj) = Sf(t € [0,1] > (9 »N)(H);)), 


where the right-hand side is the spectral flow of essentially gapped unitaries. 


The same statement also holds if one replaces 9 by other maps, for example the 
map H € FB,.,(H) |> (-1)e™4 € FU(H) already mentioned above. Hence one can 
easily reduce the spectral flow of a path of self-adjoint Fredholm operators to a spectral 
flow of essentially gapped unitary operators. 

In the following, we will show that the converse is also true, even though this is a 
more delicate issue because — as noted above — one has to create an extra gap. One of 
the main tools will be a pseudometric on the set DB, ,, (JC) that will be introduced in the 
next lemma. It will be compared with the standard operator norm topology Oy induced 
by the operator norm metric on the bounded operators IB(€) which we denote by 


dy(Tg, Tj) = To - Til, Tg, Tj € IB). 


Henceforth we use both notations (B(H), dy) and (B(H), Oy) depending on whether 
we want to stress the metric structure when discussing the continuity of maps on B(H). 
Similarly, we will proceed with other spaces below. 


Lemma 4.6.3. On B, sa(H) the formula 


1 1 
dr (Ho, Hy) = max([Ho - Hi]. |Ho(1- Ho)? - H5 - 81) |} 


? | 


defines a pseudometric. The induced topology Og is weaker than the norm topology Oy. 
More precisely, 


dp (Hy, Hy) 22d, (Hg, Hj), Ho, Hy € Bi. (4.26) 
Finally for a « 1 one has 


1+ V2 i 
dy (Ho, H4) < Tog de (Ho. My)’, Hg, Ay € Basa (C, (4.27) 


where 
BB, 400 = Ba(H) N I OC). 


Hence dy and dg induce the same topology on B, .4(3€) for all a < 1, so that (Bg .4 (7C), On) 
and (B, «4 (JC), Og) are the same topological spaces. 


Let us note that dg(Qo, Q4) = 0 for all symmetries Qo and Q4, so that dr is indeed 
degenerate on D, ., (JC) and hence only defines a pseudometric. The topology induced 
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by this pseudometric dr was introduced by Joachim in [108] who called it the extended 
gap topology, for reasons that will become apparent in Proposition 6.1.7 of Section 6.1. 
We will follow this terminology. 


Proof of Lemma 4.6.3. First of all, let us note that the triangle inequality and the symme- 
try are indeed satisfied. 
Next let us prove (4.26). For the second term in d;, let us start with 


QI 


1 
| Ho - Hp)? - H(1 - Hj) 


1 2 
2 2 


1 
< ||Ho(4 - Ho)? - Hy - H2)? || + |]Ho(4 - H2) 


I 
2 


- H,(1- Hf)? | 
1 1 
< | - 85)? - (1 - B2)? || + Wo - Hall. 


For the first summand, recall the fact (Proposition A.2.2) that for two nonnegative oper- 
ators A > 0, B > 0 anda € (0,1), one has ||A" — B^|| < |A — B|*. Hence 


J 
2 


1 1 
|Ho(1- Ho)? - H,(1—Hz)* || < |p - A)? + Wo - Hull. 


As 0 < Hj < 1and 0 < H? <1, one also has -1 < H2 - H? < 180 that |H - H? < 1 and 
thus |H? — H?|| < |H? - Hz 2, Therefore 


d(H, Hy) < Ho -J + [Hg - Hil. 
Finally, 
Eo - Hill < HoHo - HD|| + (Ho - HH] < 21H - Hill 
so that 
dg(Ho, Hj) < V2IlHo - Hill? Ho - Hi] < 2V2dy Go, H3)? 


Finally, as to the last inequality, let us use |(1 - H?) !| < (1- a?) ! for H € Basa(H). 
Then 
1 1 E 
dy (Ho, Hj) < ||(Ho(1 - Ho)? - Ha - H)))a - Ho) 1| 


I 
2 


«pna - 2*(1- 82? -a- 85 *)| 


E E E 
< dg(Hy, Hi) - à) ? - a- H5) * -a- Hj) >| 


-1 E 
I’ 


< dy (Hy, H1 - d) * + |(1- R)” - (1-H) 


1 1 
< dp (Hp, Hy)(1 - a)? +(1- a’) Ag; = Hy |? 
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< (V1 - d) + (1- a2) dz (Hs Hy)?, 


implying the claim. 


As already pointed out, dp has vanishing distance between symmetries and hence 
does not distinguish the eigenspaces of eigenvalues —1 and 1. On the other hand, it will 
follow from Lemma 4.6.6 below (or alternatively from Proposition 6.1.7 which provides 
an extension to not necessarily self-adjoint operators) that dp restricted to the subset 


By ga(H) = {H € B1,,30 : Ker(H? - 1) = {0}} (4.28) 


is indeed a metric. Let us note that the set B? (00) later on in Chapter 6 will play a 
prominent role because it is the image of the unbounded self-adjoint operators under the 
bounded transform. The upper index 0 indicates that neither 1 nor -1 is an eigenvalue 
ofH € B? Ao), It is, however, also possible to obtain a metric on a larger set of operator 
classes, namely it is natural to introduce the following equivalence relation. 


Definition 4.6.4. Let Ho, H, € B4 sa(H). Then Hy ~ H; if and only if 
Hoya (Ao) = HX) and c4 019) = X 9 01). (4.29) 


The quotient B, ,,(5()/~ will be denoted by Dj 4€). 


Let us stress that ~ is indeed an equivalence relation so that the quotient is well 
defined. Furthermore, Ho ~ H is equivalent to 


Ker(H, + 1) e Ker(H, - 1) = Ker(H, + 1) e Ker(H, - 1) 


and that the operators Hy and H; coincide on the orthogonal complement of this sub- 
space. Using spectral calculus, one can immediately reformulate the equivalence rela- 
tion as follows: 


Lemma 4.6.5. For any H € I4,4(9€, there exists a unique orthogonal projection P, as 
well as unique H? e B? (PH) and Q € U.a ((1 - P)H), such that 


1,sa 
H = PH’ ẹ (1- P)Q. 


Then Hy = PH? © (1 - Py)Qy and H, = P,H? e (1 - P,)Q, satisfy Hy ~ H; if and only if 
Py = P, and Hy = Hi. 


It is always possible to choose a representative for a class [H]_ from the set 
{H € B,,,000) : Ker(H + 1) = (0)]. (4.30) 


While this provides a concrete representation of B; .. (3C), it is not helpful when deal- 
ing with topological issues. Let us now analyze how the relation ~ is connected to the 
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extended gap metric. By the next lemma, dz : Bj.,(J0) x By,,(H() — R can be defined 
by 


dz ((Ho].., [H4]. = dg(Ho, H3), 
and d; is actually a metric on Bj. (JC). The corresponding (quotient) topology on 


B? (C) will be denoted by Oz. The tilde on dz and Oz will be dropped whenever it is 
clear from the context. 


Lemma 4.6.6. The relation ~ is the equivalence relation induced by the extended gap met- 
ric dp, namely for Ho, H4 € IB4,4 (3€) one has Hy ~ H; if and only if dg(Ho, H4) = 0. Hence 
d; is a metric on Bj... (3C). Furthermore, if h : B1 sa(H) — By .,4 0) is a class map with 
respect to ~, namely there exists h : B? (H) > Bj,,(H) such that [h(H)]_ = h([H].), 
then h is continuous with respect to Op if and only if h is such with respect to Or. 


Proof. Let us first assume that Hy ~ H4. Then He = H2 and as 
TEXGICCL ONU ERN ERI 
Ran((1- H5)*) = Ran( x 15 (H9)) = Ran(y 45 (Hy) = Ran((1- H7)?) 
and Hp and H; coincide on this subspace by assumption 
1 d 
Hy - Hj)! = Ha - Hf)’. 
Therefore dr (Ho, H,) = 0. Conversely, assume that d;(Hp,H,) = 0. Then Hê = H? and 


therefore y, 14 (Ho) = Xa (Hz) = Xa (H2) = Xi 34) (;) so that also the complements 
satisfy y 4 (Ho) = X11) (Hi). Moreover, 


Nie 
Nie 


2 2 
0 = Hy(1- Ho) Hb Hj) 
1 1 
= Ha - Ho)? - Ha - Hp)’ 
1 
= (Ho - Ha - Hp) 
and therefore Hy and H; coincide on Ran( y. 4,(H9)) = Ran((1 - H?)2). This shows 


Hy ~ H4. Clearly, this implies that dz is a metric on B; .. (3C). The last claim is a general 
fact from topology that is merely noted for later use. 


One can also consider the relation ~ on the subset FB{,a (H) c FB, 5(J). Clearly, 
Lemma 4.6.5 applies to this case. One can, moreover, analyze ~ in the representation 
formula given in Proposition 3.6.5: 


Lemma 4.6.7. Consider Ho, H4 € FB{ (9t) given by their representations as in Proposi- 
tion 3.6.5: 


Ho = Qo - Ko, + Ko, Ay = Qi - Ky, + Ki- 
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Then Hy ~ H; if and only if Ky, = Kı, and Qo and Q, differ only on the orthogonal 
complement of Ran(—Ko,, + Ky). 


Proof. Let us first assume that Hj ~ Hy. Then Ran( y, (Ho)) = Ran(y( 44) (A) and, as 
Qo = sgn(Hy) +7(Hp = 0) and Q4 = sgn(H4) + Y(H4 = 0) by construction (see the proof of 
Proposition 3.6.5), Qo and Q; coincide on Ran( y. 4. (H)). Because 


Ran(—Ko,, + Ko_) = Ran( y 15(Ho)) 
= Ran( X19) = Ran(-K; , E K,_), 


where the first and last equalities hold by construction of -K; , + K; (see the proof of 


Proposition 3.6.5), Qo and Q; differ only on (Ran(-K,,, + Ko_))*. By assumption, Hy and 
H; coincide on 
Ran( x. 1,5 (Ho)) = Ker(-K,., T Ky.)* = Ker(-K, + T Ky. 


Therefore -Ko + Ko,- = -K4, + Kı,- and 


-Ko + = (-Ko,+ + Ko,-X(-Ko,+ + Ko,- < 0) 
= (Kı + + Ky XcR&, + Kı- < 0) = -K,. 


Analogously, Ky = K,_. Conversely, if Kp, = K,,,Ko_ = K, , and Qo and Q; differ 
only on the orthogonal complement of Ran(-K, , + Ky. .), then Hy and H; differ only on 
Ker(Hy + 1) e Ker(H, — 1) = Ker(H, + 1) e Ker(H, - 1) and therefore Hp ~ H4. 


Next let us consider the map 9 : By,,,(H() > U(H) defined by (4.22). As both 
eigenspaces of —1 and 1 are mapped to 1, it is a class map and therefore descends to 
9^ : Bj, 0 > U(H) defined by 


3° ((H]_) = ST). 


Theorem 4.6.8. The map S^ is a bi-Lipshitz-continuous homeomorphism between the 
metric spaces (B1... (JO), dz) and (U(3C), dy). 

Proof. Let us first give an explicit expression for the inverse of $^. For this purpose, a 
root R : U(H) — U(H) of a unitary is needed. It can be obtained by spectral calculus 
using the function r(e?) = e? where 9 € (0,2z] so that r(1) = —1. Then R(U) = r(U). 
Clearly, the map U + R(U) is not continuous on (U(H), Oy). Nevertheless, let us set 


(65 e - (R0) + ROY") 


Hence on the spectral parameters, 5 !(e'?) = - cos($) and 1 - 6 !(e'?)? = sin($)?. Thus 
25-1)? -1 = coso) and 97 (e'?)(1- G-1(e'%)*)2 = -4 sin(9), and one deduces 


4.6 Connecting spectral flows of self-adjoints and unitaries —— 123 
(S~ e (S ^) = 219°) Uy -1-2(97) ana - (97) v»: 


1 , 1 ai 
= 5(U+0*)-2)7(U-U*) =U, 


so indeed 9^ «(97) 1 = id. This implies that 5^ is surjective. As d¢ is a metric on IB; .. (2C), 
one directly checks that $^ is injective and therefore (gl o G^ = id. 

To check the Lipshitz-continuity of (97)1 : (U(H), dy) > (B1, (00, dz), it will 
be used that dz([Ho], [H,]) = dg(Hg, H4) and thus one can focus on bounding the two 
contributions in dr: 


ISHU? - sq] = FIEL Uo + UG) - 21+ U, + UF) 
< zd (Us, U), 
and 
g^ tuya - 9 - s" va - s* 3» 
= lUo - Us) - (Ui - U?) < Zdr Uo Vi). 


Therefore dz (S !(Us), 9 4(U,)) < 5dy(Up; U4) and the Lipshitz constant is t, Moreover, 


dy(9(Ho), (H1) 
= [pgs - 1- zin nb (2H? -1- 2:H,( H)?)| 


1 1 
< 2|Ho - Hy | + 2|Ho(1 - Ho)? - Ha - Hy)? | 
< 4dp(Ho, Hy), 


showing the Lipshitz-continuity of 9^ : (Bi a (0), dz) > (U(H), dy). 


Remark 4.6.9. The above proof gives an explicit construction of the inverse map 
(87st : U(H) Bj, O0. Let us here provide another formula for (SYHU) for a 
unitary U € U(H). Recall that Re(U) = iU + U*) and Im(U) = 3 (U — U*) are the real 
and imaginary part of U. Let P denote the projection onto Ker(U -1)* = Ker(Re(U)-1)*. 
Then 


($7) ^U) = [-2°2Im(U)(1 - &e(0)) iP + Qa - P), (4.31) 


where Q € U,,((1—P)H) is an arbitrary symmetry on Ran(1- P), see the representation 
in Lemma 4.6.5. Note that (4.31) is well defined because by construction 1 — Re(U) is 
invertible on the range of P. To verify this formula, simply note that Re(U) = 2H? -1 if 
H = 9 (U) so that1- Re(U) = 2(1- H?) and thus (1- H7)? = 272 (1- Re(U)):. Replacing 
this in Jm(U) = -2H(1- H5)? shows Jm(U) = -22H (1- &e(U))? which in turn specifies 
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H onthe range of P to be HP = E E, 3m(U)(1- Re(U))?P. The complement Ker(U — 1) 
is mapped to the eigenspace of H with eigenvalues +1, leading to Q. o 


Let us note several immediate corollaries of Theorem 4.6.8. The first concerns the 
set 


U^(30) = {U € U(H) : Ker(U - 1) = {0}}. 


It appears in Section 6.3 as the image of the unbounded self-adjoint operators under the 
Cayley transform. Furthermore, recall the definition (4.28) of the set B? sa (70. For each 
ofits elements H € B? (50), the equivalence class [H] contains only one point and thus 
one can naturally identify 8$" with G on this set. 


Corollary 4.6.10. The map 9 defined by (4.22) is a bi-Lipshitz-continuous homeomorphism 
between the metric spaces (B2.. (70, dg) and (UH), dy). 


It is also possible to restrict the homeomorphism 9% to the subset 
EB; (€) = EB; sa(H)/~. 
As in (4.30), one can concretely identify FBy.4(H) with the set 
{H € FB, ,,(H) : Ker(H +1) = {0}. 


Due to (4.24), one then deduces a result that will be of relevance in Chapter 6. 


Corollary 4.6.11. The map S^ is a bi-Lipshitz-continuous homeomorphism between the 
metric spaces (FBy 4 (30, dz) and (FU(H), dy). 


Just as Theorem 4.6.8 implies Corollary 4.6.10, one deduces the following fact from 
Corollary 4.6.11 upon restriction to the subset 


FU°(H) = {U € FU(20 : Ker(U - 1) = {0} = FU(20 n U?(20. 


Corollary 4.6.12. The map 9 defined by (4.22) is a bi-Lipshitz-continuous homeomorphism 
between the metric spaces (BI. (70, dg) and (FU? (40), dy). 


Also the following subset of FB7 .. (JC) will be of relevance: 


FBO™ 


1sa 


(H) = FBY,.(H)/~. 


Corollary 4.6.13. The map S^ is a bi-Lipshitz-continuous homeomorphism between the 
metric spaces (IFIBC7 (H), dz) and (US(H), dy). 


1,sa 


Remark 4.6.14. The formula (4.31) for the inverse of $^ can be further rewritten in the 
case of Corollary 4.6.13. If U - 1« K € U*(90) in the representation (3.8), then 
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(97) A +K) = [-3m(KIK[)P + (1 - P)Q], (4.32) 


where as above P is the projection onto Ker(U-1)* = Ker(K*K)* and Q € U,,((1-P)#). 
This follows from (4.31) by a direct computation using the relations in (3.8). o 


Now let us consider 


FBES (90 = FBi (1) n FB? (1), 
UEH) = u*(30 n u*(30. 


The set FBS? (H) can be seen as a subset of FB 0) because the classes of [H]_ of 


Sa 
H € FBO? (H) only contain one element. Hence again one can identify 9^ with 9. 


Corollary 4.6.15. The map 9 is a bi-Lipshitz-continuous homeomorphism between the 
metric spaces (FBO? (H), dz) and (US? (H), dy). 


1,sa 


Corollary 4.6.11 allows proving a counterpart of Proposition 4.6.2. For a norm- 
continuous path t € [0,1] 5 U, € FU(H), the path t € [0,1] ^ (97) 1(U,) is continuous 
in (IF; O(), Og). One can choose representatives t € [0,1] +> H, € IFB, ,4 (JC, namely 
[H,] = (97) 1(U,), but the map t € [0,1] — H, need not to be norm-continuous. Nev- 
ertheless, the low-lying spectrum of H, is continuous and this is sufficient to define the 
spectral flow. 


Proposition 4.6.16. For a norm-continuous path t € [0,1]  U, € FU(H), one has 
Sf(t € [0,1] > U+) = Sf(t € [0,1] > Hj), 


where [H,] = (97) (U,) and the spectral flow on the right-hand side is independent of the 
choice of representative of (87) ^(U,). 


Proof. The path t € [0,1] + 8 *(U,) is continuous with respect to Oz by Corollary 4.6.11. 
Next let us note that the operator H2 € IFB,,, (30) is independent of the choice of the 
representative H,. By definition of dz, its square t € [0,1] ^ H2 is then norm continuous. 
Therefore, for ty € [0,1] and a > 0 sufficiently small and such that a ¢ spec(H;, ), the 
finite-dimensional projections y, ¢2} (H?) are norm-continuous in t and of constant finite 
rank on an open subinterval of [0,1] containing tọ. Hence also the path t > Hio (H2) 
is independent ofthe representative H, and continuous with respect to dp. Therefore, by 
Lemma 4.6.3, it is also norm-continuous on this subinterval and thus also the eigenvalues 
are continuous. This allows constructing the spectral flow as in Section 4.1.1, even though 
there may not exist a norm-continuous path t € [0,1] +» H; of representatives. That 
this spectral flow coincides with Sf(t € [0,1] — U;) directly follows from the spectral 
mapping theorem. 


5 Fredholm pairs and their index 


This chapter is about Fredholm pairs of projections and their index, a concept intro- 
duced by Kato [112], and independently also by Brown, Douglas, and Fillmore [42] where 
the index is called essential codimension. Section 5.2 gives different characterizations of 
Fredholm pairs of projections and collects basic facts about them, to a large extend fol- 
lowing the influential work by Avron, Seiler, and Simon [18]. It avoids to use the orthog- 
onality of the projections, and supplementary aspects linked to self-adjointness are then 
regrouped in Section 5.3. Section 5.4 then accesses the same Fredholm concept from the 
point of view of symmetry operators which provides yet another formula for the index 
which readily allows connecting it to the spectral flow later on. Section 5.5 focusses on 
a special type of Fredholm pairs where one projection is unitary conjugate to the other. 
Sections 5.6, 5.7, and 5.8 provide several formulas connecting the spectral flow to the 
index of a Fredholm pair of projections. In particular, the spectral flow of a path of self- 
adjoint Fredholm operators is expressed as the sum of indices of pairs of projections. 
The chapter concludes by introducing the relative Morse index in Section 5.9 and giv- 
ing a formula for the spectral flow as sum of relative Morse indices, as in the work of 
Fitzpatrick, Pejsachowicz, and Recht [84]. 


5.1 Projections and orthogonal projections 


This short section merely reviews some well-known basic definitions and facts about 
projections, frames, and the action of invertible operators thereon. 


Definition 5.1.1. Let P € B(H). 

(i) Piscalled a projection if P? = P. 

(ii) A projection P is called orthogonal if, moreover, P = P*. 

(iii) A projection P is called finite or finite dimensional if dim(Ran(P)) « co. 

(iv) A projection P is called proper if dim(Ker(P)) = dim(Ran(P)) = co. 

(v) The complementary projection of a projection Pis 1—P and itis denoted by P+ = 1—P. 


The set of all proper orthogonal projections on 1 is denoted by P(H). 


In alarge part but not nearly all of the literature, projections are called idempotent 
(as all powers are the same) and orthogonal projections are called projections. We hope 
that the reader can get accustomed to Definition 5.1.1. From P = P^one gets ||P|| < IPI? so 
that ||| > 1 for every projection P + 0. However, nonvanishing orthogonal projections 
always have norm 1. 

There is a tight connection between closed subspaces € c H of K and orthogonal 
projections. In fact, for any P € P(H) the range Ran(P) = Ker(1-P) is a closed subspace, 
and given a closed subspace, there is always an associated orthogonal projection. For 
this reason, P(H) is also called the (closed proper) Grassmannian of H. Furthermore, 
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given a projection P (not necessarily orthogonal), one can always construct two naturally 
associated orthogonal projections: the range projection Pg onto Ran(P) = Ker(1- P) and 
the kernel projection Py onto Ker(P) = Ran(1- P). 


Proposition 5.1.2. The range and kernel projection associated to a projection P satisfy 


Ran(Py) n Ran(Pz) = (05, Ran(Py) + Ran(Pg) = K, (5.1) 
and are given by 
Pp = P(P*P) P, Py =P*((Pt)*P*) ‘(Pt)’. (5.2) 
Then one has 
P = PR(PEPR) PE. (5.3) 


Inversely, given two orthogonal projections Pp and Py satisfying (5.1), formula (5.3) defines 
a projection with range projection Pp and kernel projection Py. 


Proof. Both claims in (5.1) follow from the well-known fact that each vector @ € H can 
be uniquely decomposed into @ = dp+, with Po, = bp and Po, = 0. In the first formula 
of (5.2), note that P" P is not an invertible operator, however, it maps Ker(P)* = Ran(P") 
bijectively onto Ran(P*). Hence P*P : Ran(P*) — Ran(P*) is an invertible operator by 
the inverse mapping theorem. Thus P(P*P) !P* is well defined, and one readily sees 
that it is indeed an orthogonal projection, with range given by Ran(P). The formula for 
Py can be verified in the same manner. To check (5.3), one notes that 


Py Py : Ker(Pp)~ = Ran(Pp) > Ran(Px) = Ker(Px) 


is a bijection. Indeed, if @ € Ran(Py), then Pgo = $ so that 0 = PyPpd = Pko implies 
$ € Ker(Px) = Ran(Py), and hence ó = 0 by (5.1); moreover, if y = Py € Ran(Px), then 
by (5.1) one can decompose uniquely y = ^ + Pgo with y+ € Ran(Py) = Ker(Px) and 
some à = Pad € Ran(Pp), so that p = P(Y“ +P) = Py Ped. Again the inverse mapping 
theorem implies that (Py Pp)! : Ran(Px) — Ran(Pp) is well defined, and then one can 
check that (5.3) holds. The last claim follows from the above argument. 


Remark 5.1.3. There is an alternative way to write out the range projection, namely it 
will be checked that 


P, = P(3- (P - Py) | p*. 
Note that -(P — P*)* = (P — P*)'(P — P*) > 0, which implies that the inverse exists. 


Moreover, an explicit computation shows that P commutes with 1 — (P — P* Y? and thus 
so does P*. Furthermore, PP* P = P(1- (P —P*)*). Now let P} denote the right-hand side 
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P(1- (P - P*)?) !P*. Combining the above facts allows to check (P)? = Pp and, clearly, 
also (P})* = Pk. AS Ran(Pp) = Ran(P), this implies that P = Py. Similarly, 


Py =(1-P)(1-(P-P*)’) A- P), 


which follows from the above applied to 1-P, or can be checked in the same manner. © 


Corollary 5.1.4. Every projection can be connected to its range projection within the set 
of projections. 


Proof. Note that Pp = P(P* P) !P* satisfies P4P = P and PP} = P. Therefore one readily 
checks that 


t € [0,1] = P, = (1- OP + tP, 


is indeed a path of projections connecting P to Pp. 


Next let us introduce the concept of a frame. While this was already used in Chap- 
ter 2, let us here give a precise definition for the case of infinite-dimensional Hilbert 
spaces. 


Definition 5.1.5. A frame is a bounded injective linear map ® : h — H with closed 
range, from an auxiliary Hilbert space h into H. The frame is called normalized if 
$* o = 1,. Furthermore, © : h’ — H denotes a frame with Ran(®+) = Ran(®)~. 


Given a frame 6, one can always associate an orthogonal projection onto its range 
by 


P= 0(0*0) Q*. (5.4) 


Note that this is well defined because ©*® : h — h is invertible. Let us then also say that 
o is a frame for P. If, moreover, ® is normalized, the formula reduces to P = ®®*. One 
particular frame for P is always given by choosing h = Ran(P) and ® the embedding. 
Another standard way to construct normalized frames, say for an infinite-dimensional 
projection P, is to choose an orthonormal basis (9,),., of Ran(P) and then set h = £N) 
and 


D= Y |ó,)(nl. 


n>1 


Note, however, that there are many frames for a given P. Indeed, given a frame 6 for 
P and any invertible map a € B(h), also a is a frame for P. Furthermore, if ® is nor- 
malized and u € B(h) is unitary, also u is normalized. Let us also note that, clearly, 
“ð+ = 0. Finally, ($, +) : 5 e b’ — H is an isomorphism which is unitary if both ® 
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and + are normalized. Now one can also use frames to write out an arbitrary (not nec- 
essarily orthogonal) projection, analogous to Proposition 5.1.2. The proof is essentially 
the same and therefore skipped. 


Proposition 5.1.6. Let P be a projection and ®, and ®, be frames for Pp and Py. Then 
P = PRCE) Dr) (x). 65) 
Inversely, given two frames ®, and o satisfying 
Ran(®,) N Ran(®p) = (0, Ran(®,x) + Ran(®p) = K, (5.6) 


formula (5.5) defines a projection with range and kernel projection given as in (5.4). 


To illustrate the use of frames, let us prove a result that will be used several times 
later on. 


Proposition 5.1.7. If Py and P, are proper orthogonal projections, then there exists a uni- 
tary U such that P, = U* PU. 


Proof. Let ® and ®, be normalized frames for P, and P4, respectively. Then 
V 20,0, 


is a partial isometry from Ran(P ) to Ran(P,), namely V* V = Py and VV* = P4. Similarly, 
let W be a partial isometry satisfying W*W = 1— Py and WW* = 1 - P,. Multiplying 
two of these identities shows VV* WW* = 0 so that V*W = 0 and V*VW*W = 0 so that 
VW* = 0. Hence U = V* + W* is a unitary because UU* = V*V +W*W 2 Pọ+1-P)=1 
and U*U = 1. By construction, P4 = U* PU. 


In the remainder of this section, the action of an invertible operator T € G(H) 
on projections will be introduced and studied. Let us first begin with the action on an 
orthogonal projection P. Then the formula 


T- P = (TPT^)(TPT^) (TPT*) 6.7) 


is well defined because TPT* : Ran(TP) — Ran(TP) is invertible (even though TPT* is 
not invertible as an operator on all 3X). Clearly, T - P is the orthogonal projection onto 


T Ran(P) = Ran(T - P), 
and one has 


Ker(T - P) = (0 € H : PT'0 = 0] 
= (T*) !(T* e 3€ : PT*0 - 0] 
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= (T^) 'Ker(P). 


Moreover, (5.7) defines a group action of the group G(H) on the set of orthogonal projec- 
tions, namely one has S-(T-P) = (ST)-P for S, T € G(H). Let us also note that for the sub- 
group U(H) c G(H) of unitary operators, the action reduces to U - P = UPU* = UPU 
Another property worth mentioning is that 


(TP) = (T°) 


. Pt. (5.8) 
Indeed, both sides are orthogonal projections, and one has 
Ran((T - P)-) = Ker(T - P) = (T^) ! Ker(P) = (T^) ' Ran(P^). 


Furthermore, if P = ó($*o) !6* is given in terms of a frame as in (5.4), then TẸ is a 
frame for T - P and therefore 


T-P=TO(0*T*T®) O"T". (5.9) 


Based on this, there is an alternative way to verify (5.8) by checkingthat T-P is orthogonal 
itotr*ty b. P+. 

While it is not possible to extend the action (5.7) to projections that are not orthogo- 
nal, one can define another group action of G(H) by (T, P) + TPT !. One readily checks 
that this is indeed well defined and is a group action on all projections. When restricted 
to the unitary group U(H) c G(H), this action coincides with (5.7). In general, however, 
it does not conserve the orthogonality of projections. This second action will be used at 
several instances below, e. g., Proposition 5.2.9. 


5.2 Characterization of Fredholm pairs of projections 


The definition of Fredholm pairs of projections and many of the results of this section 
and the next sections are due to Kato [112, Chapter IV.4] and Avron, Seiler, and Simon 
[18], see also [3]. 


Definition 5.2.1. Let (Po, P4) be a pair of projections and consider the operator 
A: Ran(P,)  Ran(2i) 
defined by 
Aó = P Pob,  € Ran(P,). 


Then (Po, P4) is a Fredholm pair of projections if and only if A is a Fredholm operator. 
The index of a Fredholm pair (Pg, P4) of projections is defined by 
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For the case of two orthogonal projections, it will be shown in Proposition 5.3.2 be- 
low that for a Fredholm pair the projections Py and 1—P, are complementary up to finite- 
dimensional defects, in the sense that Ran(P)) + Ran(1 — P) has finite codimension and 
Ran(P,) n Ran(1 — P) is finite dimensional. Of course, in interesting cases both Ran(Po) 
and Ran(P,) are infinite dimensional. If they are both finite dimensional, then the index 
is simply given by the difference of the dimensions of the ranges, as shown next. 


Proposition 5.2.2. Let Py and P, be two finite-dimensional projections on K. Then (Po, P4) 
is a Fredholm pair of projections with index 


Ind(Po, P,) = dim(Ran(P,)) - dim(Ran(P,)). 
Proof. Consider the linear operator A = P,P, : Ran(P9) — Ran(P,). By the rank theorem, 
dim(Ran(P,)) = dim(Ker(A)) + dim(Ran(A)). 
Moreover, 
dim(Ran(A)) + dim(Ran(A)*) = dim(Ran(P,)), 


where the orthogonal complement is taken in the Hilbert space Ran(P,). Hence from the 
definition of the index, 


Ind(A) = dim(Ker(A)) - dim(Ker(A*)) 
= dim(Ker(A)) - dim(Ran(A)~) 
= dim(Ker(A)) + dim(Ran(A)) - (dim(Ran(A)~) + dim(Ran(A))) 
= dim(Ker(A)) - (dim(Ran(P,)) - dim(Ran(A))) 
= dim(Ran(P,)) - dim(Ran(P;)), 


concluding the proof. 


Remark 5.2.3. Let us suppose, just for this remark, that H = C is finite dimen- 
sional with Krein quadratic form J = diag(1y, -1,) and that Py and P, project on two 
J-Lagrangian subspaces, as defined in Chapter 2. Then 


dim(Ran(Po)) = N = dim(Ran(P4)) 
and hence Ind(Py, P1) = 0 by Proposition 5.22. This remains true in the infinite- 
dimensional setting, see Proposition 9.4.7. o 
The most elementary example of a Fredholm pair arises as follows: 


Proposition 5.2.4. Let Py and P, be two projections such that P, — Py € (3€) is compact. 
Then (Pp, P4) and (P,, Po) are both Fredholm pairs of projections. 
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Proof. Set Ay = PoP,Po : Ran(Py) — Ran(Po) and A, = P,PoP, : Ran(P;) > Ran(P;,). 
Then 


Ag = Po + Po(Py — Po)Po = Lgancp,) + Po(P1 — Po)Po 


is a compact perturbation of the identity on Ran(P9) and hence a Fredholm operator 
(with vanishing index). Hence Ker(A) c Ker(Ag) is finite dimensional. Similarly, A, is a 
Fredholm operator so that also Ran(A) > Ran(A,) has finite codimension. Hence (Pp, P) 
is a Fredholm pair. For (P,, Po), one argues in the same way, namely exchanges P, and 
P, in the above. 


Remark 5.2.5. In general, it is not true that the Fredholm property of (Po, P4) implies 
that also (P4, Py) is a Fredholm pair. Let us illustrate this with an example on an infinite- 
dimensional Hilbert space of the form H e K. Two projections are given by 


2) 
0 1 

A= 
(; a 


is surjective, namely Ran(A) = Ran(P). As Ker(A) = {0}, A is Fredholm and therefore 


(Do, P4) is a Fredholm pair (with vanishing index). On the other hand, PP = 0 and 
therefore (P4, Po) is not a Fredholm pair. o 


Then 


Ran(Po) 


Next let us come to some basic properties of Fredholm pairs of projections. First 
of all, Fredholm pairs have a natural transformation property under invertible linear 
maps, namely if (Po, P4) is a Fredholm pair of projections and T € G(H) an invertible 
operator, then (TP)T~1, TP,T~') is a Fredholm pair of projections and 


Ind(TP4T 5, TP,T !) = Ind(Py, P,). (5.10) 
Secondly, one has the following concatenation formula for the index of Fredholm pairs. 


Proposition 5.2.6. Suppose given three projections Po, P, and P, such that (Py, P4) isa 
Fredholm pair and P, — P4 € K(H) is compact (or vice versa). Then also (P,P ) and 
(Po, P2) are Fredholm pairs and 


Proof. By Proposition 5.2.4, (P4, P5) is a Fredholm pair. Now consider the equality 
P»Po = (P)? bg = P»P,Po + P4(P; — P,)Po = (PP1)(P1Po) + P,(P, — P,)Po, 


as operators from Ran(P 9) to Ran(P5). Then (P;P4)(P4P9) : Ran(P9) — Ran(P2) is a con- 
catenation of two Fredholm operators with index given by Ind(Po, P4) + Ind(P,, P»). As 
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P,(P, — P4)Pg is compact by hypothesis, also P,P, : Ran(Py) — Ran(P;) is a Fredholm 
operator with the same index by Theorem 3.3.4. 


Next let us show a stability result for the index of Fredholm pairs. 


Proposition 5.2.7. Lett € [0,1] — P(t) and t € [0,1]  P4(t) be norm-continuous 
paths of projections such that (P(t), P4(t)) is a Fredholm pair for every t € [0,1]. Then 
t € [0,1] + Ind(Po(t), P4(t)) is constant. 


Proof. Itis clearly sufficient to prove local constancy of the index. Hence let us fix some 
to € [0,1] and consider the paths 


B()-1-P(0-Pj(t) te [01], j-01 


As the set of invertibles is open in B(H), there exists a neighborhood N of tọ such that 
Bj(t) is invertible for t € N. Consequently, the restrictions C(t) = Bj(O nanc, (p) map 
Ran(P;(t)) bijectively onto Ran(P;(to)). Thus 


Ci (t) « Py(t) » Colt) ™ : Ran(Po(to)) — Ran(P(to)), 
are Fredholm operators with index 
Ind (C,(t) » P,(t) » Co(t) ^) = INd(Pi(t)|pancp, (5) = MA(Po (t), P3(0), 


where the last step is the definition. On the left-hand side, one has the index of a path 
of Fredholm operators on the same Hilbert space, which is constant by Theorem 3.3.4. 
Thus also the index on the right-hand side is constant in t. 


If two projections with compact difference are sufficiently close to each other, then 
one can actually construct a path of Fredholm pairs connecting the pair to a trivial pair. 


Proposition 5.2.8. Let Py, P, € B(H) be projections with Py — P, € K(K) satisfying 
[Po - Pall < I1 - 24". 


Then there is a path t € [0,1] +» (Pg, P4(t)) of Fredholm pairs with P,(1) = P, and 
P,(0) = Po. Along this path the index vanishes. 


Proof. The path is constructed just as in Proposition 4.3.2 in [23]. Let us set 


M = ‘a 2P9)(1 - 2P4) + I 


Then 1 - M = (1- 2P))(P, - Po) = (Pp - P4)(1 - 2P,) is a compact operator. Moreover, by 
hypothesis this operator satisfies |1 — M|| < 1. Therefore M = 1- (1 - M) is invertible 
with inverse given by the Neumann series. Furthermore, one has PM = PoP, = MP, so 
that Pj = MP,M ^. Now set 
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M,-ü-0M-«t-1-ü-0-M) te [0,1], 


and P,(t) = M,P,M; 1, This is a path of projections connecting P,(1) = P, to P,(0) = Po, 
and one has that Py — P4(t) = (Pg — P4) - (P,(t) — P4) € K(H) because 1 - M, € K(H). By 
Proposition 5.2.4, one concludes that indeed (Po, P;(t)) is a Fredholm pair. The last claim 
follows from Proposition 5.2.7. 


The construction in the proof of Proposition 5.2.8 leads to another important result 
on the lifting of paths of idempotents that is at the root of numerous arguments later on. 
It does not pend on Fredholm properties. 


Proposition 5.2.9. Lett c [0,1] — P, bea path of projections. Then there exists a path 
t € [0,1] + M; of invertibles such that 


P, = M,P)M,. 


Proof. Let us begin by setting 


M, = 50 2Po)(1 2P,) + 51 


As above, 1 - M, = (Po - Pj)(1 - 2P,) so that |1 — My || < ||Po — Pilll1 — 2P;||. As t — P, is 
norm continuous, this implies that M, is invertible for t sufficiently small, say t € [0, t; ]. 
Therefore t € [0,4] — M; and t € [0,6] => M; ! are both continuous and, as in the 
proof of Proposition 5.2.8, one has P, = M;P9M, 1 Also note that My = 1. Next one can 
start out with the path t € [t4,1] — P, and construct in the same manner at, > ti 
and a path t € [t,,t,] +» Mj such that P, = M;P,(Mj) * and M; = 1. By replacing, 
one gets P, = MiM, Py(M1M, ) *. Thus setting M, = M;M, for t € [t,,t,] completes 
the construction on the interval [0, t5]. Iterating the procedure a final number of times 
completes the proof. 


Next let us turn to formulas for the index of a Fredholm pair of projections. The in- 
dex of a Fredholm operator can be computed by the Calderon-Fedosov formula given in 
Theorem 3.3.7, provided that some trace class conditions hold. The following statement 
spells this out for a Fredholm pair of projections. 


Proposition 5.2.10. Let Py, P, € B(H) be projections and n € N such that 
Po - PyP,P, € L"(Ran(Po)), | P4 - P,P9P, € C" (Ran(Py)). 
Then (Po, P4) is a Fredholm pair of projections, and for all m > n one has 


Ind(Po, Py) = Tr((Po — P9P,P9)") — Tr((P, — P4PoP4)"). 
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Proof. Let us apply Theorem 3.3.7 to the operator A = P;Polrancp,) : Ran(Po) — Ran(P) 
with pseudoinverse B = PoP;lranp,) : Ran(P;) — Ran(Po). Due to the hypothesis, Theo- 
rem 3.3.7 then implies that A is Fredholm with index 


Ind(A) = Tr((Pp — PoP Po)™) — Tr((P, — P,P9P4)") 


for all m > n. By Definition 5.2.1, this implies that (Po, P,) is a Fredholm pair with the 
same index. 


One way to reformulate Proposition 5.2.2 is to state that, for finite-rank projections 
Py and P}, 


The right-hand side not only makes sense if P, and P, are finite dimensional, but also 
if Py — P, is a trace class operator. The following result shows that then Tr(P,) — P4) is 
indeed equal to the index, actually under the even weaker assumption that some power 
of P, — P, is trace class. This provides yet another formula for the index of a Fredholm 
pair of projections. 


Theorem 5.2.11. Let (Ps, P4) bea Fredholm pair of projections. If the operator (Py —P,) 
is trace class for some integer n > 0, then for all k > n, 


Ind(D,, P,) = Tr((Py - Py)***"). 
Proof. Firstlet us note the following algebraic identities: 
Py - P9P,P, = Po(Py — P4)P, = Po(Po - P4? Py = Po(Py — P4)? = (Po — P4)? PS. 
Therefore, 


(Po - PyP,Pg)"*! = (Po - PoP Po) (Po - PoP1Po) 
= (Po(Py — P)? P5) (Po(Po ~ Pi)Po) 
= Po (Po - P (Po - Py)Po 
= Po (Py — P4) 1 py, 


In particular, the trace class condition on (Pp — P;)***! implies that (Py — PyP;Pp)**? is 
trace class. This holds for all k > n. Similarly, one can deduce 


(P, - PyPpP,)*** = Py(P, - Po)" p, 


and verify the trace class property of (P, — P PP)“. Now by Proposition 5.2.10 and the 
cyclicity of the trace, one has 
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Ind(Py, P,) = Tr(Pp(Py - P)" P) - Tr(P; (P; - PP) 
= Tr(Po(Py — P4) **1 — p, (p, — py) 
= Tr(Po(Py — P4)! + p (p, - p, 1) 
= Tr((Pp + Py)(Py - Py)(Py — P3"). 
It remains to show 
Tr((Po + P1) (Po — Py)(Po — P4) = Tr((Pp - P,)"**"). (5.12) 


Note that 


(Py + P,)(P - P1)(Po - P1)” - (Po - p^ 
= (B,Py - P9P,) (P - Py)" 
= (PP, - P1) - (Po - P)P4) (9, - P, 
= PP, - i)? - (Po - Py)Pi(Po - Pi) 


As in the last line both summands are trace class, (5.12) now follows from the cyclicity 
of the trace. 


Based on Theorem 5.2.11, one can derive integral formulas for the index of a pair of 
projections which is due to Phillips [148]. They directly lead to formulas for the spectral 
flow in Section 5.6. 


Theorem 5.2.12. Let (Po, P,) bea Fredholm pair of projections on H such that (Py —P,)?^*! 
is trace class for some integer n > 0. For Qg = 1 -2P and Q, = 1 - 2P, consider the linear 
path t € [0,1] + Q; = Qo + t(Q4 — Qo). Then for all integers k > n, 


1 
Ind(Py,P,) = c | dt Tr((2,Q),(1- 05), 
0 


where, with (2k + 1)! = (2k + 1)(2k -1)---3-1, 


1 
T 2k kon 


Proof. One directly checks 
(0,Q), = (Po — P;) 
and 


1- Q = t1 - 0(0, - Q)? = 4t - (Py - Py)”. 
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Hence (0,Q),(1- Q»* is trace class by assumption, and thus 
1 1 
k k 

Jara xa - o^) = | ame -PUCE - ÉP - 2^) 
0 0 

1 

-2.4% | dt(t — 2)" ind(Py, P.) 
0 


1 
Z | ds(1 - s?) Ind(Ps, P), 
-1 


where the last step follows after the change of variables s — 2t — 1. The value of the 
integral can be computed and gives the constant Cx. 


5.3 Fredholm pairs of orthogonal projections 


In this section, unless otherwise stated, all projections are supposed to be orthogonal, 
namely to be self-adjoint idempotents. Let us begin by proving two results that reformu- 
late the definition and give a geometric interpretation of the index of a Fredholm pair 
of orthogonal projections. 


Proposition 5.3.1. Let Py and P, be orthogonal projections on 3€. Then (Po, P4) is a Fred- 
holm pair if and only if 


PoPyPp +1-—Py and P,PoP,+1-P; 
are Fredholm operators on K. If (Po, P4) is a Fredholm pair, then 
Ind(Pp, P,) = dim(Ker(P,P,P,) + 1- Po)) - dim(Ker(P,P)P, 1 — P4)). 


Proof. This follows directly from Theorem 3.4.1 applied to the operator A of Defini- 
tion 5.2.1, after complementing A*A and AA* to operators on all of K. 


Proposition 5.3.2. Let Py and P, be orthogonal projections on K. Then (Pg, P4) is a Fred- 
holm pair if and only if 

(i) the linear span Ran(Po) + Ran(1 - P4) = Ran(Po) + Ker(P;) is a closed subspace; 

(ii) Ran(P9) n Ker(P,) is finite dimensional; 

(iii) Ran(P,) n Ker(P9) is finite dimensional. 


The index Ind(P, P4) of the Fredholm pair is then given by 


Ind(Pp, P4) = dim(Ran(P9) n Ker(P,)) - dim(Ran(P,) n Ker(Py)). 


138 —— 5 Fredholm pairs and their index 


Proof. First of all, let us note that Ran(P,) and Ran(P,) are closed subspaces and thus 
Hilbert spaces. Now by Definition 3.2.1, the operator A = P,P) : Ran(Py) — Ran(P4) isa 
Fredholm operator if and only if 


Ker(A) = Ran(P,) n Ker(P4) 
is finite dimensional, 
Ker(A*) = Ran(A)* = Ran(P,) n Ker(Po) 
is finite dimensional, and Ran(A) = Ran(P,Pj) is closed. Now 
Ran(Po) + Ran(1 - P4) = Ran(1 - P4) e Ran(P,Pp), 


where e denotes the orthogonal sum. Thus Ran(59)  Ran(1 — P4) is closed if and only 
if Ran(A) = Ran(P,P,) is closed by Lemma 5.3.3 below. Therefore A is indeed a Fred- 
holm operator if and only if (i), (ii), and (iii) hold. Furthermore, by definition, the index 
Ind(D,, P4) = Ind(A) = dim(Ker(A)) - dim(Ker(A*)) is given by the formula claimed. 


Lemma 5.3.3. Let P be a projection (not necessarily orthogonal) and € c Ker(P) as well 
as 3 c Ran(P) subspaces. Then € + 3 is closed if and only if € and 3 are closed. 


Proof. Suppose that € + F is closed. Let (0,),.4 be a convergent sequence in € with limit 
@ c K. It is then also convergent in € + F and therefore ġ € € + Fas € + F is closed. 
But Pó = lim Pd, = 0 so that @ € Ker(P) and thus ¢ € €. Similarly, one checks that F is 
closed. For the converse, let (¢,) nen be a convergent sequence in € + F. Then (Poy) new 
and ((1— P)9, cy are Cauchy sequences in F and €, respectively. As F and € are closed, 
(POn)new converges in F and ((1— P)9,),. y converges in € and hence also the sequence 
On = Pon + (1— P)ọn converges in € + F. 


It follows directly from Definition 5.2.1 that for a Fredholm pair (Po, P1) of orthogo- 
nal projections also the pair (P4, Po) is Fredholm (because then the corresponding Fred- 
holm operators are A and its adjoint A*, respectively) and that one has 


Ind(P9, P4) == Ind(P}, Po). 


Moreover, by Proposition 5.3.2, (1- P, 1-P;) is Fredholm if and only if (P), P4) is Fredholm 
and then 


Ind(1 = Po, 1 = B1) = Ind(P,, Po). 


Finally, it follows from Proposition 5.3.2, or alternatively from (5.10), that for every 
Fredholm pair (Py, P4) of orthogonal projections and any unitary operator U, also 
(UP, U*, UPĻU*) is a Fredholm pair of orthogonal projections with index 
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Ind(UP)U*, UP,U*) = Ind(Po, P,). (5.14) 


Generalizing the unitary conjugation, one can also consider the natural action (5.7) of 
invertibles on orthogonal projections. 


Proposition 5.3.4. Let (Py, P4) be a Fredholm pair of orthogonal projections and further- 
more let T € G(H) be invertible. Then (T - Py, (T~')* - P4) isa Fredholm pair of orthogonal 
projections with the same index. Moreover, 


dim(Ran(T - Py) n Ker((T !)' - P,)) = dim(Ran(29) n Ker(P)) 
and 
dim(Ran((T !)' - P4) n Ker(T - Py)) = dim(Ran(P,) n Ker(Py)). 
Proof. For any orthogonal projection P, one deduces from the definition of T - P that 
Ran(T.P)-TRan(D, Ker(T.P)- (r2 Ker(P), 


see the argument after equation (5.7). The Fredholm property of (T - Py, (T ))* - P4) is 
checked by verifying the three conditions (i)- (iii) stated in Proposition 5.3.2. One has 


Ran(T - Py) + Ran(1- (T3) - P;) = Ran(T - P) + Ker((T 3) - P) 
= T Ran(Po) + T Ker(P4) 
= T(Ran(Po) + Ker(P,)), 


showing that this is a closed subspace because T is invertible. Moreover, 


Ran(T - Py) n Ker((T !) - Py) = (T Ran(D)) n (T Ker(P,)) 
= T(Ran(P)) n Ker(P;)), 


which has the same finite dimension as Ran(Po) n Ker(P). In the same way, 


Ran((T !)' - P4) n Ker(T - Po) = (T~’) (Ran(P,) n Ker(Po)), 


implying all remaining claims. 


One may wonder if for a Fredholm pair (Po, P4) of orthogonal projections and an 
invertible T € G(H) the pair (T - Py, T - P4) is Fredholm. In general, however, this is not 
true as is shown by the next example. 


Example 5.3.5. For a fixed grading H = H’ e H’ where H’ is an infinite-dimensional 
separable Hilbert space, let us set 
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ae Ded 
2M 1 5\-2 4 0 1 


Then Ker(P,P,) = Ker(P,) and Ran(P,P,)) = Ran(P,), and therefore (Pp, P;) is a Fredholm 
pair. Moreover, 


Ran(T - Po) = span bg Ran(T - P3) = span E : 


This shows T - P, = 1- T - Py and therefore (T - Po, T - P4) is not a Fredholm pair. o 


The following aim is to give a spectral theoretic approach to Fredholm pairs of or- 
thogonal projections. As a preparation for the proofs, let us present a set of algebraic re- 
lations satisfied by two projections (which need not be orthogonal). They can be traced 
back to Kato [112], see also [49] and [18]. 


Lemma 5.3.6. Let Py and P, be projections. Set 
Ro = 1- Po - Py, Ry = Po - Py. 


Then the following identities hold: 


RÊ +R? =1, RoR, = —R,Rp. (5.15) 
Moreover, 
RoPo = P;Ro; RoP, = PoRo; 
R,(1- Po) = PR, R,(1- B4) = PoR; 


RP) = PQRL, RoRi(1— Po) = PoRoRt. 
Proof. Multiplying out, one finds 
R? =1- Py - P, + PoP, + P,P, 
and similarly 
Ri = Py + Py — PoP; — P4Py. 


Adding this up, leads to the first identity. The others are also verified by straightforward 
algebraic computations. 


The identities of Lemma 5.3.6 lead to interesting spectral information of P, — Py and 
P4 + Po, stated in terms of Rọ and R4. 
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Proposition 5.3.7. Let Py and P, be orthogonal projections and Ry and R, as in Lem- 
ma 5.3.6. Then for j = 0,1, the spectrum spec(Rj) of R; lies in [-1, 1] and satisfies 


spec(R) V {-1,1} = -(spec(R;) V (-1,1)). 
Moreover, for any A € (—1,1], 
dim(Ker(R; - A1)) = dim(Ker(R; + 41)). 


Proof. Let us focus on j = 1. The proof for the case j = 0 is the same as only the relations 
(5.15) are used and they are symmetric in the indices. The inclusion spec(R,) c [-1, 1] 
follows from Rt =1- Ri < 1. The symmetry of the spectrum can be shown using Weyl 
sequences, namely if (R4 - A1)¢, — 0 for A € (-1,1) and a sequence of unit vectors 
(On) n>1 then, by the identity RR, = —R, Rp of Lemma 5.3.6, one has (R4 - A1) R99, — 0. As 
R29, = (1-22)0, - (R2—2?1)0, by the first relation of (5.15) and (R2-2?1)0,, — 0, it follows 
from |A| < 1that ||Ry@,|| = c for some constant c > 0 and n sufficiently large. Hence 
(R,+A1) Ted > Qand ( TR )n>1 İs a Weyl sequence for —A. Finally, set H} = Ker(R,—A1). 
Then by the same identity Ry(H(,) c H_, and Ry(H_y) c Hy. As Rolac, = (1 — 271], by 
the identity R2 = 1- Ri in (5.15), it follows that Rọ is an isomorphism from 3€; to 3€ ; for 
any value A ¢ (-1, 1}. 


Now the main spectral theoretic result for the index of a Fredholm pair of orthogo- 
nal projections can be stated and proved. 


Theorem 5.3.8. Two orthogonal projections Py and P, form a Fredholm pair if and only 
if +1 are not in the essential spectrum of the operator Py — P4. Then 


Ind(D,, P4) = dim(Ker(P, - P, — 1)) - dim(Ker(P) - P, + 1)). (5.16) 


Proof. Recall that (Po, P,) isaFredholm pair if and only if A : Ran(P9) — Ran(P,) defined 
by Ad = P,Po@ for ó € Ran(Po) is a Fredholm operator. 

Let 1 be in the essential spectrum of Py — P4. By Proposition 3.4.7, there is a singular 
Weyl sequence ($,),., such that (Py — P, - 1)¢, — 0. Then (,|(Py — P,)9,) 1, thus 
|P99,l — 1 and ||P,¢,|| — 0. Therefore y, = i has norm 1, converges weakly 
to 0, and P9P,Poj,, — 0, which shows that 0 € spec, (A" A) by Proposition 3.4.7. By 
Theorem 3.4.1, this is a contradiction to the Fredholm property of A. Therefore (Po, P) 
is no Fredholm pair. Similarly, -1 € spec, (P — P4) implies 0 € spec,,,(AA*) and, again 
by Theorem 3.4.1, this is a contradiction to the Fredholm property of A, thus (Pp, P4) is 
no Fredholm pair. 

Conversely, let +1 be not in the essential spectrum of the operator P, — P4. By the 
spectral radius theorem, one has Py - P, = B +F where F is of finite rank and, moreover, 
(e - 1)1 x B < (1- e)1 for some e > 0. As 


PgP4Py = Po(1 - (Po - P1))Po 
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= —PFPo + Po(1- B)Po 
> —PoFPo + €Po, 


this implies 0 € spec,,,(A*A). Analogously, one has P,P9P, > P,FP, + eP} and conse- 
quently 0 ¢ spec,,,(AA*). By Theorem 3.4.1, this implies that A is Fredholm and (Pp, P4) 
is a Fredholm pair. 

It remains to show (5.16) if (Pp, P4) is a Fredholm pair. The kernel of a sum of two 
nonnegative operators is the intersection of their kernels. Therefore 


= Ker(P,) n Ker(1 - Po) 
= Ker(P,) n Ran(P,). 


Similarly, Ker(Po — P, + 1) = Ker(Po) n Ran(P,), and this implies the claimed identity due 
to Proposition 5.3.2. 


Remark 5.3.9. Proposition 5.3.7 and Theorem 5.3.8 allow giving an alternative proof of 
Theorem 5.2.11 for orthogonal projections. Under the hypothesis that (By pj)! is trace- 
class, the spectrum of (Pj — P,)***! = R? consists of eigenvalues accumulating only 
at 0. By Proposition 5.3.7 and because 2k + 1 is odd, this spectrum is symmetric and the 
eigenspaces H} and H_, have the same dimension for A € (—1, 0,1} which, moreover, is 
finite. Thus by Lidskii's theorem, 


Tr(py-P)7)- YW dimo) 
Aespec(Py—P,) 
= Y PM (dim(H) - dim(H_,)) 


Aespec(Py—P,), 
A>0 


= Ind(Po, P4), 
where the last equality follows from Theorem 5.3.8. o 
Let us also provide a slight generalization of Theorem 5.2.11 going back to [56]. 


Proposition 5.3.10. Let (Po, P4) be a Fredholm pair of orthogonal projections such that 
Py) — 4 € K(KH) is compact and let f : [-1,1] —^ R bea continuous odd function such that 
f (1) = Land such that f (Py — P4) is trace class, then 


Proof. Recall from Proposition 5.3.7 that 


spec(P, - P4) V (71,1) = -(spec(Py - P) V {-1,1}) 
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and 
dim(Ker(Py Pi = A1)) = dim(Ker(P, = Pi T. 21)) 
for any A € {-1, 1}. Therefore, by the same argument as in Remark 5.3.9, 


Tr(f (Po — P4)) = (dim(Ker(P, - P, - 1)) - dim(Ker(P, - P, + 1))) 
= Ind(Pp, P4), 


where the last step follows from Theorem 5.3.8. 


Based on Proposition 5.3.10, one can also express the index of a pair of projections as 
an integral similar as in Theorem 5.2.12, but under weaker hypothesis. Combined with 
the results of Section 5.6, this leads to integral formulas for the spectral flow of paths 
between Fredholm pairs of symmetries. In the following, functions f : [0, co) — [0, co) 
of the form f(x) = x "e** forr > 0 ando > 1are considered. These functions are 
defined to be 0 at x = 0. 


Proposition 5.3.11. Let Py, P, € P(H) be orthogonal projections such that the operator 
T 

exp(-((Dy - py 1) is trace class for some 0 < q < 1. Then (Ps, P4) is a Fredholm pair of 

projections and for Qy = 1 — 2P, and Q; = 1 — 2P; the linear path 


€ [0,1] +> Q; = Qo + t(Q1 - Qo) 


is within the Fredholm operators. Moreover, 


ES 


Ind(,, P,) = 


1 
[acm (4,9, - Q2) "e *- 9» *) 
0 


rq 
forr = 0, where 


1 
m 
S | du(i-w)yTe &5 *. (517) 
E 


1 
Proof. First of all, let us note that e- (P»-7)5 * is trace class and, in particular, compact 
so that Py — P, € K(H) is compact. Thus (Po, P4) is a Fredholm pair and Q, is Fredholm 
for all t € [0, 1]. Now recall from the proof of Theorem 5.2.12 that (0,Q), = 2(Pg — P4) and 
1- Q? = 4t(1 - t)(Pp - P)". Thus 


M E me 
e 0-90 i (e (P»-99^) uen Li 


1 
is trace class as (4t(1 — t)) 4 > 1for t € (0,1) while it trivially is trace class for t € (0, 1}. 
One obtains 
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1 
[ «190.8 - 997€ 97) 
0 


1 
ot 
= [amo P,)(4(t - t”)(Py pj) ! g EED) Es 
0 


For t € (0,1), the function f, : IR — R defined by 


44 
fx) = 2x(4(t - 12) x2) Pex?) i 
is odd and f, (P, — P) is trace class. Thus by Proposition 5.3.10, 


Tr(f. (Dy — P4)) = f. (1) Ind (P), P4) 


and therefore 
1 T 
[ «mto9xa - e) "e 9*) 
0 
1 
= | dt f,(1) Ind(Pp, P) 
0 


1 
(1 
= Ind(Pp, P4) | dt 2(4(t EN P) 4-6» q 


0 
1 1 
= 23-9 
= Ind(Po, P;) | quar). e c 
A 


where the last step follows from the change of variables u = 2t—1. Dividing by C, q shows 
the claim. 


Theorem 5.3.8 has several other consequences. The first gives an important criterion 
for a pair of projections to be a Fredholm pair with vanishing index. 


Proposition 5.3.12. Let Py and P, bea pair of orthogonal projections on KH. If 
[Po - Pill < 1, 


then (Pg, P4) is a Fredholm pair and Ind(Pp, P4) = 0. 


Proof. This follows immediately from Theorem 5.3.8 because the hypothesis implies that 
+1 are not in the spectrum of Py — Py. 
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One can go beyond Proposition 5.3.12 and show that ||P} — P,|| < 1 implies that there 
exists a unitary V such that VP,V* = P, and VP,V* = Pp, see Proposition 5.5.6. The next 
consequence is a characterization of the Fredholmness of a pair of orthogonal projec- 
tions that is often used as the definition of a Fredholm pair. 


Corollary 5.3.13. Two orthogonal projections Py and P, form a Fredholm pair if and only 
if the norm of their difference in the Calkin algebra is less than 1, 
IC; -Polo <1. 

The following characterization of the Fredholmness of a pair of orthogonal projec- 
tions is another direct consequence of Theorem 5.3.8. 
Corollary 5.3.14. A pair of orthogonal projections (Po, P4) is a Fredholm pair if and only 
if 

Po = n = B zs F, 


where B, F are self-adjoint operators on «K, |B|| < 1 and F is of finite rank. 


Proof. If Py - P, = B +F, then (Po, P4) is a Fredholm pair by Theorem 5.3.8. 

For the converse, set P, = X441;(Po - P4). Then define F = P, — P_ which is of finite 
rank and B = (1- P, - P )(Py - P(1 - P, — P ) for which |[B|| < 1. One directly checks 
that P, - P4 = B +F. 


Next let us strengthen Proposition 5.2.6 on the concatenation of Fredholm pairs. 


Proposition 5.3.15. Suppose given three orthogonal projections Po, P, and P, such that 
Iz GP9) ^ CP4)lo *- (P1) - 7G) o < 1. Then (Po, P1), (Py, P2) and (Po, P2) are all Fredholm 
pairs and 


Proof. By Corollary 5.3.13, (Po, P4), (P4, P2), and (Po, P5) are Fredholm pairs. Therefore, 
by definition P;P; : Ran(P;) — Ran(P;) is Fredholm for i,j € {0,1,2} with i > j and 
Ind(P;, P;) = Ind(P;P)). Thus, by item (iii) of Theorem 3.3.4, 


where P»P,P, : Ran(P9) — Ran(P5) is Fredholm by item (i) of Corollary 3.3.2. Then (5.18) 
is equivalent to 


which is, again by Corollary 3.3.2, equivalent to 
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As 


[7 PoP2P1Po) - (Plo < EPP - Pole 
< |n (P5P3) - z(Pi)lo + |z) - T(Po)llq 
< P) - (P) + [Pd -Pdl « 1, 


there is a compact operator K : Ran(Pg)  Ran(P9) such that 
|PoP,P,P, +K — Poll < 1. 


This implies that P9P,P4 P, +K — Pg + Po : Ran(Pg) — Ran(Po) is invertible and therefore 
Ind(P9P3P4Pg) = Ind(PoP2P;Pp RE K) = 0. 


Remark 5.3.16. It is not sufficient to suppose that (Po, P4) and (P4, P5) are Fredholm 
pairs, because then (Po, P3) is not necessarily a Fredholm pair. Indeed, let us set 


1 0 1/1 1 0 0 
P, =1 dede aL =1 
o el Jj 1 es ;) ? el D 


acting on ¢7(IN) @ C^. One directly checks ||P} - P,| = ||P; - Pll = 4 < 1, thus (Po, P4) 
and (P4, P5) are Fredholm pairs by Corollary 5.3.13. But ||7(Po — P5)lo = 1 and therefore 
(Po, P5) does not form a Fredholm pair, again by Corollary 5.3.13. o 


Even though a Fredholm pair (Po, P1) with compact difference P, —P, is only a special 
case, it nevertheless appears often, as in the following situation: 


Proposition 5.3.17. Let H9, H4 € IFIB, (9€) be two self-adjoint bounded Fredholm opera- 
tors such that the difference H, — Hy € K(H) is compact. Then the spectral projections 
Py = x(Họ < 0) and P, = x(H, < 0) form a Fredholm pair with compact difference 
P4 — Po € K(9€). 


Proof. Because Hy and H; are Fredholm, and therefore 0 ¢ spec. (Ho) U specs, 1,) by 
Corollary 3.4.4, 0 is not an accumulation point of X = spec(Hg) U spec(H4). Therefore 
X(-00,0)lz : & — {0,1} is a continuous function on the compact domain X and one has 
P4 - Po = XCoslg H1) 7 Xo oo,o)lz (Hg). AS 


H'-H'-H(HF!-HE).(HQ-HQHES n22, 


D(H4) - p(Hg) is compact for any polynomial p : C — C. As the set of compact operators 
IK(3€) is a closed subset of the set of bounded operators B(H) and the polynomials are 
dense in set of continuous functions on compact domains, we see that h(H4) — h(Hp) is 
compact for every continuous function h : X — C. In conclusion, P, - Py € K(H) is 
compact and therefore (Po, P4) is a Fredholm pair by Corollary 5.3.13. 
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In Remark 5.3.16, the orthogonal projection P, is obtained from P, by a rotation of 
less than a right angle. The following result states that, inversely, one can always rotate 
one of the orthogonal projections of a Fredholm pair to attain a Fredholm pair with 
compact difference. 


Proposition 5.3.18. Let (Po, P4) bea Fredholm pair of orthogonal projections. Then there 
exists apatht e [0,1] + P,(t) oforthogonal projections such that (Po, P4(t)) is a Fredholm 
pair for all t € [0,1], P4(1) = P, and Py — P,(0) is compact. 


Note that by Proposition 5.2.7, t € [0,1] +» Ind(Po, P4(t)) is constant along this path. 
The proof of Proposition 5.3.18 starts out with a special case. 


Proposition 5.3.19. Let (Po, P4) be a pair of orthogonal projections satisfying the bound 
Po — P4I| < 1. Then there exists a path t € [0,1] +> P, of orthogonal projections connecting 
Po with P, such that (Po, P,) is a Fredholm pair for allt € [0,1]. 


Proof. (This uses the construction after Proposition 4.6.6 in [23].) Let Q) = 1 - 2P and 
Qı = 1- 2P; be the two associated symmetries and then set 


R = QoQ; + Q,Q, = 21 - 4(Py - Py)’. 


Then one has [R, Q9] = 0 = [R, Q4]. Let a = ||P) — Pill < 1. Then -21 < (2- 4a’)1< R<21 
so that 1+ AR > 0 uniformly in A € [0, a Therefore one can set 


Q, = (1+ Reos( Ze) sin( Ze) (o. cos( Ze) + Qı sin( Ze)}, t € [0,1]. 


Clearly, Q; = Q, and computing the square shows Q = 1, so this is a path of symmetries 
which, indeed, connects Qo and Q4. Set P, = ia — Qj). To verify the Fredholm property 
along this path, let us compute 


1 

2 

(P, - Pp)’ = 11- 3 (1+Reos( Ze) sin( Ze) (2cos( Fe) +Rsin( Ze) ) 
2 4 2 2 2 2 


The right-hand side is merely a function of the self-adjoint operator R. Hence the norm 
is bounded by the maximum of the function 


1 
72 
f(t.r)- 1 - ; + reos( Zt) sin( Ze) ) (2 cos( Ze) + rsin( Ze) 
2 4 2 2 2 2 
on the rectangle [0,1] x [2 — 4a’, 2]. One finds 


1 
sup f(t,r) =f(Lr) = a 
te[0,1] 
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so that ||P, — Py|| x a uniformly in t € [0,1]. By Proposition 5.3.12, this implies that (Po, P;) 
is a Fredholm pair for all t € [0,1]. 


Proof of Proposition 5.3.18. Let us set Kg = yq (Pg — P1) and Ki = y( 4 (Po - Py) which 
are finite-dimensional orthogonal projections satisfying KK; = 0. For @ € Ran(Ko), one 
has Pod = $ and P409 = 0 so that Ran(Ky) is left invariant by both P, and P,. The same 
holds for Ran(K;). Then consider H’ = H e (Ran(K,) e Ran(K4)) and the restrictions 
Po = Polgc and Pj = Pils. By construction, P, and P; are orthogonal projections on H’ 
satisfying ||P, — P;|| < 1. Let Pj(t) be the path of orthogonal projections on +’ given by 
Proposition 5.3.19. Finally, set P,(t) = P(t) e Kı which is an orthogonal projection on H. 
The pair (Po, P4(t)) is Fredholm and satisfies the claim. 


The next aim is to lift the path of Proposition 5.3.19 by generalizing Proposition 5.2.9 
in the following manner. 


Proposition 5.3.20. Lett < [0,1] — P, be a path of orthogonal projections. Then there 
exists a path t € [0,1]  U, of unitaries such that 


P, =U; Pol. 
Proof. The operator M, used in Proposition 5.2.9 satisfies M,Pọ = P,M, so that also 
P)M; = M; P,. Therefore P, = M,P,(M,) ! and Py = M; P,(M;) ! so that upon replacing 
also 


* -1 * 
P, = (MM; ) P((M,M; ). 


This implies P, = (M,M;')-?P,(M,M,")2. Now set 


Nie 


U,=M; (M.M; ) : 


This is indeed unitary and satisfies the claim. 


Remark 5.3.21. If the path t + P, is differentiable, then there is another standard way 
to obtain the path t + JU, as the solution to Kato's adiabatic time-evolution: 


10,U, = U,1[P;,0,P;], Up - 1. 
Note that :[P,, 0,P,] is self-adjoint so that indeed U, is unitary. Furthermore, one has 


9 (U,P,U; ) = (QU))P,U, + U;(0,P,)U; - UPU Ý (0U) UÝ 
= U,[P, 0,P,]P,U; + Uj(QP))U; — UP: [Pe 0P JU; 
= 0, 


the latter because 0,P, = dP? = 0,P,P; + P,0,P, and P,0,P,P, = 0 for any differentiable 
path of projections. Hence the initial condition implies indeed that P, = U7 PyU,. This 
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argument can be modified to show that there are many possible choices for the path 
t  U,. More precisely, one can modify the adiabatic equation to 


10,U, = U,(1[P,,0,P,] -H,), Up =1, 


where t  H, is an arbitrary path of self-adjoints satisfying [H,, P,] = 0, without spoiling 
the conjugacy relation P, = U; PoU;. o 


Combining Proposition 5.3.20 with Proposition 5.3.19 one obtains the following: 


Corollary 5.3.22. Let Py and P, be a pair of orthogonal projections satisfying the bound 
[Pg — Pill < 1. Then exists a path t € [0,1] — U; of unitaries such that for P4(t) = U; PoU; 
one has P,(1) = P, and P,(0) = Po, and (Pg, P4(t)) is a Fredholm pair for all t € [0,1]. 


As an application of Proposition 5.3.18 let us prove a statement on the connected 
components of Fredholm pairs of proper orthogonal projections: 


FPP(¥H) = ((Dg, P4) Fredholm pair : dim(P;) = dim(1- Pj) = oo}. (5.19) 


The result is the equivalent of Theorem 3.3.5 for Fredholm operators. 


Proposition 5.3.23. With respect to the norm topology on B(H) x B(H), the set 
TF,IPP(30) = {(Po, P,) Fredholm : Ind(Po, P,) = n, dim(P;) = dim(1- Pj) = co} 


is connected. 


Proof. Let (Poret Piret) € IF,IPIP(JC) be a fixed Fredholm pair with index n such that 
Poret 2 Piret ifn > 0, Poret € Pire ifn < 0 and Poret = Piret ifn = 0. It will be 
shown that for (Po, P4) € F,.PIP(H) there is a norm-continuous path of Fredholm pairs 
connecting (Po, P4) to (Po reg, P, er). First recall from the proof of Proposition 5.3.18 that 
there is a norm-continuous path of Fredholm pairs connecting (Po, P4) to (Po, P) where 
with respect to the grading 


H = Ran(yay (Po - P1)) e Ran(y, 4 (Po — P1)) e Ran(y 44 (Po - P) 


one has P; = 0616 Py and Py = Poy, 44(P, — Py). In this grading, Po is of the form 
Py = 160 0 Py. Moreover, there is a unitary U € U(H) acting nontrivially only on 
Ran (Xy (Po — P1)) e Ran(y; 4 (Po — P;)) such that P = UP4U* fulfils Py > Pj ifn > 0, 
Po < Pi ifn < 0 and Py = Pi' ifn = 0. As1-U € K(H) is a compact operator, t € [0,1] > 
(Po, U' PL(U*)*) is a continuous path of Fredholm pairs connecting (Po, P1) to (Po, Pj). 
Finally, there isa unitary V € U(H) such that VP) V* = Poret and VP} V* = P; ref. Indeed, 
say for n > 0, one can first rotate P, to P, ref Via a unitary V, namely VP)V* = Po ref; then 
VP1'V* < Po reg; thus one can choose V commuting with P, ret so that VVP}'V*V* = Py ref 
finally, set V = VV. Then t € [0,1] + (V'P)(V‘)*, V!P/ (V)*) is a norm-continuous path 
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of Fredholm pairs connecting (Po, P1’) to (Po refs P; ref). Concatenation of these paths leads 
to a path of Fredholm pairs connecting (Po, P4) to (Po refs Pi rer) (as the index of Fredholm 
pairs is locally constant by Proposition 5.2.7 the path lies in F,, PP(J{)). As the Fredholm 
pair (Pg, P4) € F,,PP(H) was arbitrary, this shows that F,, PP({) is connected. 


Corollary 5.3.24. The path-connected components of FPP(H) are labeled by the index 
map Ind : FPP(H) > Z. 


Remark 5.3.25. Given an arbitrary pair (Po, P4) of orthogonal projections, it is always 
possible to find a path t € [0,1] — P, connecting them. Indeed, there always exists 
a unitary U such that P, = UP)U* (see Proposition 5.1.7) and then one can simply set 
P, = U‘P,(U‘)* where U' is the tth root of U defined by spectral calculus. However, 
along this path, the Fredholm property is in general violated. o 


5.4 Fredholm pairs of symmetries 


Associated to an orthogonal projection P is always a symmetry, that is, a self-adjoint 
unitary, by the formula 


Q-1-2P. 


Definition 5.2.1 therefore naturally leads to the following: 


Definition 5.4.1. Two symmetries Q, and Q, form a Fredholm pair of symmetries if and 
only if P = "el - Qo) and P, = ia — Qi) are a Fredholm pair of orthogonal projections. 
Then the index of the Fredholm pair of symmetries is given by 


Ind(Qo, Q1) = Ind(P9, P1). 


Of course, Fredholm pairs of symmetries are merely a reformulation of Fredholm 
pairs of orthogonal projections, but in some instances below this leads to nicer formulas. 
The first result shows that a pair of symmetries is Fredholm if and only if the sum of this 
symmetries is Fredholm. 


Proposition 5.4.2. A pair (Po, P4) of orthogonal projections is Fredholm if and only the 
operator if Q + Q, is Fredholm, where Qg = 1 — 2P, and Q, = 1 - 2P}. 


Proof. As 
Qo +Q; = 2(1- Po — P,), 
Qo + Q4 is Fredholm if and only if 1 — Py — P, is Fredholm. Moreover, 


(1- Py - Py)” =1- Py — P, + PoP; + P,P) = (1— Pg + P1)(1—P, + Py). 
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By Theorem 5.3.8, (Po, P4) is a Fredholm pair if and only if 1 - Py + P, and 1 - P, + Py 
are Fredholm. Therefore Qg + Q; is Fredholm if (Po, P4) is a Fredholm pair. Conversely, 
if Qo + Q4 is Fredholm, (1 — Po + P4)(1— P4 + Po) = (1 - P4 + P9)(1 - Po + P4) is Fredholm 
by the above. We show that (1 — Py) P4) and (1 — P, + Po) are Fredholm. First 


Ker(1 — Po + P4) C Ker((1 - P; + PY —- Po + P,)) 


is finite dimensional. Analogously, Ker(1 — P, + Pg) is finite dimensional. The range of 
1- P, + P, can be decomposed into a direct sum of two subspaces 


Ran(1- P, + P4) = Ran((1— Po + P4)(1 — P, + Py)) e Ran((1- Py + P1)|Kera—P,+P,))- 


The first summand is closed by the Fredholm property of (1 — Pp + P,)(1- P, + Po), the 
second is finite dimensional. Thus Ran(1 - P, + P;) is closed, and one concludes that 
(1- Po + P4) is Fredholm. Analogously, (1 — P, + Po) is Fredholm. Theorem 5.3.8 allows 
concluding that (Po, P4) is a Fredholm pair. 


Lemma 5.4.3. For symmetries Q and Q4, one has 
Ker(Qo + Q1) = (Ker(Qg - 1) n Ker(Q; + 1)) e (Ker(Qo + 1) n Ker(Q; - 1). 
Proof. If Q) and Q; are expressed in terms of orthogonal projections P, and P,, then 
Ker(Qo + Q4) = Ker(1 - P, - P). 


For some vector $ = $, + ¢ in this kernel such that P994 = $4 and P599, = 0, one has 


(1-P9-P)ó-0 e» 6$-P104- P105 =0 
€»  (1- P6; = P416. 


Hence (1 — P4)9, = 0 = P,0, and therefore 


Ker(Qp + Q4) c ((Ker(Qo - 1) n Ker(Q; + 1)) e (Ker(Qp + 1) n Ker(Q; - 1))) 


As the reverse inclusion is obvious, this implies the claim. 


If Qo and Q; are expressed in terms of Py and P4, then the operators Ry and R; defined 
in Lemma 5.3.6 are given by 


1 
7 Qo). 


1 
Ro =1- (Po + Py) = 5 (Qo + QU. R, = Po - P4 = 
Then the second set of identities of Lemma 5.3.6 becomes 


RoQo = QiRo  R1Qo = -Q,R1, R,Q, = QR» 
RoQ1 = QoRo, R1Q1 =-QoRr, RoRiQo = —QoRoRs. 
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Replacing R, in the formula in Theorem 5.3.8, one finds for a Fredholm pair (Qo, Q4) of 
symmetries 


Ind(Qp, Q1) = dim(Ker(R, — 1)) - dim(Ker(R, + 1)). (5.20) 


This leads to the following further formula for the index of Fredholm pairs. 


Proposition 5.4.4. For a Fredholm pair (Qo, Q4) of symmetries, 


Ind(Qo, Q4) = Sig((Q; — Qo)lxerto,9))- 


Proof. First of all, let us note that Ker(R,) is an invariant subspace for R}. Indeed, if 
@ € Ker(Rg), then, exploring the second identity in (5.15), one finds RyR409 = -R4R99 = 0. 
Moreover, the first identity R + Rt = 1 implies that Ry|xercr,) is nondegenerate. Hence 
the signature of this finite-dimensional operator is well defined. More precisely, one has 


2 
(Rilkerr,)) = Uker(r,)> 


namely Rj|ker(r,) is a symmetry on Ker(Ry). Using again that on the spectral subspaces 
X11 (R1) of R; the projections Py and P, are either the identity or the zero map, one 
obtains 


Ker(R, - 1) = (Ker(Q; - 1) n Ker(Qo + 1)) 
and 
Ker(R, + 1) = (Ker(Q, + 1) n Ker(Qj - 1)). 
By Lemma 5.4.3, 
Ker(Ro) = Ker(R, - 1) e Ker(R, + 1). 


Thus Sig((Q; — Qo) lker(@,+0,)) 1$ given by the difference of dimension on the right-hand 
side of (5.20). 


5.5 Fredholm pairs of unitary conjugate projections 


In many applications Fredholm pairs are explicitly given by pairs of unitary conjugate 
orthogonal projections, namely given in the form (Pg, P4) = (P, U* PU) with a unitary 
operator U. Conversely, if Py and P, are both proper, namely have infinite-dimensional 
range and kernel, then they are always unitarily equivalent, as Proposition 5.1.7 shows. 
Hence many of the results of the last two sections transfer to this case, but sometimes 
take a slightly different form worth noting, in particular for the context of applications. 


5.5 Fredholm pairs of unitary conjugate projections —— 153 


Let us begin rewriting the Fredholm condition in this situation, which follows directly 
from Proposition 5.3.1. 


Corollary 5.5.1. Let Py and P, = U* PyU be orthogonal projections on H. Then (Po, P4) is 
a Fredholm pair if and only if 


PQU'PQUP, *1- Py and PQUPQU'" P, +1- P, 
are Fredholm operators on K. If (Pg, P4) is a Fredholm pair, then 
Ind(Ppo, P4) = dim(Ker(P)U* Py UP, +1- Po)) = dim(Ker(PoUPgU " Po +1- P)). 


Note that the Fredholm property of Py)U*P)UP) + 1 - Pp is not sufficient for 
(Po, U* PU) to be a Fredholm pair. This can be shown by considering H = H’ @ C? 
for an infinite-dimensional separable Hilbert space H’ and setting 


1 0 0 
Py=1e{0 0 0 
0 0 0 


Then by Proposition 5.1.7, there is a unitary U € U(H) such that 


1 
P,-U'PQU =10| 0 
0 


or © 
oo oo 


One directly checks that PU" PypUP)+1-Py = 1is Fredholm but P,P) P,+1-P, = Py+1-P, 
is not Fredholm. Therefore by Proposition 5.3.1, (Pp, U* PoU) is not a Fredholm pair. 

In many situations one has the property that [P, U] is compact. This does, however, 
not necessary hold for every Fredholm pair (P, U* PU), as shows the following remark. 


Remark 5.5.2. This elaborates on Remark 5.3.16. Let 


1 0 1/1 1 
P,=1 , Pee Tee 
el o) 1 es i) 


act on £'(N) e C?. Then P, = U* PSU for the unitary operator 


1/1 1 
U =18 — > 
ral 2) 


and, by Remark 5.3.16, (Pp, P4) is a Fredholm pair. On the other hand, neither the com- 
mutator [U, Po] nor Py — P, is compact. This generalizes as follows: Let Py and P, be two 
orthogonal projections such that P4 = U* PSU for a unitary U. As 


Po - Py = Py —U"PoU = U" [U, Po], 


the difference P, — P, is compact if and only if [U, Py] is compact. o 
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Proposition 5.5.3. Let P be an orthogonal projection and U € U(H) unitary. Then 
(P, U* PU) is a Fredholm pair if and only if PUP + 1 — P is Fredholm and in this case 


Ind(P, U* PU) = Ind(PUP +1- P). 


Proof. Let us set T = PUP & 1- P. Then, by Corollary 5.5.1, (P, U* PU) is a Fredholm pair if 
and only if PU* PUP +1- P = T*T and PUPU*P +1- P = TT* are Fredholm, which is, by 
Theorem 3.4.1, equivalent to the Fredholm property of T. Moreover, by the expression 
for the index given in by Corollary 5.5.1, 


Ind(P, U* PU) 
= dim(Ker(PU* PUP +1- P)) - dim(Ker(PUPU" P +1 - P)) 
= dim(Ker(T*T)) - dim(Ker(TT")). 


As Ind(T) = dim(Ker(T* T)) - dim(Ker(TT*)), this implies the claim. 
The following corollary is a consequence of Proposition 5.3.15. 

Corollary 5.5.4. (i) Suppose given an orthogonal projection P and furthermore two uni- 
taries U,,U, € U(H) such that |z([U;, P])lo + lz([Uz, Uy PU;])lg < 1 holds. Then 


(P, UŤ PU,), (Ut PU,, (U,U,)*PU,U,), and (P, (U,U;)' PU U) are all Fredholm pairs 
and 


Ind(P, (U,U;)' PU,U;) = Ind(P, U; PU,) + Ind(Uj PU}, (U,U;)" PU,U;). 


(ii) Let P € B(H) bean orthogonal projection and U € U(H) unitary such that for some 
n e IN and all k € (0,...,n — 1} one has |([U, P])lo + Iz (U^, Plo « 1. Then 
(P, U* PU), (D, (U*)"PU"), and (P, U"P(U*)") are Fredholm pairs with index 


Ind(P, (U*) PU") = nInd(P, U* PU) = - Ind(P, U"P(U*) ). 
Proof. To show (i), note that P — U* PU = U*[U, P] and therefore 
|n (P - uU" PU)|e = [ATU Pll 
for any orthogonal projection P € IB()€) and unitary U € U(H). Hence 
IP - Ur PU; |o + |t PU, - (U,U5)' PUU) < 1. 


and the claim follows from Proposition 5.3.15. 

Because [Iz ([U, P])llo + Ir (U^, U"PUDIlg = lim, PDllo + (IU, Plo < 1, the 
first part of this corollary implies that (P,U*PU), (U'PU,(U")'pU**», and 
(P, (U*)*! pu**!) are Fredholm pairs and 


k+1 k+1 


Ind(P, (U*) ^ PU'*) = Ind(P, U* PU) + Ind(U*PU, (U*) ^ PU**?), 
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As Ind(U* PU, (U*)K*!pu**) = Ind(P, (U*)' PU", it follows iteratively that 
Ind(P, (U*)"" pu***) = (k +1) Ind(P, U* PU), 


which implies the first claim. The claim on Ind(P, U"P(U*)") follows by exchanging the 
roles of U and U*. 


The following is merely a reformulation of Proposition 5.2.10 and Theorem 5.2.11. 


Proposition 5.5.5. Let P € B(H) be an orthogonal projection, U € U(H) unitary, and 
n € IN be such that 


P — PU* PUP e £"(Ran(P)), P- PUPU*P e £"(Ran(P)). 
Then (P, U* PU) is a Fredholm pair of orthogonal projections, and for all m > n one has 
Ind(P, U* PU) = Tr((P — PU*PUP)"") — Tr((P — PUPU* P\™). 


If (P,U* PU) is a Fredholm pair of orthogonal projections and (P — U* PU)" *! is trace 
class for some integer n’ > 0, then for all m' > n', 
Ind(P, U* PU) = Tr((P - U*PU)"" *'). 


Proof. As the property P - PUPU*P e £"(Ran(P)) is equivalent to U* PU — U* PUPU* PU 
lying in £"(Ran(U* PU)) and 


Tr((P — PUPU* P)) = Tr((U* PU — U* PUPU* PU) ), 


Proposition 5.2.10 implies the first claim. The second claim directly follows from Theo- 
rem 5.2.11. 


From the formula in Theorem 5.3.8, one can directly deduce the next result (taken 
from [18]). 


Proposition 5.5.6. Let (Py, P4) be a Fredholm pair of orthogonal projections. There exists 
a unitary V € U(H) such that 


VPV“ =P, and VPV“ = Po 


if and only if Ind(Pp, P4) = 0. 


Proof. If such a V exists, then V(Py - PV* = P, - P, and thus, by Theorem 5.3.8, 
Ind(P,, P4) = 0. 

Conversely, let (Po, P4) be a Fredholm pair with vanishing index. As above, define 
P, = yug (Po - P4). As Ind (Pg, P4) = 0, Ran(P,) and Ran(P_) have the same dimensions by 
Theorem 5.3.8, there is a unitary operator U, : Ran(P,) — Ran(P ). Then the operator 
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V, : Ran(P,) e Ran(P_)  Ran(P,) e Ran(P_) defined by Vo(o, + 9.) = Uj d_ + Uo, 
for ġ, € Ran(P,) and ġ_ € Ran(P_) is unitary. Let V denote the partial isometry in the 
polar decomposition 1 — Py — P, = V|1— P, — P,| of the operator 1— P, — P4. Then also the 
restriction V; = Vipana—p,—p,) : Ran(1 - Po — P,) > Ran(1- Pp - P) is unitary. Note that, 
by Lemma 5.43, Ran(1 - Py - P4) = H e (Ran(P,) e Ran(P_)). As 1— Py - P, and Py - P, 
anticommute, 


V(By - P1) -(P,-P)Y and V(By-« P4) = (Po t+ PV, 
thus 
VPQ-P,V and YVP,-BV. 
One directly checks that 


VP V* =P, and VP V“ = Po 


hold for V = V; e V. 


5.6 Spectral flow of linear paths between Fredholm pairs 


This section collects several formulas connecting the index of Fredholm pairs of orthog- 
onal projections to a spectral flow. Let us begin with an expression of the spectral flow 
of the linear path connecting two symmetries that form a Fredholm pair by the index of 
this Fredholm pair. 


Theorem 5.6.1. For any Fredholm pair of symmetries Qo, Q4 on K, one has 
Sf(t € [0,1] 5 (1- t)Qo + tQ,) = Ind(Qy, Q,). (5.21) 


Proof. The operators H, = (1— t)Qo + tQ, are Fredholm. Indeed, H, = Qo + t(Q4 - Qo) 
is for t € [0, " a perturbation of an operator Qo with spectrum (-1, 1}. As the Fredholm 
condition of the pair (Qo, Q4) is equivalent to |zt(Qg — Qll < 2 by Corollary 5.3.13, it 
follows that H; has its essential spectrum bounded away from 0 for t € [0, j. Further- 
more, for t € [5.1] one can write H, = Q4 + (1— t)(Qp — Q4) so that the same argument 
applies. Moreover, H, is invertible except possibly at t — 1. The derivative at this point 


is 
OH il -1 = Qi 5 Qo. 
Hence the crossing form at t = 1 is 


T : Ker(H:) > Ker(H1), T's) = (6|(Q; - Q)¢), 


NIE 
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and its signature is equal to the spectral flow by Proposition 4.3.6 which applies because 
the crossing was shown to be regular in the proof of Proposition 5.4.4. But, by Proposi- 
tion 5.4.4, this signature is precisely the index of the Fredholm pair (Qo, Q,) of symme- 
tries. 


Let us stress that in the earlier works [207, 148, 84], the equality (5.21) was only 
shown under the hypothesis that Q — Q4 is compact (or equivalently that the associ- 
ated orthogonal projections have a compact difference P, — P4). Next recall from Propo- 
sition 5.1.7 that, given two proper symmetries Qg and Q4, it is always possible to find 
a unitary U € U(H) such that Q, = U* QgU. For this situation, one thus obtains from 
Proposition 5.5.3: 


Corollary 5.6.2. For a Fredholm pair of symmetries Qy = 1 — 2P) and Q4 = 1 - 2P on K 
and a unitary U such that Q, = U* QU, one has 


Proof As P, = U*PU, the claim directly follows from Theorem 5.6.1 and Proposi- 
tion 5.5.3. 


Combined with Theorem 5.2.12, one also deduces the following formula for the spec- 
tral flow which is similar in spirit to Proposition 4.3.12. 


Corollary 5.6.3. Let (Qo, Q,) be a Fredholm pair of symmetries such that (Qg — Q,)"*! is 
trace class for some integer n > 0. Then for the linear path t € [0,1] + Qi = Qo*t(Q41—-Qq) 
and any k =n, 


1 
sf(t € [0,1] > Q,) = fa Tr((2,0),(1- @2)"), (5.22) 
0 
with Cx given in (5.13). 
Similarly, also Proposition 5.3.11 leads to a formula for the spectral flow, see [56]. 
Corollary 5.6.4. Let (Qo, Q4) be a Fredholm pair of symmetries on H such that the oper- 


ator exp(-((Qg — Q3 3) is trace class for some 0 « q x 1. Then the path 


€ [0,1] + Q; = Qo + HQ, - Qo) 


satisfies 


ES 


Si(t € [0,1] + 0) = c 


1 
[acm (49,1 Q2) " e*- ") 
0 


X 


forr > 0 and where Cra is given in (5.17). 
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5.7 Spectral flow formulas for paths with compact difference 


Section 4.3 already presented a quite diverse selection of formulas for the spectral flow. 
Here further formulas are provided, all based on the results of the last Section 5.6. First 
let us generalize Theorem 5.6.1 to linear paths connecting two invertible self-adjoint op- 
erators (instead of symmetries) with compact difference. 


Corollary 5.7.1. For self-adjoint invertible operators Hy, H4 € B(H) such that the differ- 
ence H; — Hy € K(H) is compact, one has 


Sf(t € [0,1] 5 (1- t)Hy + tH,) = Sf(t € [0,1] 5 (1— t)Qo + tQ4) 
= Ind(Qy, Q4), 


where Qi = H;|H;| is the unitary phase of H; for i = 0,1. 


Proof. (Some elements are similar to the proof of Proposition 5.3.17.) As H; — Hy is com- 
pact, (1 — Hg + tH, = Hg + t(H4 — HQ) is Fredholm for all t € [0,1] by Corollary 3.2.3. 
Moreover, h(H,) — h(Hg) is compact for every continuous function h : £ — C where 
X = spec(Hy) U spec(H;). As 


H'-H'-H(HF!-HE)(HQ-HQHES n22, 


D(H4) — p(Hg) is compact for any polynomial p : C — C. As the set of compact op- 
erators K(H) is a closed subset of the set of bounded operators B(H) and the polyno- 
mials are dense in the set of continuous functions on compact domains, we see that 
h(H,) — h(Hg) is compact for every continuous function h : spec(Hg) U spec(H,) > C. 
Therefore (t, s) € [0,1] x [0,1] > (1- Ho |H,"  tH,1H| is a continuous homotopy of 
Fredholm operators. By Theorem 4.2.2, 


Sf(t € [0,1] > (1— t)Hy + tH) 
= Sf(s e [0,1]  HolHo| ^) 
+ Sf(t € [0,1] 5 (1 - OHgIHg| + €H,IH;I 1) 
- Sf(s € [0,1] ^ H1H,| ^). 


As 
s € [0,1] => Hg]Hg| ^ and se[0,1] 5 HH? 


are paths of invertibles and therefore the spectral flow along these paths vanishes, and 
HolHol™ = Qo and H, |H, |" = Q;, one has 


Sf(t € [0,1]  (1- t)Ho + tH,) = Sf(t € [0,1] 5 (1- t)Qo + tQ,). 


The remaining claim follows from Theorem 5.6.1. 
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Similar as Corollary 5.6.2 is a special case of Theorem 5.6.1, one can now state Corol- 
lary 5.7.1 for the special case of paths with unitary equivalent endpoints. 


Corollary 5.7.2. For a self-adjoint invertible operator H € B(H) anda unitary U € U(H) 
such that the commutator [H, U] € K(H) is compact, one has 


Sf(t e [0,1] > (1- OH + tU* HU) = Ind(PUP +1 - P), 


where P = x(H x 0) is the orthogonal projection onto the negative spectrum of H. 


Proof. ASH - U* HU = [H,U"]U is compact, 


Sf(t e [0,1] > (1- OH + tU* HU) 
= Sf(t e [0,1] > (1- (1 - 2P) + tU* (1— 2P)U), 


by Corollary 5.7.1. Now the claim follows from Corollary 5.6.2. 


The next result is the starting point for many applications, e. g., all of Chapter 10. It 
also considers a situation similar to Corollary 5.7.2, namely paths with unitary conjugate 
endpoints, but does not require the paths to be linear. The result goes back to the work 
of Phillips [148] with precursors like Wojciechowski [207], see also [70]. 


Theorem 5.7.3. Let t € [0,1] 5 H, be a norm-continuous path of self-adjoint operators 
with invertible endpoints Hy and H; such that H, — Hy is compact for all t € [0,1] and 
H, = U' HoU. If P = x(Hp x 0), then 


Sf(t € [0,1] > Hj) = Ind(PUP +1- P). 
In particular, one has for the linear path connecting 1 — 2P and U* (1 - 2P)U, 
Sf(t € [0,1] > (1- t)(1 - 2P) + tU" (1 - 2D)U) = Ind(PUP +1- P). 


Proof. First H4- Hy = U* HoU -Ho = U* [Hg, U] € K(9€) is compact by assumption. Thus 
[Ho, U] € K(H) is compact and, by Corollary 5.7.2, 


Ind(PUP +1 — P) = Sf(t € [0,1] 5 (1— €)Hg + tU* HU). (5.23) 
The homotopy h : [0,1] x [0,1] > B(H), 
h(t, s) = (1— S)H, + s((1 - 0)H + tH), 
is within the Fredholm operators as h(t,s) = Hg + (1 - s)(H, — Hy) + st(H, — Hg) and 
(1 - S)(H, - Ho) + st(H, - Ho) is compact for all (t,s) € [0,1] x [0,1]. As A(0, s) = Hp and 


h(1, s) = H; for all s € [0,1], Theorem 4.22 implies 


Sf(t € [0,1] > H,) = Sf(t € [0,1] > h(t, 0)) 
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= Sf(t e [0,1] > (t, 1)) 
= Sf(t € [0,1] 5 (1- Hg + tU* HoU), 


which by (5.23) implies the claim. 


Let us give an elementary example illustrating some of the above facts. 


Example 5.7.4. Let H = eZ) with orthonormal basis |n}, n € Z. Introduce the symme- 
try 


Qo = Y In) ql - Y in (i. 
n20 n«0 
Furthermore, let S be the left-shift on H given by S|n) = |n — 1). For k € IN, choose 
U = (S*)* and set Qy = (S*)* QoS. Now, roughly stated, Q; has k less positive eigen- 
values than Qo. This difference between infinities is taken into account by the spectral 
flow. Calculating the spectrum on the straight line path H; = (1- t)Qg + tQ, € FB;,(H) 
explicitly shows 


Sf(t € [0,1] 5 H,) = =k. 


Alternatively, (0,H), = Qk — Qo = —2P, where P, is the finite-dimensional orthogonal 
projection on the span of |n), n = 0,..., k — 1. Then by Proposition 4.3.12, 


Sf(t € [0,1] 5 H,) = 


NIe 


1 
| dt Tr(g’(H,)(0,H);) = -k, 
0 


where g is a smooth nonnegative function of integral 1 which is supported in the gap of 
the essential spectrum of H, for all t € [0,1]. o 


The Fredholm operators in Theorem 5.7.3 often appear as the result of an even in- 
dex pairing between a K,-class specified by P (e. g., of the C*-algebra generated by Ho) 
and a graded Dirac operator, see Section 10.1 for a detailed description. Section 10.1 also 
describes odd index pairings and the following result can be interpreted as an odd (or 
dual) analogue to Theorem 5.7.3, namely an index formula for paths of unitaries with 
conjugate endpoints by a self-adjoint conjugation operator. It will use the notion of spec- 
tral flow of paths of normal operators as given in (4.14). 


Theorem 5.7.5. Let t € [0,1] — U, be a path of unitaries such that U, — Ug is compact. 
Suppose that there is a self-adjoint unitary G such that U, = GU)G. If E = x(G = 0), then 
EU)E + 1- E is a Fredholm operator with index given by 


Ind(EUSE +1- E) = Sf(t € [0,1] > Re(W,)), (5.24) 


where W, = GU,Uy is unitary. 
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Proof. To show that the spectral flow is well defined, first note that U,Uj -1 = (U,-Uy)U5 
is compact by hypothesis, so that W, — G is compact and so is Re(W,) — G. Moreover, 
Wy = G = Re(Wy) and W; = UjGU; = Re(W,) are both self-adjoint, and one has 
Re(W,) = UyRe(W)U,. Thus Theorem 5.7.3 can be applied to t € [0,1] 5 H, = Re(W,). 
There are now two sign changes in the index pairing involved, one because E is the 
spectral projection onto the positive spectrum of G and one because Uj is on the left- 
hand side in Re(W,) = UoRe(Wo)Ug (while P is the negative spectral projection of Ho 
and H, = U* HoU in Theorem 5.7.3). This concludes the proof. 


The spectral flow of unitaries appearing on the right-hand side of (5.24) inherits 
natural homotopy invariance properties. For example, choosing UgU; G instead of W, 
is another natural choice giving a different path connecting G and U9GUj . The choices 
GU, Uy and Uj U;G reverse the path and thus the sign of the spectral flow. A standard 
choice oft e [0,1] + U;leadingto a path t € [0,1] + GU,U, from G to U5GU, , expressed 
merely in terms of Up and G, is given by 


U; = Us exp( =e -1+ tUs v1) )6. 


As explained in [70], this path leads to a K-theoretic interpretation of Theorem 5.7.5. 

The next set of results generalizes the formula given in Corollary 5.6.3. The proofs 
are based on Singer’s idea to use closed 1-forms [183] which in this context was further 
developed in the work of Getzler [96] and more thoroughly in the works of Carey and 
Phillips [55, 56]. The latter two papers contain more general versions of the next results. 
More precisely, these works require fewer summability assumptions and also deal with 
the case of semifinite spectral flow discussed in Chapter 11. 


Proposition 5.7.6. Let (Qo, Q1) be a Fredholm pair of symmetries on H connected by a 
path t € [0,1] + Q; € B,,(#) such that (Q, — Qy)*""" is trace class for some integer n > 0 
and the path is continuously £2"*'-differentiable. Then one has for any k > n, 


1 
Sf(t € [0,1] > Q,) = c Ja Tr((0,9),(1 - Q2), (5.25) 


with C; given in (5.13). 


Proof. Let £2"*1(5() denote the set of self-adjoint operators in the (2n + 1)th Schatten 
ideal £2"*1(9(). Then consider the set M = Qg + LH) as a manifold with tangent 
space TM = £2"*1(4(). By assumption the path t € [0,1] — Q, lies in M and is differ- 
entiable with derivatives (0,Q), lying in £4 (30). Let us introduce a 1-form a; on M by 
setting 


a. 900 = c mea -Qy XeTM,QeM. (5.26) 
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Note that a; (X) is real because it is given by the trace of a product of two self-adjoint 
operators. The integral on the right-hand side of (5.25) is by definition the integral of a, 
over the path t € [0,1] + Q,. To show the claim (5.25), it will be verified that this integral 
of ay over a path is invariant under changes of the path inside M with fixed endpoints, 
or alternatively that it vanishes on closed curves. This will follow by adapting a standard 
argument. Let us first show that the form a, is closed, namely that one has 


O,ls- oC, g+sy (X) = O,ls- o, osx (Y), X,Y e TM. 


This follows from a computation based on the Leibniz rule, 0,|,-9(Q + sY)? = QY + YQ 
and the cyclicity of the trace: 


Cisl ott asy 0D = 2 eo Tr(X(1 - (Q + sY)’)*) 


= E Tr(X( - ^) (ov + voa - o7) 


-- yw Tr(¥(1- Q2) (ox + xoya - Q^) 
= Ckôsls-0đk,ọ+sx (Y ). 


Now given that a, is closed, one can deduce that the integral of a, over a closed curve 
vanishes. This can first be shown for rectangles lying in a two-dimensional plane 
spanned by two vectors X, Y € TM, by transposing Pirkheimer's proof of the Goursat 
lemma. Then one can deduce it by the usual approximation arguments for an arbitrary 
differentiable curve in M. Let us stress that the argument only requires that the deriva- 
tives of a; exist (and neither their continuity nor the exactness of the form which in the 
present situation is given, but not when the above argument is applied in the proof of 
Theorem 7.2.2 later on). Therefore the right-hand side of (5.25) equals the integral of aj, 
over the linear path connecting Qg to Q, which, by Corollary 5.6.3, equals the spectral 
flow of the linear path connecting Qg to Q4. As Qo — Q, is compact for all t € [0,1], the 
claim follows from the homotopy invariance of the spectral flow. 


Remark 5.7.7. The 1-form defined in (5.26) satisfies a, = dB, where, for an arbitrary 
fixed point F’ € M = Qg + £2 (30), the 0-form f; p : M — C is defined by 


k 


1 
Be = c- | ATOPA- FH") 
0 


where F, = F' + t(F —F’) is the linear path between F' and F. This is merely the Poincaré 
lemma for the 1-form a, which holds globally in all of M. This can be verified by an 
explicit computation as the one in the proof of Proposition 5.7.6 which we provide for 
the convenience of the reader. The claim a; = df, p explicitly means 
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dsls-0bkr (F + SX) = ap, X € TM. 
To verify this, let us set 
F,(s) = (1-r)F' +r(F + sX), 
so that 0,F,(s) = rX and 0,F,(s) = F + sX - F', as well as F, = F,(0). Then 


Cy9s|5-0P KE" (F + SX) 


1 
= às | dr Te((F + sX - P) - F9) 
0 


1 


7 | dr[Tr(X(1—F2)") + a4, 9 TH((F - P) - E. ())))]. 


0 


The derivative is computed as above, using the Leibniz rule and the cyclicity of the trace, 


dsls-0 Tr((F - F')(1 - F,.GY))) 


k-1 
=- Ý Tr((F-F’)(1- Pa, SF. (80 - FA’) 
1-0 
SS PoP ZEYOE + EXE) 
l=0 
=-r Xm Tr(X(1- FA ^ (E -P)«(-rPy)a-5m) 


= rd, Tr(X(1- F2) ^t 


By replacing, one finds 
1 
k k 
CiO,l ofi p (E + SX) = | dr[Tr(X(1- F2) ) + ro, Tr(X(1 - F2) )] 
1 


is [rTr(X(1—F2)*)] 


= Tr(x(1- F^)) = Ca, p(X), 


which shows the claim. o 


In the following, Proposition 5.7.6 will be further generalized to paths for which the 
endpoints are not necessarily symmetries. The following object is needed. 
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Definition 5.7.8. Let Fy € B,,(5() be a base point satisfying F2 — 1 € £2"*1(5() for some 
n € IN. Then for an invertible F € M = Fy + £2"*1(4() with phase Q = sgn(F) set 


k 


1 
BD)» c- [amma - FH"), 
k 0 


where t +> F, =F + t(Q - F) is the linear path from F to Q and k 2 n. 


Theorem 5.7.9. Let t € [0,1] + F, € B,,(H) be such that 
O =e £2" (60, 

(ii) F,- Fy e c2? (90, 

(iii) the path t + F, is continuously £2"*1-differentiable. 


Then one has for any k 2 n, 


k 


). 


1 
Si(t € [0.1] ^ Fy) = fF) - Belo) + = | aeTa( (QF), (4 - Fe) 
k 
0 


Proof. First of all, note that 


By (Fo) = | a, PF) = | ak, 
[Fo;Q0] [F,01] 


where [F;, Q;] denotes the straight-line path from F; to Q; = sgn(F;) for j = 0,1 (these 
paths lie in M). Moreover, let (Qo, Q1] denote the path t € [0,1] 5 Q; = Qo + t(Q4 - Qo) 
from Qo to Q; (attention: Q, is not equal to sgn(F;)). Then the path t € [0,1] + F, is 
homotopic to [Fo, Qo] * [Qo. Q1] * (—[F;, Q1]) where -[F4, Q,] denotes the reversed path 
of [F4, Q,]. As the paths [Fo, Qo] and [F,, Q4] lie in the invertibles, there is no spectral flow 
along them. Hence by the homotopy invariance ofthe spectral flow and Proposition 5.7.6, 


Sf(t € [0,1] 5 F;) = Sf(t € [0,1] > Q;) 


|a 


[09.01] 
= | Gr + | Gr + | Ak, 
[QoFo] [te[0,1]>F;] [FLQ] 


where in the last step the closedness of the 1-form a; was used in order to deform the 
integration path. The middle term is precisely the integral in the statement, which is 
hence verified. 


Remark 5.7.10. The essential ingredient of the proof of Theorem 5.7.9 is Corollary 5.6.3. 
Itis possible to carry out a similar reasoning based on Corollary 5.6.4. This is carried out 


5.8 Spectral flow as sum of indices of Fredholm pairs —— 165 


in the work of Carey and Phillips [56]. If the statement is then applied to the bounded 
transform of paths of self-adjoint Fredholm operators with compact resolvent, one 
obtains, after the change of variables connected to the bounded transform, a proof 
of Theorem 7.2.2, namely the equivalents of the boundary terms f,(F) become the 
n-invariants. o 


5.8 Spectral flow as sum of indices of Fredholm pairs 


In this section, it is shown how the spectral flow of an arbitrary norm-continuous path 
t € [0,1] — H; of bounded self-adjoint Fredholm operators can be expressed as a sum 
of indices of Fredholm pairs of orthogonal projections. The outcome is Proposition 5.8.2 
below. As a preparation for the statement, the following lemma is needed. 


Lemma 5.8.1. For every H € FB,,(H) thereis a > 0 anda neighborhood Nj; a c IFBA) 
such that S +> y; 4 4)(S) is a norm-continuous finite-rank projection-valued function on 
Ni o, (7 (S), P^ (H)) is a Fredholm pair, where P^(A) = y(o,)(4) for every self-adjoint 
Fredholm operator A, and 


Ind(P*(S), P^(H)) = Ind(xio aj (S), Xto,4) (H)) 


for all S € Nya 


Proof. By Lemma 4.1.1, there is a neighborhood N of H and a > OsuchthatS yp 44)(S) 
is a norm-continuous finite-rank projection-valued function on N. By construction (see 
the proof of Lemma 4.1.1), the function S ^ X(a;ooy (S) is norm-continuous on XN. Define 
Niza as 
Nina = {s cN: IXa) (H) — X(a.co) (S)|| < 1}. 

As S +> Yaeo)(S) is norm-continuous on N, this is a neighborhood of H. Then de- 
fine Niza as the connected component of Nga containing H. It remains to show that 
(P* (S), P^ (H)) is a Fredholm pair with index Ind(yio 4 (S), Xto, (H) for all S € Nya As 
P*(H) = Xia (H) + Xaco) (A) and, similarly, P^(S) = Yt, 4(S) + X(aoo) (S), where yi q(H) 
and yj, (S) are compact, 

Ix (2^ an - P"(S))lo = [rtüraoo (D -Xalo 

ES Kao (HD) - Xa) S)| «1. 
Therefore, by Corollary 5.3.13, (P^(S), P^ (H)) is a Fredholm pair. Its index equals the 
index of P^ (H)P*(S)|pan(p=(s) : Ran(P^(S)) > Ran(P^ (H)) by Definition 5.2.1. Thus 
Ind(P*(S), P^(H)) = Ind((Yto.aj (H) + X(aco)(A))(X0,q) (S) + X aco) (S))) 
= Ind(¥jo,a}(F)X 0,4) (S) + X10,q)(A)X aco) (S) 
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+ X(a,co) (HXio,a] (S) + X(a;co) (HY (aco) (S)). 


As the second and third summands in the last expression are compact, Theorem 3.3.4 
implies 


Ind(P*(S), P^(H)) = Ind(X{0,q)(H)X qoa] (S) + Xa. oo) DX (aco) (5). 
By Corollary 3.3.2, this implies 
Ind(P" (S), P^(H)) = Ind(yto a (H)y(o,4,(5))  Ind(y( c5 (H)X(, (S). 


where X[0,a] (Dro, (S) : Ran(yioaj (S)) =x Ran(y(oj (H)) and X(a,co) (HY (a,c) (S) : 
Ran(¥(aoo)(S)) ^ Ran(y(,5, (T)) are Fredholm operators. Again by Definition 5.2.1, 


Ind(P*(S), P^(H)) = Ind(yjoa (S), Xq,4 H)) + Ind(Y( 5.) (S), X (aco) ()) 


follows. By definition of Ng o IXa) (FD) - X(aco)(S)Il < 1 which, by Proposition 5.3.12, 
implies 


Ind(y( co; (S). X(a.co) (H)) = 0. 


Therefore Ind(P" (S), P^ (H)) = Ind(¥{o,)(S),X{o,q) (H)), finishing the proof. 


By compactness, it is possible to choose a finite partition 
0=to<t <- < tya <ty=1, (5.27) 
of [0,1] and a4, > 0, m = 1,..., M, such that 
t € [ty t4] 9 A; 


lies entirely in the neighborhood Ny, of H, , defined in Lemma 5.8.1. 


E 


Proposition 5.8.2. For a partition 0 = ty < t; < --- < ty 4 < ty = 1as above, one has 


Sf(t € [0,1] + H,) 


M 
= ; dim (Ker(#)) + Y Ind(P^(H, ),P*(H,..)) - ; dim(Ker(Hj)). 


m=1 


Proof. By Lemma 5.8.1, 


pz 


"M 


Ind(P^(H, ), P^(H,. .)) = Ind(P; 


Antm? 


for all m = 1,2,...,M where P; t = Xioa„ (Hj. AS Pz , and P; , , are finite- 
dimensional, 
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Ind(P* 


Anstm? 


hz 


ána 


) = dim(Ran(P;, , )) - dim(Ran(P; , .)) 
= Tr(P; , ipd abad 
- Tr(P; , -P3 , )-*dim(Ker(H, ))- dim(Ker(H, .)) (528) 


daba 7 dl 


by Proposition 5.2.2. By Definition 4.1.2, 
= 1 > < > < 
Sf(t e [0,1] 5 H;) = 5 Y TP, iP. Pas LPs a). 


AS t € [t 4, tm] — H; lies entirely in the neighborhood Nu, va, Of H;,,, one concludes 
that the path t € [ty 4, tm] > TrX\-a,,,a,,)(Ht)) is constant. Therefore 


Tr (Pitna) cT P.) 
= Tr(P;. t) + dim(Ker(H, )) - Tr(PZ t) - dim(Ker(H,. ,)) 


mtm a, 


and 
Sf(t € [0,1] Hj) 


1% i , 
xS 2 (Tr(2P;, t, -2P; ¢,,) + dim(Ker(H, )) - dim(Ker(H,. .))) 
m- 


I 
ME 
mi 
p= 
a) 
BV 
A 


sa) - dim(Ker(H, )) + dim(Ker(H,. .)) 


zt | dim(Ker(H,. jja z dim(Ker(H,,)) 


p: ds 
- x Ind(P, , Pita) ; dim(Ker(H, )) + ; dim(Ker(H,,,)) 
1 d z NN 
- ; dim(Ker(Hy)) + Y Ind(P^(H, ),P"(H,..)) - ; dim(Ker(H;)), 
m=1 


where the second step follows from (5.28). 


5.9 Relative Morse indices and spectral flow 


The Morse index of an invertible self-adjoint matrix is defined as the number of negative 
eigenvalues. It is a standard object in Morse and stability theories as it is used to deter- 
mine the qualitative behavior of flow lines of gradient flows on Riemannian manifolds 
close to rest points. It is possible to define the Morse index for self-adjoint Fredholm 
operators H € FB} (H) with positive essential spectrum as the same object. However, 
for a self-adjoint Fredholra operator H € FB% (H) having both positive and negative 
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essential spectrum, there is no interesting definition of the Morse index itself. It is, how- 
ever, possible to define a relative Morse index for a pair Hy, H, € FB (J£) with compact 
difference H; - Hy € K(¥H) (namely, Ho and H; are Calkin equivalent). Indeed, due to 
Proposition 5.3.17, the following definition is justified. 


Definition 5.9.1. For self-adjoint bounded Fredholm operators Ho, H, € IFB,4(9C) with 
compact difference H; — Hy € K(H), the relative Morse index is defined by 


Ure (Ho, H1) = Ind(Po, P), 


where P, = Y(H, < 0) and P, = 7(H; < 0). 


Let us list the basic properties of the relative Morse index which are all directly 
inherited from properties of Fredholm pairs and their index. Hence even though there 
is little extra mathematical content, this allows summarizing all these properties in a 
compact form (moreover, in the language of relative Morse indices that may be more 
familiar to some readers). 


Proposition 5.9.2. Let Hy, H4, H, € IFIB,(9€) be such that the differences H, — Hy and 
H, — H; are compact. 

G) One has ura(Ho, Hy) = -Hre (Hi, Ho). 

(i) The relative Morse index is additive in the sense that 


Ux (Ho, H2) = Usa (Ho, H1) + uya (Hy, H2). 
(iii) Let R € B(H) be invertible, then 
Ure (Ho, H1) = ug (R* HoR, R* HB). 
(iv) If H; is positive semidefinite, then 
Ure (Ho, Hy) = t- (Hp), 


where the Morse index L (H4) is defined in (4.6). 

(v) Lett € [0,1] 5 H, € FB,,(H) and t € [0,1] > H; € IFIB, (90) be norm-continuous 
paths of invertibles such that H, - H} € (9€) is compact for all t € [0,1]. Then 
t € [0,1] > Hra (Hi, H;) is constant. 


Proof. The first claim follows from the remark after Lemma 5.3.3. Item (ii) is a direct 
consequence of Proposition 5.3.15 and (iv) follows from Definition 5.2.1. Claim (v) is im- 
plied by Proposition 5.2.7 because t € [0,1] > y(H; < 0) and t € [0,1] + y(H; < 0) are 
norm-continuous paths of orthogonal projections with compact difference. It remains 
to show (iii). Let us set R, = U|R|-* where U = R|R| ! is the unitary phase of R, then 
Ry = R, R, = U and, moreover, R; HoR, and R; H4R, are Calkin equivalent for all t € [0,1]. 
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Because t € [0,1] 5 dim(Ker(R; HoR,)) and t € [0,1] + dim(Ker(R; HoR,)) are constant 
t c [0,1] + y(RŽHoR, < 0) and t € [0,1] > Y(R? H4R; < 0) are norm-continuous paths 
of orthogonal projections with compact difference. Hence, by Proposition 5.2.7, 


la (R" HoR, R HR) = Ua (U" HoU, U* H,U) = Ure (Ho, H1), 


where the last equality follows from the fact that the relative Morse index is invariant 
under conjugation by unitary operators by (5.14). 


The relative Morse index can be used to give an alternative description of the spec- 
tral flow in Theorem 5.9.6 below, as put forward in [84]. It is based on the following fact 
for which we provide an alternative proof. 


Theorem 5.9.3. Associated to t € [0,1] 5 H, € FB,,(H) are norm-continuous paths of 
invertibles t € [0,1] — M, € B(H) and self-adjoint compacts t € [0,1] > K; € K(H) such 
that 


M;HM, = Q+K;, (5.29) 


where Q is a symmetry. If Hg is invertible, one can choose Ky = 0. 


Proof. Suppose that the partition (4.2) and a,, > 0 are chosen such that the spectral 
projections t € [t 4, tm] > Pant = X a, a, (He) are norm-continuous and finite dimen- 
sional, see (4.3). Then let us set 


H; = Poco, t Ho Hio = Pa tHe Ay, = Pao, Ht 

where P. 4, 4. ( = X(—co,-a,,) (He) and Pa 554 = X (a00) (Ht) are spectral projections of H;. 
Let us note that all of these operators are not necessarily continuous at t4, .. . , tọ, as there 
may be jumps in the dimension of the finite-dimensional projection. Nevertheless, for 
each t € [tm_1, tm], let us set 


Sp = (Hey)? + Pat + (Hy)? 


Here H,, are understood as invertible operators on their range. By construction, 
t € [t 5 t4] — S, is norm-continuous, self-adjoint, and invertible. Moreover, for 


te [tm—1 tml) 
SLH,S, = —P_o0,-a,,t + Heo + Passt 


Each summand on the right-hand side is continuous in t € [tj 4, t,,]. Moreover, the 
operator —P_.. , (P, ,, differs from a symmetry only by a compact operator, which 
will be chosen to be P4 ;, notably let us set 


Q = —P_oo,-ay,t + Pant +P 


An,00,t* 
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These symmetries can be continuously deformed by a path of unitaries U, into a given 
one, say Qm = Qr, Hence there exists a continuous path t € [tm-1 tm] +> N; of invert- 
ible operators such that 


N; HN, = Qm + Ks 


where t € [tm-1> tm] ^ Km, is norm-continuous and compact. This proves the statement 
locally in t. It remains to join the pieces in such a manner that the Q,, can be chosen to 
be equal. This will be achieved inductively in m after a finite number of steps. Hence let 
us assume that (5.29) already holds for t < t4, 4. At tj, ,, one then has 


H, = (Mp) Q +K, XM, 7 


= (NE) Om + Kme, Nep 


tm-1 


Thus set A = (Ni, D Me, and M, = N,A for t € [t5 4, tm]. It now follows that 


* * 3 5 
A QnA = Q +K; -M (N, ) Kitna Nipa) ‘M, 


m-1 tm-1 tm- m-1° 


and so A*Q,,A = Q + K for a compact self-adjoint operator K. Hence, for t € [tm-1; tm], 


M] H,M, = A*N*H,N,A 
= A” (Qm + Km, 0A 
=Q+K+A*Ky,A 
=Q+K;, 


for the compact self-adjoint operators K, = K + A*K,,,A. This finishes the proof. 


Remark 5.9.4. It is possible to reformulate Theorem 5.9.3. Because M, is invertible, one 
can set H, = (M;')*QM,' and K, = (M; )* K,M, ! and obtains 


H, =H, + K,. (5.30) 


Hence the path t + H, can be decomposed into a path t + H, of invertibles and a 
compact perturbation t +> K, thereof. Let us stress that if t € [0,1] +> H, is a loop, 
namely Hy = H, the two paths t > H, and t  K, are in general not closed. 

Provided that Hp is invertible (so that Ky = 0), one can homotopically deform the 
time parameter in the two summands on the right-hand side of (5.30) to deduce the fol- 
lowing: the nontrivial loop t € [0,1] — Hj, is homotopic to the concatenation of two 
paths 


(t € [0,1] + A,) » (t € [0,1] > A, + R+). 
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The first of these paths is within the invertible operators and hence has no spectral flow, 
while the second is merely a compact perturbation of H, = Hy — K,. On this second part 
though, there is possibly a spectral flow given by 


Sf(t € [0,1] > A, + R+) = Sf(t € [0,1] > H;). 


Let us note that a particular case of this is the following: given two symmetries Qo and 
Q4 with compact difference Qo — Q4 and a given index Ind(Qp, Q4), first rotate Qo into 
Q4 by a path of unitaries, then use the straight-line path to complete a nontrivial loop 
rooted in Qo (playing the role of Ho in the above). Such a loop is constructed explicitly 
in Example 8.3.4, which is based on Example 5.7.4. In order to be even closer to this 
Example 8.3.4, the next result further specializes (5.30) to the case where H, is a proper 
symmetry up to a compact perturbation. o 


Corollary 5.9.5. Lett € [0,1] — H, be a path of essential proper symmetries, namely 
lying in the set 


FBZC(90) = {H € FB,q(I) : spec. (H) = {-1, 1}}. 


Then there are norm-continuous paths of unitaries t € [0,1] œ> U, € U(H) and self- 
adjoint compacts t € [0,1] +» K; € K(H) such that 


US HU, = Q* K,, (5.31) 


for some proper symmetry Q. 


Proof. Let us start out from (5.30). As H, € FB2°(H) and R, € IK(20, it follows that 
also H, € IFBBZ (90, due to the compact stability of the essential spectrum. As H, is 
invertible, the proof of Proposition 3.6.5 implies that it can be decomposed as H, = Q,+K; 
into a symmetry Q, and a compact K;. Moreover, this decomposition is continuous, see 


Remark 3.6.6. Then 
A, =Q: +K, +K,. 


By Proposition 5.3.20, one can write Q, = U,Q)U; for some path of unitaries. Setting 
Q = Qo and K, = U; (R, + K,U; concludes the proof. 


Based on Theorem 5.9.3, one has the following formula for the spectral flow as Morse 
index. 


Theorem 5.9.6. For paths t € [0,1] > H, € FB,a(H) and t € [0,1] œ M; H;M; =Q +K; 
where as above Q is a symmetry, t € [0,1] +» M, € B(H) is a path of invertibles and 
t € [0,1] > K; € K(H) is a path of compacts, the spectral flow of the path t € [0,1] > Hj 
satisfies 
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Sf(t € [0,1] > Hj) = Sf(t € [0,1] > Q + K;) 
= ; dim(Ker(Ho)) + Uuq(Q + Ko, Q + Ki) - ; dim(Ker(H;)). (5.32) 
Proof. Fort € [0,1], let U; = M; |M; | ! be the unitary phase of M7. Then let us consider 
the continuous homotopy A : [0,1] x [0,1] — IFIB,, (2C) defined by 
h(t,s) = U7|M; THM FU, 
By Theorem 4.2.2, one has 
Sf(t € [0,1] > h(t, 1) 
= — Sf(s e [0,1] + h(0,s)) + Sf(t € [0,1] > h(t, 0)) + Sf(s € [0,1] > A(1, s)). 


As s € [0,1] + dim(Ker(h(0,s))) and s € [0,1] — dim(Ker(h(1, s))) are constant, item (i) 
of Theorem 4.2.1 implies 


Sf(s € [0,1] + h(0,s)) = Sf(s € [0,1] > A(1,s)) = 0. 
Therefore 
Sf(t € [0,1] 5 Q Kj) = Sf(t € [0,1] 5 UŽ H;U,) = Sf(t € [0,1] > H,), 


where the last step follows from item (vi) of Theorem 4.2.1. This implies the first claim. 
The second holds because 


Si(t € [0,1] > Q« Kj) = ; dim(Ker(Q + K,)) 


M 
+ È Ind(P^(Q  K,),P^(Q & K,...)) 


m=1 
T 
x dim(Ker(Q + K4)) 
for a partition 0 = ty < à < --- «ty 4 < ty = 1asin Proposition 5.8.2. By definition, 


Ind(P*(Q + K, ), P7 (Q + Kip, ,)) = -Hre lQ + Kt, Q + Kip.) 
= Ure (Q + Kyo Q+ K, ). 


Therefore and as dim(Ker(Q+K,)) = dim(Ker(H))) and dim(Ker(Q+K,)) = dim(Ker(Hj)), 
Sf(t € [0,1] 5 Q - K;) 


M 
- ; dim(Ker(Hy)) + Y Ure (Q + K,,.,Q +K) - ; dim(Ker(H,)) 


m=1 


= ; dim(Ker(Ho)) + lra (Q + Ky, Q + Ki) - ; dim(Ker(H;)), 


where the last step follows from item (ii) in Proposition 5.9.2. 


6 Unbounded Fredholm operators 


This chapter offers a detailed introduction to various subsets of the unbounded Fred- 
holm operators, with a particular focus on natural topologies thereon. This is a neces- 
sary preparation for the definition of spectral flow of unbounded self-adjoint Fredholm 
operators given in the next Chapter 7. First, Section 6.1 reviews various topologies on the 
set of closed operators. Section 6.2 recalls some fundamentals about unbounded Fred- 
holm operators that can be found in numerous books, e. g., [80, 99, 165]. Then, following 
the works of Boof$-Bavnbek, Lesch, and Phillips [31], as well as Lesch [126], the set of 
unbounded self-adjoint Fredholm operators and its topology is studied in detail in Sec- 
tion 6.3. Section 6.4 considers the important subclass of self-adjoint Fredholm operators 
with compact resolvent and proves numerous topological results. 


6.1 Topologies on closed and densely defined operators 


Let us first recall that an unbounded operator is a linear map T : D(T) c H — 9(' where 
D(T) is a linear subspace of some Hilbert space H, called the domain of T. It is called 
closed if its graph (($, T) : 6 € D(T)} is a closed subspace of H x H’. Let us introduce 
a notation for the set of closed densely defined (also called regular) operators: 


L(K, H’) = {T : D(T) c H > 30 closed and densely defined]. 


In the case H’ = K, we also use the notation L(H) = L(K, H). For any T € L(H,H’), 
the adjoint operator T* € L(H', H) is defined by (T*ó|U) = (@|TW) for y € D(T) and 
$ in D(T*) = {p € 9t : y € D(T) & (Q|TV) bounded}. Then T is called symmetric 
if D(T) c D(T*) and T"|(r = T, and furthermore T is called self-adjoint whenever 
one has T = T* which includes D(T) = D(T*). As a preparation for the constructions 
below, some rather standard facts are needed that are included for the convenience of 
the reader. 


Lemma 6.1.1. Let T be a closed and densely defined operator. Then T* T is self-adjoint 
with domain D(T* T) = {ġ € 9(: 9 € D(T), Tọ e D(T*)). 


Proof. (See, e.g., Korollar VIL2.13 in [204].) Clearly, T*T is well defined and symmet- 
ric on D(T*T). It remains to show that it is densely defined and self-adjoint. For that 
purpose, let us equip D(T) with the scalar product 


(Ol) r = (TÓITV) + (Oly). 


Because T is closed, (D(T), (|-) 7) is a Hilbert space which will be denoted by F. Let 
I € B(H, H) denote the natural embedding and I* € B(K, F) its adjoint. Then II* is 
self-adjoint and has a trivial kernel because (@|I* y) = oly) = (|W) and T is densely 
defined. Thus Ran(II*) = Ker(II*)* = H and II* has dense range. It will next be shown 
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that Ran(II*) c D(T* T). Indeed, let à € H and y = II* ó = I* € Ran(II*) so that y e H 
and for any n € D(T), 


(TnITP) = (nl) - (nl) 
= (0), - (nip) 
= dni) - (nlp) 
= (nlọ - V). 


Hence n € D(T)  (Tn|TU) is continuous and thus TU € D(T*), so that y € D(T*T). 
It follows that D(T*T) is dense. As T* T is bounded from below and symmetric, it has 
a self-adjoint extension with domain Ran(II*), given by the Friedrich extension (this is 
the only nonnegative self-adjoint extension). Hence one must have Ran(II*) = 'D(T* T), 
and T" T is self-adjoint. 


Lemma 6.1.2. For any regular operator T € L(K, 30), the domain D(T*T) is a core for 
T, namely T is the closure of T|.p(7+7) which in turn is also given by the double adjoint 
of Tlr r) Moreover, T(1 + T* Ty! and T( « Try are bounded operators, both with 
norm bounded by 1. 


Proof. (See, e. g., Lemma 9.2 in [121].) Let us first show that 
1+T*T :D(1+T*T) - D(T*T) 2 K 
is a bijection. For ọ € D(T*T), one has 


COIL + T'T)9) = (019) + (TOIT) = (919), 


and therefore ||(1 + T* T)9|| = |ó||. This implies that 1+ T* T is injective. Furthermore, 
if (Ọn)n>1 is a Cauchy sequence in Ran(1+ T* T) and ¢, = (1+ T* T)y,, then also (Wy) n>1 
is a Cauchy sequence converging to y, and then the closedness of 1+ T* T implies that 
y € D(1« T'T) and (1+ T*T)y = lim $,. Thus Ran(1 + T*T) is closed and therefore 
equal to H. Moreover, it follows that the inverse (1 + Tr : H — H is bounded with 
norm ||(1+ T* T)!| < 1 and its range is Ran((1+ T*T)') = D(T*T). Let us note that, in 
particular, the range of the operator (1+ T* Tj is dense in KH. As, clearly, (1+ T* T)!» 0, 
its square root (1+ py : H — H is well defined and has a dense range. Then for 
$ € K, one has 


(T(1+ T*T) 'é|T( « TT) 9) = (1 TT) 9|T^T(1 « TT) ) 
< (1+ TT) (1+ T^ T) T^T) ^9) 

= (1+ T'7) olo) 

( ) 


=((1+T*T 2 $|(1+T"T) 24), 
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and therefore ||T (1+ T'Ty:ü + T*T) 9l < Ia T*T)-2gll. This implies that the op- 
erator T(1+ T* Ty} : Ran((1+ T* Ty3) — 9t is bounded with norm bounded by 1 and 
therefore has an extension from Ran((1-- T* T) 1) to all of H which is also bounded with 
norm bounded by 1. Next is shown that Ran((1-T* T) 2) = D(T) such that this extension 
is given by T(1+T*T) 2: H > 9C. Let € H.AsRan((1+T*T) 2(1+T*T) 2) = D(T*T) 
is dense, there is a sequence (¢,,) nen in the range of ((1  T*T) ?)? converging to $. 
Then, as (1+ T*T)~? is bounded, lim, ,,,(1 + TT) 3d, = (1+ I*T)~2. Because the 
operator T(1+ T*T):3 : Ran((1 + T*Ty 3) — H' is bounded, (T(1 + PTD ce isa 
Cauchy sequence and therefore converges to some w = lim,_,,, T(1+ T*T) i$, eH’. 
Aslim, (14 T T) 1d, T TT) 2 bp) = (A4T*T) 2, Y) in Hx ( and T is closed, 
(1+ T'Ty i$ isin the domain of T and T(1+ T. Ty ió = ij. Conversely, assume @ € D(T). 
Then as (1+ T* T) ?T* c (T(1+T*T) 2)* is bounded, one has 


= (14 T'T) (1+ T*TYĊT*T «(1 TT) Yo 


1 1 4 1 
= (1+ TT) ?((1+ T*T) ^T T +(14+T*T) ?)ó e Ran((1+T*T) 2). 
This implies D(T) = Ran((1 + T'Ty i. Thus, for @ € D(T) there is Y € H such that 
$ = (14 T*T) 2. As Ran((1 + T*T) +) is dense in 2€, there is a sequence (0,)nen in 


Ran((1+ T*T)~}) such that lim, ,,, (1+ T*T)726, = y. Then 
* -1 
lim (1+ TT) 6, = @ 


and 


Al 
2 


; Peal : * —1 
lim T(1« T'T) 6, = lim Ta « TT) *(14 T'T) *6, 


-Tü«T'T)3y 


- Td. 


One concludes that lim,,,.,((1 + T*T) 10,, T(1 + T^T) 16,) = (9, T$) and therefore 
D(T*T) is a core for T because (1+ T*T) 10, € D(T*T) for alln e N. 


In this section two topologies on L(K, H’) are studied, as well as naturally asso- 
ciated topologies on the image of L(K, H’) under the bounded transform that will be 
introduced in (6.3) below. Let us begin with the gap topology. As T € L(K, H’) is closed, 
the orthogonal projection Py € B(H @ H’) onto the graph of T is bounded. Then the gap 
metric on L(K, H’) is defined by 


de(To T1) = IP, - Pr; To, T, € L(H, H’). (6.1) 


The topology Og on L(K, H’) induced by dg is called the gap topology. In order to get a 
better grip on it, let us write out the explicit form of the graph projections. 
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Proposition 6.1.3. For T € L(K, H’), let us set 
vixi 
Rp =(1+T*T) . 


Then the orthogonal projection onto the graph of T is 


Re. TR 
Pr = . 
TR; 1-Rr 


The gap metric is equivalent to the metric defined by 
d(T, T1) = Rr, - Rr, | + |Rr; — Rre|| + lToRr, - TiRr, ll- 


Proof. By Lemma 6.1.2, TR, is bounded, and thus also T" Rz. is bounded. Let us first 
check that 


RTC RpT* CARS eT Re. (6.2) 


For the first equality, let @ € D(T). Then y = Rro € Ran(Rr) = D(T*T) c D(T). As then 
(1+ T*T)y = @, one has 


To = T(1+T*T)W = (1+ TT^)TV = (1+ TT")TRz 6, 


and multiplying by (1+ TT*) ! shows the first inclusion of (6.2). The second inclusion 
in (6.2) follows from general principles. Indeed, for @ € D(T*), one concludes that 
(TRr)*ġ = RrT* = T*Rr+o where the last equality follows from the first inclusion 
of (6.2). As D(T*) is dense, this implies the last equality in (6.2). Using (6.2), an algebraic 
computation shows that Pz is an orthogonal projection. Moreover, one readily verifies 


i 5) 7 ex E M "n 0) ~ i 


for all @ € D(T), due to (1+ TT*) |T = Rr.T c TR, = T(1+ T*T) .. Note that the set 
EM : V € D(T*)} is the orthogonal complement of the graph of T in H e H’. One 
checks that for y e D(T*), 


5 ao 7 ( (I4 T*T) Ta-Tas TT^) tY ) , (8) 
Dip TAT DAP Heer yy X97 

where (1+ T*T) !T* = R,T* c T*Ry» = T*(1+ TT*) ! was used. Hence P; is the or- 

thogonal projection onto the graph of T. Replacing the formula for P; twice in definition 

(6.1), one readily deduces the equivalence of d; and do. 
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The key element for the definition of the Riesz topology on L(K, H’) is the bounded 
transform (sometimes also called Riesz transform due to the work of Riesz and Lorch, 
on which it is elaborated in the textbook [158]; note though that there is no square root 
in these works) 


at 
2 


F(T) = T(1+ T*T) ? e B(H,H’) (6.3) 


of T € L(K, H’). By Lemma 6.12, the operator F(T) is well defined and bounded so that 
also the map F : L(H,H’) — B(H, H') given by (6.3) is well defined. To analyze its 
mapping properties, let us introduce the ball of bounded operators of radius a » 0, 


B,(3630) = {F € B(963€) : [Fl < a}, 
as well as the following subset of the unit ball: 
182(96 H’) = {F € B(H, H’) : IFI] < 1, Ker(1 - F*F) = {0}}. 


This notation fits with that of Section 4.6, namely the lower index 1 indicates that the 
norm is bounded by 1 and the upper index 0 denotes that 1 is not a singular value of F. 


Theorem 6.1.4. The bounded transform establishes a bijection 
F: L(K, H’) > BY(H, H’). 


Moreover, F(T)* = F(T*). 


Proof. (See, e. g., Theorem 10.4 in [121].) In the proof of Lemma 6.1.2, it was shown that 
(1+ T* Ty? : H — HK is well defined and bounded with norm bounded by 1. Moreover, 
Ran((1 + T'Tyi) = D(T) and F(T) : H — H is well defined and bounded with norm 
Ig (T)|| x 1, see the proof of Lemma 6.1.2. 

Clearly, 


(1«T'T)?T' c F(T), (6.4) 


and therefore one has for $ € K, 


1 
2 


S( SD T'T) 29 = (1+ T' T) ? T' TQ « TT) "9 
= (147°T) 2014 T°T-1)(14T°T) 6 
=(1- (14 TT) (a4 T7) 39. 

As Ran((1+ T*T) 3) = D(T) is dense in 4, this implies 


1- F(T) F(T) =(14+T"T). (6.5) 
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Thus as Ker((1+ T* Ty) = Ker((1+ T* T) 3) = {0}, the kernel of 1- F(T)* F(T) is trivial. 
This shows that the map 3 is well defined. 

Let us next show that the map F is surjective. Let F € B(H, H’) be such that ||F|| < 1 
and Ker(1—F*F) = {0}. As Ker(1- F* F) is trivial, it follows that D = Ran((1- F* F) 2) cH 
is dense. Then an unbounded operator T : D — 4’ is defined by T(1- F'E)ó = Fo for 
@ € H. AS1- F*F is injective, this is well defined and 


1 
T -F(-F'F)*. (6.6) 
Clearly, T is densely defined and it remains to show that it is closed and F(T) = F. We 


next show that the kernel of 1— FF" is trivial. Suppose to the contrary, namely that there 
is @ € 9t' with |j] = 1such that FF* $ = $. This implies that FF" FF* $ = @ and therefore 


1- (EF FF) = (9E r6). 


As |F* || < 1, this implies by the Cauchy-Schwarz inequality that ||F* || = 1 and that 
F*F(F*9) = F*@, which is a contradiction to Ker(1— F*F) = {0}. Thus Ker(1— FF*) = {0} 
and the range D* = Ran((1- FF*)?) c H' is dense. Then S : D* — H, defined by 
S1- FE*)i = F* for à € H’, is well defined and S = F*(1- FEF*) i, Next setting 
$ = (1- F*F)id! e Dandy = (1- FF*)24' e D*, one has 


(TOD) = (Fé'| - FF*)*V') 
= (a FF)! Fé|y^) 
= (FA - F'P)g!|p/) 
= (a- F'PY*e!|F'y) 
= (o|Sy). 


This implies S c T* and, in particular, T* is densely defined (and T is closable). One 
directly checks that 


* *pyi px 
7 ( YS. QESPAP)RE e B(X o 30) 

F(-F'F) FF* 
is an orthogonal projection. An explicit computation shows that the graph of T is Ran(P) 
and therefore T is closed. Moreover, ((-Sy, y) : y € D*} = Ker(P) and, because one has 
{(¢, Tb) : à € D} = {(-T* Y, Y) : v € D(T*)}, this implies D* = D(T*) and S = T*. Next 
let us verify that F = F(T). By Lemma 6.12, D(T) c Ran((1+ T* Ty) and therefore 


a 
2 


NIB 


AD- AD ATY? = Ta« T*T) 2 (14 TT) =T. 
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This implies that T is given by (6.6) for F = F(T) and the map F is injective. Let T be as 
ii 
in (6.6), then T* = F*(1— FF^) ? and 


QI 


F(T) = F- F*FY? (1+ F'(1- FF) ?F( - F'F)?) 


zl aol 
=F(1-F*F)?(1+F*F(1-F*F) Y? 


= F(1-F*F)#((1- F*F + F*F)(1- FF’? 


=P; 


Therefore F is bijective and J(T)* = F(T"). 


The so-called Riesz metric on L(K, H’) is defined by 


dg(Tp; Ty) = |F) - FTD] To Ti € L(K, H’). 


Using Theorem 6.1.4, one checks the nondegeneracy assumption for dp. The triangle in- 
equality and symmetry are obvious. The topology Og on L(H, H’) induced by the Riesz 
metric is also called the Riesz topology. Henceforth we use both notations (L(K, H’), dp) 
and (L(K, H’), Op) depending on whether we want to stress the metric structure when 
discussing the continuity of maps on L(K, +’). Similarly, we will proceed with other 
spaces below. 

As dg is naturally associated to the bounded transform, the following holds: 


Proposition 6.1.5. The bounded transform 
F : (L(363€), dg) > (B1 (H, K’), dy) 


is a homeomorphism. As above, dy(To, T4) = | Tg — Till is here the norm distance. 


Proof. By Theorem 6.14, F : LIKH, 3€) > F(L(K, H’)) = BUH, 34^) is bijective and, by 
the very definition of the Riesz metric, it is a homeomorphism. 


Proposition 6.1.6. An operator T € L(H, H’) is bounded if and only if its bounded trans- 
form has norm less than 1, namely ||F(T)|| < 1. 


Proof. Let us first suppose that T € L(K, H’) is bounded. Then it is sufficient to show 
that ||F(T)* S(T)| = S(T)I? < 1. As 


1 1 
F(T)" F(T) = (1+ T'T) ?T'T(0« T'T) ^ =T*T(1+ py 
by the spectral radius theorem one has 


F(T)" F(T)|] = sup(spec(F(T)* F(T))) 
= sup[A(1 4 4) 1 : À e spec(T*T)} <1, 
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where the spectral mapping theorem was used. Conversely, assume that ||F(T)|| < 1, 
then |J(T)* F(T)|| < 1 and therefore 1 - F(T)* F(T) is invertible with bounded inverse. 
This implies that 


1 
2 


T = F(T)(1- FIT)" F(T) 


is bounded. 


Next let us introduce a pseudometric on the unit ball B,(H, H’) by setting 


dg(Fo, F4) 


1 TRE 
= max IF} Fo - Fi Fil MIFoFs - FiF? l |Fo(1 - Fo Fo)? - Fil - Fr E)? |]. 


Clearly, dp satisfies the triangle inequality and is symmetric. Note that this is an exten- 
sion of the pseudometric introduced in Lemma 4.6.3 to operators which are not self- 
adjoint any more. As discussed after Lemma 4.6.3, it goes back to [108] and is called the 
extended gap metric, and the topology is then called the extended gap topology. The next 
result justifies this terminology, namely the extended gap metric is just the push-forward 
ofthe gap metric under the bounded transform. 


Proposition 6.1.7. The bounded transform 
F : (L(363€), dc) — (BPH, H’), dz) 


is a bi-Lipshitz-continuous homeomorphism. In particular, dg defines a metric on 
FLK, H’)) = BH, H’). 


Proof. In the proof of Theorem 6.1.4, it is shown that for T € L(K, H’), 


a ( 1-9(D'S() = F(T) F(T) AT)" 


A ) € B(9( e 3€) 
3(T)0 - F(T)* F(T))2 F(T)F(T)* 


is the projection onto the graph of T. Comparing this to the definition of dz leads to 


dr ((To), F(T1)) < dg(To, T1) < V2dg(S(To), 3(T1)). 


This implies all statements. 


The next result extends the applicability of Lemma 4.6.3. 


Lemma 6.1.8. The extended gap topology on B,(H, H') is weaker than the norm topol- 
ogy. More precisely, 


dgj(F, EF) 2 V2dg (FF), FoF, € Bí(969C). (6.7) 
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Moreover, for a < 1, 


1+ v2 1 
dy (Fo, Fi) < =a dg(Fy,F)?, Fo, Fi € By(H, HX’). 


Proof. For the third term in dp, let us start with 


1 zd 
|Fo(1- Fo Fo)? - Ea - FEF'| 


1 
2 


< [Fo(1- FoF)? - F1 - Fy Fy)? Il + Ia - FEE)? -EA- Fy Fy)’ | 


1 kil 
< (1 - Fi Fo)? - 1- FL FS)? + Fo - Fill 


For the first summand, recall the fact (Proposition A.2.2) that for two nonnegative oper- 
ators A > 0, B > 0 anda € (0,1), one has ||A" — B^|| < |A — BI|*. Hence 


IF — FL E) - EA - EE < MEE - FEE? MES - Fill 
Now 
Fo Fo - Fy Fill < [Fo - Fi)" Foll + |F1 (Fo - F))| < 2IFo - Fill 

and similarly 

|FoFy — F;Fj || < 2llFo - Fill. 
Therefore 

dp(Fo Fi) < VŽIFo - Fill? + IFo - Fil 

so that 

dp(Fos F,) < 2V2dy (E, E), 


because dy(Fo, F4) = ||Fg — F4] < 2 for Fo, F4 € IB4(9€). The proof of the other bound (6.7) 
is as in Lemma 4.6.3, upon replacing H? by F*F. 


Next comes an extension of a result of Nicolaescu [139] showing that the gap topol- 
ogy is weaker than the Riesz topology. 


Proposition 6.1.9. The gap topology on L(K, H’) is strictly weaker than the Riesz topol- 
ogy. 
Proof. The fact that the gap topology is weaker than the Riesz topology on L(K, H’) 


directly follows from the first part of Lemma 6.1.8 combined with Propositions 6.1.5 and 
6.1.7. 
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To show that the Riesz topology is different form the gap topology, we choose an 
orthonormal basis {@, : k € N} of H and define the linear operator 


H:DH)>K, Y apk Y, kayóy 
keN keN 


with domain D(H) = {$ ken 4kÊk : È ken kay? < co}. Clearly, H is self-adjoint and 
therefore in L(K, H’). For n € N, let us define 


Hy: D(H) 96 Y age È kayóy - 2n050, 
keN keN 


with domain D(H,) = D(H). Then H, is self-adjoint and therefore in L(K, 5’). As 
H? = H’ for all n and thus Ry, = Ry and 


A 5 i -1 
lim IH, Ry, - HRyl| = lim Ryn - HR Onl = lim [2n(1« n°) | - 0, 


the sequence (H,„)nen converges to H with respect to the gap topology. For the Riesz 
topology, one has 


; ; : 2 
lim. 765,6, -FEDA = im | í 


ó Pnl = lim =) 
Vier" vier" 


n> 


1+n2 


Therefore (H,,) nen does not converge to H with respect to the Riesz topology and the gap 
topology is strictly weaker than the Riesz topology. 


Proposition 6.1.9 directly implies that the bounded transform F is not continuous as 
a map F : (L(K, H’), dg) ^ (BE (H., 94^), dy). In other words, there are not enough open 
sets in the gap topology to assure continuity of 7 in this sense. 

The following is due to Cordes and Labrousse, see the addendum to [66]. However, 
the proof presented here is considerably simpler. 


Theorem 6.1.10. On the space of bounded operators B(H, H’), the topologies induced by 
dg and dp coincide with the norm topology. Moreover, with respect to both the gap and 
Riesz topologies, B(H, H’) is open and dense in L(K, H’). 


Proof. Let us introduce the set 
Be (H, H’) = {F € B(X, H’) : [FI < 1]. 


Then F(B(H, H’)) = B.,(H, H’) by Proposition 6.1.6 and, furthermore, by the definition 
of the bounded transform, 


F : (B(363C), dy) > (B (9690), dy) 


is a homeomorphism. On the other hand, the two maps, 
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F : (B(363€), dg) > (Ba(H, H’), dz) 
and 
F : (B(H, H’), dr) > (Ba(H, H’), dy), 


are also homeomorphisms by Propositions 6.1.7 and 6.1.5, respectively. 

But Lemma 6.1.8 implies that the metrics dr and dy induce the same topologies on 
BAG 30), showing the first claim. 

By Proposition 6.1.6, the image of B(H, H’) under the bounded transform is dense 
and open in F(L(K, 30')) with respect to the norm topology. By Proposition 6.1.5, this 
implies that B(K, H’) is dense and open in L(K, H’) with respect to the Riesz topology. 
As the gap topology is weaker than the Riesz topology by Proposition 6.1.9, this implies 
that B(H, H’) is also dense in L(K, H’) with respect to the gap topology. Furthermore, 
B4(¥H, H') is open in (BYK, 94^), dp). Combined with Proposition 6.1.7 this implies that 
B(H, H’) is open in L(K, H’) with respect to the gap topology. 


6.2 Basic properties of unbounded Fredholm operators 


This section introduces unbounded Fredholm operators. As for bounded Fredholm op- 
erators, we recall several basic facts about them which can also be found in the liter- 
ature, e. g., [99, 165]. Most of the results presented here are similar to the properties of 
bounded Fredholm operators studied in Section 3.2. However, as several modifications 
are necessary, the proofs are provided with full details, even though this leads to some 
repetitions. 

Let us first recall that the quotient H/E of H with respect to a subspace € c H is 
the set of equivalence classes of the relation @ ~ Yy —— @-We €. 


Definition 6.2.1. A linear operator T : D(T) c H — H’ is a Fredholm operator if and 
only if 

(i) Tisregular 

(ii) dim(Ker(T)) < oo, 

(iii) dim(94/ Ran(T)) < co. 


The set of Fredholm operators is denoted by F(H, H’) and simply by F(H) = F(H, H) 
whenever H' = H. 


For a closed operator T : D(T) c H — H’, the linear space D(T) equipped with 
T 
the T-norm |||; = (olla + ITO)? is a Hilbert space. Associated with T there is a 
bounded operator T : (D(T), || - |) ~ 2€ defined by Tọ = TQ. 


Proposition 6.2.2. A closed operator T : D(T) c H —> H’ is Fredholm if and only if the 
associated bounded operator T : (TT), | - |y) > H’ is Fredholm. 
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Proof. As Ker(T) = Ker(T) and Ran(T) = Ran(T), the claim directly follows from item 
(ii) of Theorem 3.2.2. 


As for bounded Fredholm operators, one has the following characterization. 


Lemma 6.2.3. A linear operator T : D(T) c H 5 H' is Fredholm if and only if 
(i) T is regular, 

(i) dim(Ker(T)) < oo, 

(iii) dim(Ker(T*)) < oo, 

(iv) Ran(T) is closed in 1’. 


Proof. Let us first assume that T is Fredholm. Then, by Proposition 6.2.2, the associated 
bounded operator T : (D(T), || - lr) — H’ is Fredholm and Ran(T) = Ran(T) is closed. 
Therefore 


dim(H'/ Ran(T)) = dim(Ran(T)^) = dim(Ker(T*)) 


is finite. Conversely, if Ran(T) is closed then 3('/ Ran(T) is known to be a Hilbert space 
of dimension dim(K'/ Ran(T)) = dim(Ker(T*)). Thus the equivalence is shown. 


The following extends Theorem 3.2.2 to unbounded operators. 


Theorem 6.2.4. For aregular operator T : D(T) c H 3C, the following are equivalent: 
(i) TisaFredholm operator. 
(ii) There exists a unique Sy € B(H’, H) such that 


Ker(Sy)) = Ran(T)~, Ker(Sğ) = Ker(T), 


and such that SyT can be continuously extended to the orthogonal projection onto 
Ker(T)*. Moreover, TS, is the orthogonal projection onto Ran(T) and 


dim(Ran(1—- SjT)) «co, dim(Ran(1- TS )) < co. 


(iii) There exists a so-called pseudoinverse S € B(H’, H) such that TS - 1and ST - 1 can 
be extended to compact operators on 3€ and 3C, respectively. 


Proof. (i) — (ii). First note that T Ikercr)- : D(T) n Ker(T)* — Ran(T) is bijective and 
the graph of its inverse {(T@, 9) : 6 € D(T) n Ker(T)*} is closed as T is closed. Now, as 
Ran(T) is closed and therefore a Hilbert space, the closed graph theorem shows that the 
inverse S, : Ran(T) — Ker(T)* is bounded. It can be extended to all of H’ by Sp = 0 for 
V € Ran(T)*. Then by construction TS, is the projection in H’ onto Ran(T) and ST is 
bounded and can be extended to the projection in H onto Ker(T)*. This implies all the 
stated properties. Uniqueness is obvious. 
(ii) — (iii). This is obvious. 
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(iii) = (i). Suppose that (U,),., is an infinite orthonormal basis of Ker(T). As these 
vectors are all eigenvectors of the compact operator K = ST —1for the eigenvalue 1, this 
is a contradiction to Riesz’ theorem (Theorem 3.1.6). Suppose that (0,),., is an infinite 
orthonormal basis of Ran(T)*. Consequently, one has ||(TS - 1)¢,l| = ITS, - nll 2 1 
as TSQ, L ,, a contradiction to the compactness of TS — 1. It remains to show that 
Ran(T) is closed. Let K be the compact extension of ST — 1. Choose L € K(H) with a 
finite-dimensional range and such that 


IK - <5. 
Then for all à € Ker(L) n D(T): 
ISIMITÓI > ISTO 

- |(+K)¢| 

> Ill - Kol 

> l$l- (K -L)¢| - Le 
1 

> sll. 


Thus ||| < 2\|S||||To|| for all @ € Ker(Z) n D(T). This implies that T(Ker(L) n D(T)) is 
closed. Indeed, given a convergent sequence (T9,),., with @, € Ker(L) n D(T), one can 
set Y = lim, Tón. Then 


ln — mll < 2I TÓ, — TOmll- 


Thus (0,),.4 is a Cauchy sequence and hence has a limit point @ = lim@, € K. As T is 
closed, one has y = T$ € T(Ker(L) n D(T)). On the other hand, 


T(Ker(L)* n D(T)) = T(Ran(L*) n D(T)). 


As L* also has a finite-dimensional image, it follows that T(Ker(L)* n D(T)) is finite 
dimensional. Thus Ran(T) = T(Ker(L) n D(T)) + T(Ker(L)* n D(T)) is closed. 


The following two propositions present criteria for regular operators to be Fred- 
holm. They are the analogues of Lemma 3.4.2 and Proposition 3.2.6 for bounded opera- 
tors. 


Proposition 6.2.5. For a regular operator T : D(T) c H — 9€, the following are equiv- 

alent: 

() dim(Ker(T)) < oo and Ran(T) is closed. 

(ii) dim(Ker(T)) < co and there is a constant c > 0 such that ||T@|| > c||@|| for all vectors 
ó € D(T) nKer(T)*. 
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(iii) If (0,),.4 is a bounded sequence in D(T) such that (To,),;1 is convergent, then there 
is a convergent subsequence of (@n)n>1- 


Proof. (i) — (ii). The restriction T, of T is a bijection from D(T)nKer(T)~ to Ran(T). The 
graph ofits inverse T^ is (T$, 6) : @ € D(T)nKer(T)*}. As T is a closed operator, also its 
restriction T, can be seen to be closed, so that the graph of T; 1 : Ran(T) 2t is closed. 
As Ran(T,) is closed and therefore a Hilbert space, the closed graph theorem shows that 
T, is bounded. Therefore ||| = IIT; Tol < IIT; !l||TÓ|| holds for all @ € D(T) n Ker(T)*. 

(ii) — (i). Let (Yn )n>1 be a sequence in Ran(T) converging to y € H'. Then there are 
bn € Ker(T)* n D(T) with Td, = Yn. By (ii), one has llon - dmll < Hlyn — Wm|| so that 
(®n)nz1 is Cauchy and thus converges to some @ € H. As (04, TOn) converges to (9, V) 
and T is closed, one has Tw = $ so that @ € Ran(T) and Ran(T) is closed. 

(ii) — (iii). Let (0,)4.4 be a bounded sequence in D(T) such that (T9,),., is con- 
vergent. One has $, = 0, + Yn with 0, € Ker(T) and y, € D(T) n Ker(T)~. Because 
li, — Yml < *ITÓ, - Tógs | by Gi), (Wn)n>1 is Cauchy and therefore convergent. As (05)5.4 
and (U,),., are bounded, also (0,),., is bounded. Because the dimension of the kernel 
of T is finite, (6,),., and therefore (0,),., has a convergent subsequence. 

(iii) — (ii). Suppose that the kernel of T is infinite dimensional and that (@,,) nen is 
an orthonormal basis of it. Then (®n)nen is a bounded sequence in H such that Tø, is 
constant (equal to 0) and therefore convergent. As there is no convergent subsequence 
of (n)nen, this is a contradiction to (ii). Thus Ker(T) is finite dimensional. Moreover, 
there is a constant c > 0 such that ||@|| < cl|To|| for all @ € Ker(T)* n D(T), because 
otherwise there is a sequence (@,,) neq in Ker(T)* n D(T) such that |ó,|| = 1 for all 
n e Nand |Tó,]| < + for alln € N. As (Tn)nen is convergent, by assumption there 
is a subsequence (ó,, )yew Converging to some vector @ € Ker(T)* with ||¢|| = 1. As 
(bn, TOn,) converges to (9,0) and T is closed, one has 9 € D(T) and Tọ = 0. This is a 
contradiction to $ € Ker(T)-. 


Proposition 6.2.6. Let T : D(T) c H — H' bea regular operator. If there is a compact 
operator K € K(K, H") and a constant c > 0 such that 


loll < c(IITO] + IOI) 


for all à € D(T), then T has a closed range and a finite-dimensional kernel. 


Proof. Let (®n)nen be a bounded sequence in D(T) such that To, is convergent, namely 
there is a Y € H’ such that lim, |, To, = V. As K is compact, there is a subsequence 
(on, ken Such that K@,, is convergent. Then (Ko, xen is a Cauchy sequence and as 
lim, 00 Tn, = Y, also (Ton, )kcw is a Cauchy sequence. Therefore for all e > 0 there 
is an N € IN such that max(l TO; — Tó;, ||, |KOn, — Kbn, ll} < zc for all k, m > N. Thus 


lón, i On, l ES C(IITbn, xl Tn, ll +t IKn, - Køn, Il) «€ 
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or all k, m > N, which shows that (Øn, )xen is a Cauchy sequence and therefore conver- 
gent. Finally, item (iii) of Proposition 6.2.5 shows the assertion. 


Definition 6.2.7. The index of a Fredholm operator T € F(H, H’) is 
Ind(T) = dim(Ker(T)) - dim(3€'/ Ran(T)). 


Next let us generalize Corollary 3.3.2 to unbounded Fredholm operators. 


Corollary 6.2.8. (i) For T € F(H,H’), T' € F(H", H), also TT! € F(H",H’). 
(ii) If T € F(H, 9€), then T* € F(3C', 3C). Moreover, 


Ind(T) = dim(Ker(T)) - dim(Ker(T*)) 
and 
Ind(T*) = - Ind(T). 
(iii) If T € F(K, H’), then 
Ind(T) = dim(Ker(T* T)) - dim(Ker(TT")). 
(iv) For T € F(H, H’) and T' € F(H",5'"), one has T oT’ e Foe H", 9(' @ H") and 
Ind(T e 7") = Ind(T) + Ind(T’). 


Proof. For the proof of (i), let us first show that TT’ is densely defined, namely that 
D(IT') = {6 € D(T') : T'ó € D(T)} is dense in (". First, itis checked that D(T)nRan(T’) 
is dense in Ran(T’). As T’ is Fredholm, Ran(T’)* is finite dimensional. Let (i4... ., Yn} 
be an orthonormal basis of Ran(T')*. Let e; > 0. Because D(T) is dense in 2€, there are 
0; € D(T) fori = 1,...,n such that ||ġ; — 0j| < e,. Then € = span([6,,...,0,]) is a sub- 
space of D(T) and, for e, sufficiently small, Ran(T’) n € = {0} and Ran(T’) e € = H. By 
Proposition 5.1.6, there is a projection P € B(H) with Ran(P) = Ran(T') and Ker(P) = €. 
Because D(T) c 3C is dense, for any vector i) € Ran(T’) and e; > 0 there is y’ € D(T) 
such that || — "|| < e;. Then Py’ = y' - (1- P)y' e D(T) n Ran(T') and 


-Pwl « jo - v] e a - nv] 
«e «|a - PX! - 9) 
< e(1+ [1- P) 


where the second step follows as y € Ran(T’) = Ker(1—P). This shows that D(T)nRan(T’) 
is dense in Ran(T’). To show that D(TT’) is dense in H”, it is sufficient to show that for 
e > 0 and ó € D(T’) there is @ € D(IT’) such that |o — 9| < € (because D(T’) c H” 
is dense). For à € D(T’), there is ¢’ € D(T') n Ker(T')* such that T’¢’ = T'@ and 
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thus @ — ¢’ € Ker(T) c D(IT'). By the above, there is y € Ran(T’') n D(T) such that 
lY — T’@l| < ec for c > 0 as in item (ii) of Proposition 6.2.5 applied to T’. Then there is 
0 € D(T’) n Ker(T^)* such that y = T'0 and therefore 0 € D(TT'). Thus one concluldes 
that 9' - 0 € D(T') n Ker(T')* and, by Proposition 6.2.5, 


1 1 
ie -op < TITW -O= Hre-u «c 
By construction, à = à - ¢’ + 0 € D(TT’) fulfills 


lé - él = Io" - e| < e. 


This shows that TT’ is densely defined. 
To show that TT" is closed, let us choose a sequence ($,),., in D(TT') such that 
(bn, TT'ó,) converges to (0,0). For y, = T'ó,, there are y, € D(T) n Ker(T)* and 
” € Ker(T) such that Y, = y; + py’. Then (U/),. is Cauchy, as, by Proposition 6.2.5, 
there is a constant c » 0 such that 


lbn- Yall < Cl, - TU;,.| = c|TT 6s - TT’ Om 


and (TT'9,),. is Cauchy by assumption. Therefore (U/),., is convergent, and one can 
define y = lim, U^ € H. As (Yl, TYL) = (Yh TT',) converges to (Y, 0) and T is 
closed, one has y € D(T) and TU = 0. We show that (U/7),., is bounded. Suppose 
that (Y! ),., is unbounded, then there is a subsequence, again denoted by (U/7),.,, such 
that lim, ,, Il}! || = co. Then Gea is a bounded sequence in the finite-dimensional 
kernel of T. Again by choosing a subsequence, without loss of generality one can as- 
sume that r converges to w € Ker(T) with ||| = 1. As ($,),., is bounded, one 


has lim = Q and T! js. = Y*¥: converges to jj. As T' is closed, this implies 


EN nt 

18 Mro yr i ~ qw 

ij = 0, which is a contradiction. Therefore the sequence (U//),., is bounded. As the di- 
mension of Ker(T) is finite, there is a convergent subsequence Yn, jo OF (Wy not. Setting 
y" = lim). Yn, € Ker(T), one has lim; oo Yn, = Y + Y". As (Øn, )jz1 converges to $ and 
(Ton, )jz1 = (Pn, )jz1 converges to Y + y", one has @ € D(T') and T'ó = y + V". As Tp = 0 
and Yy” c Ker(T), one has 0 = T( + Y”) = TT’¢. In conclusion, (¢, 0) is an element of 
the graph of TT’ and therefore TT’ is closed. 

We next use Proposition 6.2.5 to show that Ran(TT’) is closed and that the dimension 
of the kernel of TT’ is finite. Let (0,),., in D(TT') be a bounded sequence such that 
(TT'$,),., is convergent. For y, = T’¢,, there are y; € D(T)nKer(T)* and Yy} € Ker(T) 
such that y, = Yi * V7. Then (Y7 )n>1 is Cauchy, as, by Proposition 6.2.5, there is a constant 
c > 0 such that 


[Pn - Yall < c|TUs - TU] = c|TT' On - TT' On| 
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and (TT',),.., is Cauchy by assumption. Therefore (7 ),., is convergent and one can set 
V = lim, oo y, € H. As above one can show that (7). is bounded. As the dimension 
of Ker(T) is finite, there is a convergent subsequence (Ur, )js1 Of (Yn not. Next setting 
y" = lim; sco Vn, € Ker(T), one has lim; oo Yn, = Y + y". Thus (T'On jor = (nj 
converges to p+". By item (iii) of Proposition 6.2.5 applied to the Fredholm operator T", 
there is a convergent subsequence of (Pn, ) >t Thus Ran(7T’) is closed and dim(Ker(TT’ )) 
is finite. To show that Ran(TT")* is finite dimensional, note that dim(Ran(T’)~) is finite 
and thus the dimension of T(Ran(T’)*) is finite. As 


Ran(T) = T(Ran(T’)) + T(Ran(T')” ), 
one has 
Ran(T)* = (T(Ran(T^))) n (T(Ran(T'))). 


As Ran(T)* and T(Ran(T’)~) are finite dimensional, this implies that the dimension of 
(T(Ran(T^))* = Ran(TT')* is finite. 

In order to show (ii), let us note that T* is regular and Ker(T*) = Ran(T)* and 
Ran(T*)+ = Ker(T) are finite dimensional. It remains to show that Ran(T") is closed. 
This follows from Proposition 6.2.5, because Ker(T*)* = Ran(T) as Ran(T) is closed. 
Therefore for 0 € D(T*) N Ker(T*)~ there is ġ € D(T) nKer(T)* such that Tọ = 0. Then 


IØIIT* 6] = (T*6|ó) = (TITO) = ITAL?  cliolilTÓI = clo lal 


for a constant c > 0 by Proposition 6.2.5. Thus ||T*6|| > cl] for all @ € D(T*)nKer(T*)+ 
and Ran(T") is closed, again by Proposition 6.2.5. The claim about the index of T follows 
directly from Definition 6.2.7. 

As Ker(T) = Ker(T* T) and Ker(T*) = Ker(TT^), item (iii) is a direct consequence 
of (ii). 

The last claim follows from the obvious identities Ker(T e T") = Ker(T)  Ker(T’) 
and Ran(T e T’) = Ran(T) e Ran(T'). 


Proposition 6.2.9. If T < F(H,H’) and T' € F(H", H), then the index of the Fredholm 
operator TT’ € F(H”, KH’) is given by 


Ind(TT") = Ind(T) + Ind(T’). 
Proof. Recall that TT’ is Fredholm by Corollary 6.2.8. One has 
dim(Ker(7T’)) = dim(Ker(T’)) + dim(Ker(T) n Ran(T’)). 
Setting N; = Ker(T) n Ran(T’), there is a finite-dimensional subspace N, c H such that 


Ker(T) = N, e No. 
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Note that Ran(T’) n N, = {0} and Ran(T’) e XN, is closed. Next it is shown that there is a 
finite-dimensional subspace N3 c D(T) such that 


Ran(T’) e N, @ N; = H. 


Because (Ran(T’) e N,)* is a subspace of the finite-dimensional space Ran(T’)’, it is 
finite dimensional. If dim((Ran(T’) ® N,)*) = 0, the claim holds for N; = {0}. Therefore, 
without loss of generality, one can assume dim((Ran(T') e N,)*) = l € N. Next since 
Ran(T’)@N, is closed and T is densely defined, there is a vector $, € D(T)\(Ran(T’ )@N,). 
Then H; = Ran(T’)@N,espan({d,}) is closed and dim((Ran(T')eN;espan(($4)))-) = l-1. 
Ifl > 2, there is a vector 9; € D(T) (Ran(T)eN;espan((9,))). Repeating this procedure | 
times, one finds vectors ¢,,..., 9; € D(T) such that Ran(T’)@N,espan({dy,...,67}) = K. 
Then the claim holds for N} = span({@,, ... , @7}). 
The restriction T|, is injective and 


Ran(T) = Ran(TT’) e TNs. 


The last claim holds as Ran(T) = Ran(TT') + TN; by construction and since, for vectors 
@ € Ran(T’) and y € N; such that Tọ = Ty € Ran(TT^), one has y € Ran(T’) + Ker(T) 
and therefore y = 0 by definition of N}. Thus 


dim(Ran(TT)-) = dim(Ran(T)*) + dim(N3). 
One can conclude that 


Ind(TT^) = dim(Ker(TT^)) - dim(H’ / Ran(TT’)) 
= dim(Ker(T’)) + dim(N,) - dim(Ran(T)-) - dim(N3) 
= dim(Ker(T’)) + dim(N;) + dim(N;) 
- dim(Ran(T)^) - dim(N3) - dim(N;) 
= dim(Ker(T’)) + dim(Ker(T)) - dim(Ran(T)*) - dim(Ran(T/)) 
= Ind(T) + Ind(T’), 


by definition of 4, YN», and N3. 


The next aim is to show that the Fredholm property and that the index is invariant 
under small or compact perturbations. Therefore we introduce the notion of relatively 
bounded and relatively compact operators. 


Definition 6.2.10. Let T : D(T) c H — H' be a closed linear operator. Another operator 
S : D(S) c H 5 H' with D(T) c D(S) is called relatively bounded with respect to T 
(or T-bounded) if the restriction S lor) is bounded as operator S : D(T) — H’ where 
D(T) is equipped with the T-norm ||- ||. Analogously, S is called relatively compact with 
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respect to T (or T-compact) if the restriction Slp) : D(T) ^ +’ is compact, where 
again D(T) is equipped with the T-norm. 


Note that 9 + ||Td|| + ||| defines a norm on D(T) that is equivalent to the T-norm. 
Therefore an operator S : D(S) c H — H’ is relatively bounded with respect to T if and 
only if there are constants c, c; > 0 such that 


Sl] < CIITOll + collóll (6.8) 


for all @ € D(T). In particular, every bounded operator S : H — H’ is T-bounded and 
every compact operator S : H > H’ is T-compact. 


Lemma 6.2.11. If T : D(T) c K 9t isa closed operator and S : D(S) c H > H' is 
relatively bounded with respect to T and the relative bound c, in (6.8) is less than 1, then 
T+S:D(T) c H > 9t' isa closed operator. 


Proof. Equation (6.8) with c4, c; > 0 implies 
(T+ $e| s A+ c)llITÓll + clol (6.9) 


and 


(T+ Spl] = ITOll — ISPll = (1 - cpIITÓI - coll. 
AS c4 < 1, the last inequality is equivalent to 


1 
1-c 


ITġl < 


(IT + S)Ol] + clol). (6.10) 


Let (@,)ns1 be a sequence in D(T) such that (@,, (T + S),) converges to (@, 0). By (6.10), 


1 
1-06 


Tón — Tm ES (IT + Ss - 65)]| + Cllr — Omll) 


and therefore (Tøn)n>1 is Cauchy and thus convergent. Setting V = lim, ,,4 To, this 
implies that (Øn. TØn)n>1 converges to (@, V). As T is closed, ġ isin D(T) = D(T + S) and 
To = y. Moreover, by (6.9), 


\(T + S6 - 6| < 1+ eDIT@ - 6| + calld - dnl 


converges to 0. Therefore (T + S)@ = lim, ,,4(T +S), = 0 and the graph of T + S is 
closed. 


A similar result holds for relatively compact operators. 


Lemma 6.2.12. If T : D(T) c K — 9t' is a Fredholm operator and S : D(S) c H > H' 
is relatively compact with respect to T, then T + S : D(T) c H — H' isa closed operator. 
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Proof. Let T : (D(T), || - |y) — H be the bounded operator associated with T. Similarly, 
define S : (D(T), ||- lr) > H by S@ = Só. Then by Proposition 6.22, T and therefore 
T+S : (D(T), |i- ll) — H are bounded Fredholm operators. Let us define the embedding 
I: D(T) c (96]-lla0 > (DCL), |- Iir) by Ió = @. Then I is invertible and Iis bounded 
and therefore closed. Thus also I is closed and as Ker(1) = {0} and Ran(J) = D(T), I isa 
Fredholm operator. Therefore, by item (i) of Corollary 6.2.8, T + S = (T + S)I is Fredholm 
and, in particular, closed. 


After these preparations, we can now show that the Fredholm property is invariant 
under small or compact perturbations. 


Proposition 6.2.13. Let T : D(T) c H —> H' bea Fredholm operator and furthermore 
let S : D(S) c H > H' be relatively compact with respect to T or relatively bounded with 
respect to T such that the constants cy, c; in (6.8) are sufficiently small, then the operator 
T 4 S: D(T) 5 H' is Fredholm and 


Ind(T + S) = Ind(T). 


Proof. By the above lemmata, where c, < 1 is assumed, operator T + S is closed. Let T : 
(D(T), |i- lir) > H be the operator associated with T and again let S : (D(T), |- lr) — 2€ 
be given by Só = Sd. Then by Proposition 6.2.2, T + S is Fredholm if and only if T + S 
is Fredholm. If S is relatively compact with respect to T, T + S and therefore T + S are 
Fredholm by Theorem 3.34. Moreover, Ind(T + S) = Ind(T + S) = Ind(T) = Ind(T) 
again by Theorem 3.3.4. If T is Fredholm, as the set of bounded Fredholm operators is 
open, see Theorem 3.3.5, there is a constant c > 0 such that T + A is Fredholm for all 
A € B((D(T), || - Iir), H’) such that ||A| < c. If S is relatively bounded with respect to T, 
then S € B((D(T), | - |), 94") has norm less than c provided the constants c, and c; in 
(6.8) are sufficiently small. Then, by the above, T+ Sis Fredholm with an index satisfying 
Ind(T + S) = Ind(T + 5) = Ind(T) = Ind(T). 


As in the bounded case for self-adjoint operators, there is another characterization 
using the notion of essential spectrum. The essential spectrum of a self-adjoint operator 
H : D(H) c H — H is defined as in Section 3.4 for bounded self-adjoint operators, 
namely speCa,.(H) = spec(H) \ specg;,(H) where the discrete spectrum spec,;,(H) con- 
sists of all isolated eigenvalues of H of finite multiplicity. 


Theorem 6.2.14. A self-adjoint operator H = H* € L(H) is Fredholm if and only if one 
has 0 € spec, UT). 


Proof. Let us first assume that H is Fredholm. As Ran(H) = Ker(H)*, then either H is 
invertible with a bounded inverse, by the Hellinger-Toeplitz theorem, or 0 is an eigen- 
value of finite multiplicity. It remains to show that there exists e » 0 such that one has 
spec(H) n (—e, €) V {0} = 0. The restriction H' of H to D(H) n Ker(H)* is a bijection onto 
its range, which is a Hilbert space. Its graph (($, Hd) : $ ¢ D(H) n Ker(H)*} is closed 
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because H is a closed operator. Therefore the closed graph theorem shows that (H’)? 
is bounded and therefore 0 lies in the resolvent set of H’. Thus there is e > 0 such that 
(-e, €) n spec(H’) = 0. Furthermore, H + 61: D(H) c H — H is a Fredholm operator 
of all 5 € (-e,¢). Then Ran(H — 61) = Ker(H — 61)* and therefore 6 is an eigenvalue 
of H or H - 61is invertible with bounded inverse so that 6 € spec(H). If 6 is an eigen- 
value of H, there is @ = $4 + $; € D(H) with @, € Ker(H) and $, € D(H) n Ker(H)* 
such that Hd = Ho, = 69 = 694 + 60,. Therefore 694 = (H — 6)9, and, as $4 € Ker(H) 
and (H — 6)ó, € Ker(H)", this implies $, = 0. Therefore H'$, = Hø, = 6$», which is a 
contradiction. 

Conversely assume that 0 ¢ spec,,,(H). Then dim(Ker(H)) < co and ||H@|| = clld| 
for some c > 0 for all @ € D(H) n Ker(H)*, which is, by Proposition 6.2.5, equivalent to 
the Fredholm property of H. 


The following generalizes Theorem 3.4.1 to unbounded operators. 


Theorem 6.2.15. A regular operator T € L(K, 9€") is Fredholm if and only if one has 
0 € spec, (T* T) and 0 € spec (TT). 


Proof. Let us first suppose that T is Fredholm. Then by Corollary 6.2.8, T* is Fredholm 
and therefore T*T and TT* are Fredholm. As T*T and also TT* are self-adjoint by 
Lemma 6.11 (note also that (T*)* = T = T), this implies 0 ¢ spec... (T^ T) and fur- 
thermore 0 ¢ spec... (TT) by Theorem 6.2.14. 

Conversely assume that 0 ¢ spec,,,(T°T) and 0 ¢ spec, (TT^). Then by Theo- 
rem 6.2.14 and Lemma 6.1.1, T* T and TT* are Fredholm. Therefore the dimensions of 
Ker(T) = Ker(T* T) and Ker(T*) = Ker(TT") are finite. Moreover, Lemma 5.3.3 implies 
that Ran(T) = Ran(TT") e (Ran(T) n Ran(IT*)*) is closed. This implies by Lemma 6.2.3 
that T is a Fredholm operator. 


ess 


As for bounded Fredholm operators, there is another characterization of the index 
of a Fredholm operator T € IF(26 H') using the operator L : D(T) e D(T*) > He! 
defined by 


0 T* 
m (i ; ). (6.11) 


Note that the square L? commutes with J = diag(1, -1) and therefore Ker(L) = Ker(L’) 
is invariant under J. Now Ind(T) can be calculated as follows. 


Proposition 6.2.16. Let T € IF(36, H’) be a Fredholm operator. Then the operator L de- 
fined by (6.11) is self-adjoint. Moreover, the index of T is equal to the signature of the oper- 
ator J] =1@ —1 € B(H e H’) restricted to the kernel of L, namely 


Ind(T) = Sig(]Ker(z))- 
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Proof. One directly checks that L is symmetric. Therefore it is sufficient to show that 
D(L*) c D(L). As Ker(L) = Ker(T) e Ker(T*) and 


Ran(L) = Ran(T*) e Ran(T) = Ker(T)* e Ker(T*) = Ker(L)*, 


one has Ran(L*) c Ker(L)* = Ran(L) and Ker(L*) = Ran(L)* = Ker(L). Now let be 
given Y € D(L*) \ D(L). Then L' y € Ran(L*) c Ran(L) so that there is a @ € D(L) with 
L'y = Lọ = L'ó.Hence0 = L'(U-$) = L(Y —$) as Ker(L) = Ker(L*), and one concludes 
y € D(L), in contradiction to the assumption. Hence D(L*) c D(L) and L is self-adjoint. 
As Ker(L) = Ker(T) e Ker(T*), one concludes that 


Sig Ike) = dim(Ker(T)) - dim(Ker(T*)) = Ind(T), 


completing the proof. 


As the final topic of this section, let us examine the image of Fredholm operators 
under the bounded transform 3, namely let us restrict the bounded transform 3 to the 
subset F(H, H’) c L(K, 3€). Combining Theorems 6.1.4 and 6.2.15 and using the identity 
S(T F(T) = T*T(1+ T T) 3 where (1+ T'T)5 : K > D(T*T) isa bijection so that 
S(T)* F(T) is Fredholm if and only if T* T is Fredholm, one obtains 


F(F(H, H')) 
= {F € B (H, H’) : Ker(1—F*F) = {0}, 0 € spec (F"F) U specs, (FF*)], 


so that, by Theorem 6.2.15, 
S (IF(36 K')) = IBI (2€, H’), (6.12) 
where FB} (H, H’) = FB(H, H’) n BJ (26 H’). Moreover, one has 
Ind(F(T)) = Ind(T), T € F(K, H’). 

Now Propositions 6.1.5 and 6.1.7 immediately imply the following 
Proposition 6.2.17. The bounded transform provides two homeomorphisms: 

F : (E(363€), Og) > (FB1 (H, 1’), Oy) 
and 

F : (F(X, H’), Og) > (FB? (X, H'), Op). 


Proposition 6.2.17 leads to the following result that will be used in Section 8.2 for the 
computation of the homotopy groups of (F(H), Og). 


Proposition 6.2.18. The inclusion i : (FB(H, H’), Oy) > (E(K, H’), Op) is a homotopy 
equivalence with homotopy inverse F : (F(H, K’), Op) — (FB(H, H’), Oy). 
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Proof. (Modification of the proof of Theorem 5.10 in [126].) Let us first show that the 
composition F oi: FB(H, H’) — FB(H, H’) is a homotopic to the identity. Consider the 
norm-continuous homotopy h : FB(H, H’) x [0, 1] — FB(H, H’) defined by 


h(T,t) = T(1- T* TY. 
Then, clearly, h(T,0) = T and A(T, 5) = (F o i)(T) for all T € FB(H,H’). By Proposi- 


tion 6.2.17, this implies that i» F = F! o (F o i) o F is also homotopic to the identity. 
Putting these facts together, one concludes that i is a homotopy equivalence. 


6.3 Unbounded self-adjoint Fredholm operators 


This section analyzes the set F,,(5() of unbounded self-adjoint Fredholm operators 
on +. As a subset of the set L(H) = L(K, H) of closed densely defined operators, it 
inherits two natural metrics, namely the Riesz metric dg and the gap metric dg. The in- 
duced topologies will still be called Riesz and gap topologies, respectively. Let us begin 
by analyzing the image of F,,,(5() under the bounded transform. Recall from Section 4.6 
the notations 


B? a(H) = {H € Ba(H) : HI < 1, Ker(H’ - 1) = {0}} 
and 
FB{ (0 = B), (90 n FB(H). 


Proposition 6.3.1. The bounded transform F maps L,a(H) and F,,(H) bijectively onto 
B? a(H) and FB} (H), respectively. 


1,sa 


Proof. By Theorem 6.1.4, one has F(T*) = F(T)* for all T € L(H). Therefore T is self- 
adjoint if and only if F(T) is self-adjoint. Moreover, as (1 + T'Tyi : H  9XT) is 
bijective, Ran(T) = Ran(F(T)) and dim(Ker(T)) = dim(Ker(2(T))). This implies that T 
is Fredholm if and only if F(T) is Fredholm. Theorem 6.1.4 implies the claim. 


Even though itis not the main focus of this section, let us begin by studying the Riesz 
metric. As it is obtained (by definition) via the bounded transform from the norm on the 
bounded linear operators on «K, the following is natural and actually directly follows by 
combining Propositions 6.3.1 and 6.1.5. 


Corollary 6.3.2. The bounded transform 
F : (I(70, Op) > (FB? (70, Oy) 


is a homeomorphism. 
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Corollary 6.3.2 allows deducing the next result which later on allows us to deter- 
mine the homotopy groups of (F,,(5(), dg), see Theorem 8.6.1. By repeating the proof of 
Proposition 6.2.18 for self-adjoint operators, one obtains 


Proposition 6.3.3. The inclusion i : (IFIB, (JO), Oy) — (Fsa(H), Og) is a homotopy equiv- 
alence with homotopy inverse F : (Fs,(H), Og) > (FB (9C), Oy). 


The remainder of this section concerns the gap topology. First, let us combine Propo- 
sition 6.3.1 with Proposition 6.1.7 which concerns the continuity properties of F when the 
gap metric d; and the extended gap metric dz are used. One immediately deduces 


Corollary 6.3.4. The bounded transform 3 provides two bi-Lipshitz-continuous homeo- 
morphisms 


F: (Lya(H), dg) m (B3. (70, dr), 3: (I4 O0, dg) d (FBY (1), dr). 
The metric space (FB) .. (20, dg) was already analyzed in Section 4.6. In particular, 
Corollary 4.6.10 showed that 9 : (B$ (H), Op) > (U* (H), Oy) with § defined by (4.22) 
and 


U*(30) = {U € U(20 : Ker(U - 1) = {0} (6.13) 


is a homeomorphism. Moreover, Corollary 4.6.12 already stated that also the map 
S : (FB? a (H), 0g) > (FU (H), Oy) is a homeomorphism. Combining this with Corol- 
lary 6.3.4, one immediately obtains a central result of this section. 


Theorem 6.3.5. The maps 

$»3 : (Leq(H), Og) > (U*O0,0y) 
and 

G o F : (Fa (H), Og) > (FU"(H), Ow) 


are homeomorphisms. 


Based on Theorem 6.3.5, one can then define the spectral flow of gap-continuous 
paths in IF,4 (7€) as the spectral flow of essentially gapped unitaries introduced in Sec- 
tion 4.5. This will be carried out in detail in Section 7.1 below. 

Let us next compute the map 993. Using spectral calculus of the self-adjoint operator 
H €L,,(H), one has 


d : 
2 2 


Go F(H) = 2H7(1+H’) | -1-2H(1+H?) ? a - g?(a H7) )) 


-2H'0«H)!-1-zH( «H))! 


-2H(H - i) « H)“ -1 
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= (H -11)(H +11). 


This shows that 9 » F = €, where the Cayley transform is defined by 


X-1 


e:RoS'\{, xeo-—. (6.14) 
Att 
Then the operator 
en = (H -11)(H +1) 1 =1-2(H +11)? (6.15) 


is called the Cayley transform of H. It is a unitary operator C(H) € U(H) by the spectral 
theorem (this will also be proved more directly below). The mapping properties in the 
first formula for C(H) in (6.15) are given by (H + 11)! : H — Ran((H 4:1) )) = D(A) 
and afterwards H - 11: D(H) cH 9 X. 

Theorem 6.3.5 was deduced from the results of 9 as given in Section 4.6 combined 
with those on 3 given in Section 6.1. While this is clearly sufficient to go on to the defini- 
tion of the spectral flow in Section 7.1, we will provide also a direct proof of Theorem 6.3.5 
along the works [31, 126]. This also provides several useful metrics that are equivalent 
to the gap metric dg. Moreover, these direct arguments are useful in other contexts, e. g., 
[38]. Let us start by analyzing the mapping properties of the Cayley transform and its 
inverse. 


Proposition 6.3.6. If U € U(H) and U - 1 is injective, then H = (1 + U)(1 - U) is 
self-adjoint on D(H) = Ran(1 - U). Moreover, H = (1 - U) (1 + U). 


Proof. Since U is normal, Ker(1 - U*) = Ker(1- U) and thus 
Ran(1- U) = Ker(1- U*)^ = Ker(1- U)* =H, 
as 1- U is injective. Consequently, D(H) = Ran(1- U) is dense in H. From 
(1- U)0 - U) 2 3- U* - (0 UY - U), (6.16) 
it follows that 


a«U)1-U)!-a-uy!a-u)ya«u)i-uy! 
= (1-U) ! 1. U)luana p). (6.17) 
On the other hand, if y € D((1-U) !(1«U)), then (1--U)y € D((1-U) )) = Ran(1-U) and 


accordingly there exists $ € H such that (1+U)w = (1-U)@. Thus y = (1-U)ó9- (0-U)U-V 
and hence 


P= 20 - O4) e D(0+ DA- U^) 
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It follows from (6.17) that 

H 2144 U)1- U) ! 2:1 - U) (4 +U). 
Next, let us show that H is symmetric. If y, 9 € D(H) = Ran(1 - U), then there exist 
$', U' € H such that y = yw’ — Uy' and ¢ = ¢’ — Uo' and therefore Hy = i(U' + Uy’) and 
Hà - 1(¢' + Ud"). One gets 


(61H) = 1(9' - UG" | + UY") 
= (6 |U^) - (Ud' |b") + (9 |uv^) - (uo'|Uv")) 


= (Uo |^) + (9|) 
= ((9' + Ud)|U' - Uy") 
= (6l. 


Hence H is symmetric and 
H c H* sav") (beu*y (6.18) 
As U* - 1is injective, arguing as above one gets 
Hey (1+ U*) Sate aa). 


thus exchanging U and U* shows that H* is symmetric. Hence 


H* cH** =11-U)'4+U) =H 


and it follows from (6.18) that H = H*. 


Corollary 6.3.7. If U and H are as in Proposition 6.3.6, then C(H) = U. Moreover, the 
Cayley transform € : L (H) > U? (H) is a bijection. 


Proof. By Proposition 6.3.6, H = 1(1 + U)(1— U) |. Hence 
H«n 2i1-U)1-U)! «i1-U) -U)! = 2: - Ut, 
and thus 
T 
(H +71) += —(1-U). 
21 
Analogously, 


H-ü-i1«U)1-U)!-:i1-U)1-U)! = UA - U) 3, 


and one obtains 
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CH) = (H -11)(H + 11) ! = U(3- U) 1(01-U) = U. 


To prove the second claim, one only has to show that U = C(H) is unitary and 1 - C(H) 
injective for all H € L,,(H). It is clear that U is surjective. For $ € D(H), 


Ho + 19 |" = (Ho + 1 |Ho + 10) 
= IHON? + Il? — (1H) + (Holo) 
= |Hol? + ll? 
= ||H@ - 1° 
and, since U(H@ + 19) = Hó — 14, it follows that ||Uy|| = ||| for all y € H. Hence U isa 


surjective isometry defined on all of K, and consequently it is a unitary operator. Now 
let us assume that y € H is such that C(H)y = y. Then one obtains from (6.15) 


Y = CHY = Y - 20H + 1) y, 


and hence (H +11) !y = 0 which implies that y = 0. 


The following connection of the spectrum of H € IL,4(3€) to the spectrum of its 
image C(H) € U(H) follows from the spectral mapping theorem, but again a direct 
proof is provided due to its importance for the definition of the spectral flow of paths of 
unbounded self-adjoint Fredholm operators in Section 7.1. 


Corollary 6.3.8. IfH € I,4(9€) and A € R, then 

(i) Ker(A1- H) = Ker(C(41) - €(H)); 

(i) Ran(A1 - H) = Ran(C(A1) - C(H)) 

(iii) A € spec(H) e C(A) € spec(C(H)); 

(iv) A € spec, (H) — C(A) € spec, (C(H)); 

(v) À € SPecess(H) = C(A) e SPecess(C(H)). 
The proof is based on the following lemma. 


Lemma 6.3.9. For H € L,,(H) and À € R, one has 
M-H = (A+2)(C(A1) - e(D)( - CH”. 
Proof. The equality 


M-H =A1-1(1+ C(H))(1- &(H)) 
= (A(1- ed) -i(14 C(H)))(1- ean) ! 
= (A1- AC(H) - 11 -1@(H))(1- C(H)) 
= ((A-1)1- (A « 9edD)( - CCH) 
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= (A+ (A=) +71- CD) (1 - ean) 
= A +2)(C(A1) - CH))(1 - ean) ! 


implies the claim. 


Proof of Corollary 6.3.8. First of all, let us note that (1 — €(H)) ! maps D(H) bijectively 
onto ‘H as 1- C(H) = 2:(H + i1) 1. Thus by the previous Lemma 6.3.9, 


Ker(A1 - H) = (1- €(H))(Ker(€(41) - €(H))) 
= Ker(@(A1) - C(H)), 


where the second equality follows from the fact that Ker(C(A1) — C(H)) is invariant un- 
der C(H). This implies the assertion (i). As (1 - C(H yt : D(H) 9t is a bijection, 
Lemma 6.3.9 directly implies (ii). All other claims are immediate consequences of (i) 
and (ii). 


Let us recall that for an operator H € L,,(5) that is bounded, the spectrum of its 
image C(H) € U(H) does not contain 1. This is made more precise in the following 
statement. 


Lemma 6.3.10. For H € L,,(H), one has 
(i) 1¢spec(C(H)) => D(A) = K, and this is true if and only if H is bounded. 
(ii) 1€ spec,,,(C(H)) e D(H) + K, and this is true if and only if H is unbounded. 


Proof. The assertions regarding the boundedness and unboundedness of H follow as 
any self-adjoint operator H : D(H) c H — H is bounded if and only if D(H) = H. By 
(6.15), one has 


1- €(H) = 2(H « 11) ! e BCH) 


mapping H bijectively onto D(H). Accordingly, if 1 is in the resolvent set of C(H), one 
infers H = Ran(1- C(H)) = D(H). Conversely, if D(H) = K, then 1 - €(H) maps XX 
bijectively onto +, showing that 1 is in the resolvent set of C(H). Hence assertion (i) is 
proved. 

In order to show (ii), we note at first that by (i), 1 € spec(C(H)) if and only if 
D(H) + X. Now it remains to show that if 1 € spec(C(H)), then we actually have 
1 € spec,,,(€(1)). But, if D(H) + K, we see that Ran(1 - C(H)) = D(H) is a proper 
dense subspace of + and hence in particular not closed. Accordingly, 1 — C(H) is not a 
Fredholm operator and, by Corollary 3.4.4, 1 € spec,,,(C(H)). 


Corollary 6.3.8 implies: 


Corollary 6.3.11. If H € IL, (2€), then 
(i) C(spec(H)) = spec(C(H)) if H is bounded. 
(ii) C(spec(H)) u {1} = spec(C(H)) if H is unbounded. 
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Now all is prepared to state and prove the result that is essentially already contained 
in Theorem 6.3.5. However, as already stressed above, the result also feature a metric de 
on IL,4(2€) defined by 


d; (Ho, H1) = | e) - €;) 


, Hp, Hy € L.a (F0). 
Due to (6.15), one then has 


de (Ho, Hj) = 2|(Ho + 11) - (H +11)" | 


, Hp Hy € L0. (6.19) 


Hence the following theorem shows that the gap topology can be obtained form the Cay- 
ley transform, similarly as the Riesz topology is obtained from the bounded transform 
in Proposition 6.1.5. 


Theorem 6.3.12. On L,,(H) the gap metric dg is equivalent to the metric dg. The Cayley 
transform 


€ : (L,(30, dg) > (U°(H), dy) 


is a Lipshitz-continuous homeomorphism. 


Proof. Recall from Proposition 6.1.3 that dg is equivalent to 
dc (Ho, Hy) = 2|Rg, - Ry, lHoRg, - Hix, |b Ho Hy € IL. 
The identities 


(H 11)! = (H & D? «1) ! = HRg + tRy, 
(H +11)” = (H «qu +1)” = HRy - Ry 


imply 
Ry = (H-D - (+), 
1 
E! -1 -1 
HRy = 5((H - 0) (10). 
Therefore the metric d; is equivalent to the metric de as, for Ho, Hy € IL,,()€), 


E 


de (Ho, Hj) = |(H + :) ! - (Hj +D] + [Gg -97 - (E - :1) | 


where it was used that |Al| = ||A* || for all A € IB(7C). Now all claims follow from Corol- 
lary 6.3.7 and (6.19). 


Theorem 6.3.13. With respect to the gap metric, the set IB, (JC) is dense in IL, (2). 
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Proof. For H € L,,(5), let the spectral resolution of H be denoted by (E,),-p. For n € IN, 
let us define the bounded self-adjoint operator 


His | ME, + | nsgn(A)dEy. 


[-n,n] |A|>n 
Then using the metric i as in (6.19), one has 
de (H,H,) = 2|(H 1) - (A, +1) 


= | | (A+) (nsgn(A) + 1) dE, 
A\>n 


I^ 
"EE 


Hence H, converges to H with respect to the metric dz and, by Theorem 6.3.12, also with 
respect to the gap metric. 


Next let us focus on the set 
F,,(H) = {H € F(H) : H = H*] 


of self-adjoint (unbounded) Fredholm operators on H. By Corollary 6.3.8, the Cayley 
transform maps E,,(H() bijectively onto FU°(H) = FU(H) n U*(20). Hence Theo- 
rem 6.3.12 also implies the second statement of Theorem 6.3.5, namely 


Theorem 6.3.14. The Cayley transform 
C : (E470, dg) > (FU (HK), dy) 


is a Lipshitz-continuous homeomorphism. 
Theorem 6.3.14 directly implies the following because FU? (I) c U°(H) is open. 
Corollary 6.3.15. With respect to the gap metric, the set F,,(H) is open in IL, (9€). 


In contrast to the set of bounded self-adjoint Fredholm operators consisting of three 
connected components as studied in Section 3.6, F,,(9{) is connected when equipped 
with the gap metric. Following [31], this is now proved directly by a spectral-theoretic 
argument. Let us note that an alternative proof, actually leading to a stronger statement, 
is given in Section 8.6. 


Theorem 6.3.16. With respect to the gap metric, the set F,,(H) is connected. 


Proof. We show that FU? (H) is connected with respect to Oy, which by Theorem 6.3.14 
implies the claim. For U € FU? (H), we show that there is a norm-continuous path within 
FU°(H) connecting U to 11. First, we decompose 2 into the spectral subspaces H. + of U 
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corresponding to {e’” : 9 € [0,7)} and fe? : 9 € [z,27]}. Respectively, we decompose 
U = U, @U_. There is no intersection of the spectral subspaces as if -1 € spec(U) it is 
an isolated eigenvalue and hence belongs to spec(U_). And if 1 € spec(U), it does not 
contribute to the decomposition of U as it is not an eigenvalue. Then by spectral defor- 
mation we contract U, to :1, and U_ to —11_ where 1, denotes the identity on 2€,. During 
this contraction, 1 does not become an eigenvalue and -1 does not become an element 
of the essential spectrum. Thus we have connected U to 71, e -71_ within FU? (90. 

If H_ is finite dimensional, we rotate —71_ through -1into:1 . Otherwise, we identify 
H_ with L?((0, 1]). Now the multiplication operator by — on L^([0,1]) can be connected 
to the multiplication by the function f : [0,1] > $1, f(t) = e 7*2 within the uni- 
taries in such a way that one does not introduce spectrum at +1. Then s € [0,7] = e^?f 
connects f to g : [0,1] > Sl, g(t) = e'G7*-? such that —1 is not in the spectrum 
and 1 does not become an eigenvalue. Finally, g can be contracted to the multiplica- 
tion by 1. Thus, in both cases U can be connected to 11 within FU°(#) completing the 
argument. 


The following result is due to Nicolaescu [139], see also [126] and Proposition 6.3.3. 
Proposition 6.3.17. The Riesz topology on F,,(H) is strictly finer than the gap topology. 


Proof. By Proposition 6.1.9, the topology induced by the Riesz metric on IF,4 (2€) is finer 
than the topology induced by the gap metric. In the proof of Proposition 6.1.9, a sequence 
(Hy)new Of operators in F,,(() converging to H € F,,(4) with respect to the gap topol- 
ogy, but not converging with respect to the Riesz topology was constructed. This implies 
the claim. 


Note that Proposition 6.3.17 implies, in particular, that every path in IF,, (2€) which 
is continuous with respect to the Riesz metric is also continuous with respect to the gap 
metric. Next let us transfer the theorem of Cordes and Labrousse (see Theorem 6.1.10) to 
the subset of self-adjoint operators. One immediately deduces the following result (also 
discussed in [126]). 


Corollary 6.3.18. With respect to the gap metric, the set IFIB,, (JC) is open in IF,,(H). On 
FB,a(H) the topologies induced by dy, dp, and dg coincide. 


Finally, the next result is a direct consequence of Theorem 6.3.13 and Corollary 6.3.15. 


Corollary 6.3.19. With respect to the gap metric, the set 1FIB.. (3€) is dense in F,,(H). 


6.4 Self-adjoint Fredholm operators with compact resolvent 


This section analyzes the set IC (H) of self-adjoint Fredholm operators with compact 
resolvent 


FG (H) = {H € Fa (H) : (H - 11)" € K(H)}. 
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By the resolvent identity, the compactness of the resolvent (H —z1) ! at some other point 
z € C \ spec(H) is equivalent to the compactness of (H — 11) 4. Further recall that the 
compactness of the resolvent directly implies the Fredholm property: 


Proposition 6.4.1. Let H € IL,,(9€) have a compact resolvent (H — 11)" € K(K). Then 
H € (90) is a Fredholm operator so that H € FC (3€). 


a 


Proof. If H € L,,(H) has a compact resolvent, then 0 ¢ spec 
rem 6.2.14, directly implies that H is a Fredholm operator. 


(H), which, by Theo- 


ess 


Operators from TC (H) play a central role in index theory and noncommutative 
geometry [63] where they appear as unbounded Fredholm modules, which are also 
a special case of unbounded Kasparov modules (namely those representing elements 
from KK(B(H), C) or KK(C, B(H))). While both Riesz and gap topologies can be used 
on IC (30, the focus will here be on the gap topology. One of the main final results of 
this section is the following: 


Theorem 6.4.2. Space (FE (3, Og) is homotopy equivalent to (T. (JC), Og). 


The proof of this result is surprisingly intricate and will make up a large part of the 
remainder ofthe section. While it will mainly pend on the use ofthe bounded transform 
of the set IC (2€), let us start the analysis of the Cayley transform of (FE (0), Og). Recall 
from Section 3.7 that UC (2€) is the set of unitaries U with U —1 € K(H) and furthermore 
from (6.13) that U? (H) is the set of unitaries U with Ker(U—1) = {0}. Here the intersection 


of these sets will appear naturally 
U (KH) = {U € U(H) : U -1 € K(H), Ker(U - 1) = {0}. 
Theorem 6.4.3. The Cayley transform 
€ : (F0, dc) ^ (U^ (90, dy) 


is a Lipshitz-continuous homeomorphism. 


Proof. By (6.15), the compactness of C(H) — 1 and that of the resolvent are equiva- 
lent. Therefore the claim directly follows from Theorem 6.3.12 (or equivalently, Theo- 
rem 6.3.5). 


Next let us consider the bounded transform of the set FẸ, 


us introduce the set 


(9€). For this purpose, let 


FBFE (H) = {H € FBi,,0 :1- H^ € K(H), Ker(1- H^) = (0)]. 


Note that this is a subset of FB a (H) studied in Proposition 3.6.3, specified by the sup- 
plementary condition Ker(1 - H?) = {0}. 
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Proposition 6.4.4. The bounded transform 3 provides a bi-Lipshitz-continuous homeo- 
morphism 


F : (FE O0, dg) > (FBS? 


1,sa 


(H), dr). 


Proof. This follows from Corollary 6.3.4 by implementing the compactness condition 
1-He IK(3€). Indeed, the identity 


me 
2 


H = 3(H)( - F(H)’) 
following from (6.6) implies 
-1 


(H-1)! = a- st)? (FE) -1(1- 3013?) 


which shows that the compactness ofthe resolvent of H is equivalent to the compactness 
of 1 — F(H)* because (F(H) — 1(1 - F(H)”)2) + is unitary and hence bounded. 


For the following it is necessary to use yet another topology on FBF? (H) and some 


of its supersets. The so-called strong extended gap topology on B4 sa(H) is defined by 
Osg = O(Og, Os), 


where on the right-hand side Or denotes the extended gap topology generated by dg, Os 
is the strong operator topology, and the remaining O denotes the generated topology. In 
other words, Os; is the weakest (or smallest) topology on DB, .. (JC) containing both Or 
and Ox. The topology Osp was introduced in [108] under the name strict extended gap 
topology, but in the Hilbert space framework the strict and strong topologies coincide. 
The strong topology is not metrizable on the set of all bounded operators, but on B, sa( H) 
it is metrizable. This leads to the following statement which, in particular, implies that 
sequential compactness and compactness are equivalent in (B; .4 (7C), Osr). 


Lemma 6.4.5. The topology Osg on BB, ., (JC) is metrizable. 


Proof. It will first be shown that Os is metrizable on DB, .. (3). For an orthonormal basis 
(On) n>1 Of K, consider the metric 


ds(Hy, Hg) = Y 2 ||(Hy - Hy) nl 


n=1 


> 


and let B,(Ho) be a ball of radius € > 0 in B4,,(9€) with respect to ds. Let N € IN be 
sufficiently large such that Y° 2 "*! < 5. With H € Bys,(H), Y € H, and n > 0, the sets 


U,(H, V) = (H' € B1,,(00 : |H'U - Hy| « n] 


form a subbase of O; and thus 
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N 
V = [| U: (Ho, dn) € Os. 


n=1 


It follows for H, € V that 


N co 
dg(Hi, Ho) = X 2" (Hy - Hes] + Y, 27"|ü5 - Ho) dal 


n=1 n=N+1 
N 
€ E E 
E DEEN Te 
n=1 n=N+1 


Thus V c B,(Hy), and it is shown that every open neighborhood of Hp in the metric 
topology contains an open neighborhood of Hy in Os. This implies that O, is finer than 
the metric topology. 

For the converse inclusion, let us first note that Oç is already generated by the sets 
U,(H, V) with Y only taken from any dense subset of H. Moreover, the set of all finite 
linear combinations of elements of (0,),.4 is dense in K. Now let y = X a,0,. Then 


N 
|Œ- Ho) bl] < Y lanlli(H - Ho) bn | 
n=1 
N oco 
-n 
M C. ae Mae 


Thus if d; (H4, Ho) < Ula then H; € U,(Hp, Y). As these sets are a subbase of O,, it 
follows that the metric topology is finer than Os. 
Finally, Osz is the topology induced by the metric d = dr + ds on By ,4 (3C). 


Proposition 6.4.6. The following pairs of topological spaces are identical: 

G) (B2, (70, Ose) and (B2... (70, Op); 

(i) (FB? (H), Ose) and (FB? (H), Of); 

(ii) (BEA (90, Ose) and (PBT, (3€), Or). 

Proof. Let (H;)j., be a sequence in B? (00) converging to H € B4 (00 with respect to 
dp, namely |H? — H?|| > 0 and |H;(1 - H7): - H(1 - H^): | — 0. One needs to show that 
for any @ € KX, one has ||(H; - H)ól| 0 so that the sequence also converges strongly. 


As H € IB). (9C), one has Ker(1— H?) = (0) and therefore the range of (1— H2)? is dense 


1sa 
in H. Hence, for a given e > 0 there exists y € H with ||j — (1 — H ?)iyl < €. Then there 
is a jg such that for j > jo 


i 
2 


-H(- y) 42€ 


Jyll] + 3e 


| -Del < Kara - 2) 


< Kara - zy 


2 
j -H;(1- Hj) 
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1 1 

< (Qa - A’)? - (1-H)? Y| + 3¢ 
1 

ee 


where the last step follows from Proposition A.2.2. Choosing jọ possibly even larger, this 
shows that ||(H; - H)@]| < 4e for all j > jo. As e was arbitrary, this shows the first claim, 
which directly implies the second and third. 


PIopecian 6.47. One has the following deformation retracts: 
i) (B? s 00, Osp) is a deformation retract of (By 4 (JC), Ose); 
(i) (EB; s CO. Osr) is a deformation retract of EB sal H), Ose); 
(iii) (FBFE (20, Osp) is a deformation retract of (FB sa (70. Ogg). 

Proof. (Inspired by Proposition 2.13 in [108].) Let us focus on the proof of (ii) and later on 
explain that the argument also covers the cases (i) and (iii). Let K € K(H) be a nonnega- 
tive compact operator with norm less than or equal to L. To construct such an operator, 
recall that K is separable and thus has a countable orthonormal basis (0,),.4. Then 
K =} na n ln) lnl has all the desired properties. Then define 


f : FB, .a(H) > FB,4OO,. fü) = 1 - K)H(1- K). 


Note that f(H) is indeed self-adjoint and Fredholm by the compact stability of the Fred- 
holm operators, and that it has norm less than or equal to 1 because ||H| < 1 and 
|1— K|| < 1. Now let 9 be a normalized vector. Then, using again ||H|| x 1 and |1— K|| x 1, 
the Cauchy-Schwarz inequality implies 


(Of EPEY = (a- x):9a -KHA - Ky'Hà - Koy 
< (8| - 106) I-K HA - KY HA - KO) 
< (6| - K)9) 
-1- (0|KQ). 


Therefore 


(é((1.— FG1*)6) =1- (| FEDS) 21- J1- (IK) > 0, 


because K has a trivial kernel. Hence Ker(1 — f (H ES {0} so that f(H) indeed lies in 
FB? (3C). 

Let us now show that f is continuous with respect to the topology Osg. Hence 
let (Hj)j.j be a sequence converging to H in (IFB; (C), Ose). It has to be shown that 
then also (f (Hj))j>1 converges to f (H) in (FB, .,(5(), Osg). Clearly, (f (Hj))j>1 converges 
strongly to f (H). For the convergence with respect to dr, let us begin by estimating 


lr ar -f| 
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= |(1- K)H;(1 - K} H; - K) - (1 - K)H(1 - K'Hà - K)| 

< |0- K)(E} - 8^?)a - &)| 

+ |& - JOHKQ1 - K)H;(1 - K) - (1 - K)HK(21 - K)HQ - K)| 
< |H? - R’ || + |pjkQ1 - K)H; - HK(21- K)H| 

H? - H*| + |a - D)KQ1 - K)H,| + |HKQ1 - K)(H - H;)| 
«Jg - maar - mi]. 


I^ 


Now K can be approximated in the operator norm by a finite-dimensional matrix, 
namely for all e > 0 one can find some finite-rank operator M with ||K — M || < e (this can 
readily be written out explicitly from K as given above). Due to the strong convergence 
s-lim; 4, Hj = H, one can then find a jọ such that |(H; — H)M || < e for allj > jo (this is just 
the standard argument showing that a strongly converging sequence of compact oper- 
ators is norm convergent). Choosing jọ possibly even larger so that also IH? -H^|«e 
for j > jg, one then finds 


lf ary - fH)’ < e + 8e + 4||(H; - H)M|| < 13e 


—00 
that the second nor difference in the definition of dz vanishes in the limit so that 
lim; ,,, delf (H;), f(H)) = 0. In conclusion, f is a continuous map on (FB, .. (2C), Osp). 

Next it will be shown that the map f is actually a homotopy inverse to the inclusion 
i : FB}? a(H) > FB, ,,(70, namely both of the maps i o f : FBi,,(J0 > FB, .,() 
and f «i: FB} (H) > FB? (H) are homotopic to the identity on (FB, (70), Osp) and 
(FB? .. (70, Osr), respectively. One can use the homotopy h,(H) = (1-sK)H (1-sK) which 
is indeed continuous by similar arguments as above, and it also satisfies the inclusion 
h, (FB). (70) c FIBI. (30) so that the case of f o i is also dealt with. 

The argument directly covers item (i) and also (iii), the latter because indeed one 
has f (H) € FB£,, (2C) for H € FBEA C. 


for all j > jy. Hence lim; ,,, [f (H)? — f()^| = 0. By a similar argument, one also checks 


Remark 6.4.8. The essence of the above proof is that the perturbation can be chosen 
such that it eliminates the point spectrum of H? at 1 for all H. The above proof also 
shows that (BI. (70, Oy) is a deformation retract of (IFB; sa(H), Oy), and also that 
(B? (H), Oy) is a deformation retract of (Bi 4 (30) Oy). o 


1,sa 


Remark 6.4.9. In Proposition 6.4.7, on FB, ,4(3€) the strong essential gap topology Os; 
appears. It is strictly weaker than the norm topology Oy on FB, ,4(2€). This can be seen 
by analyzing the bounded transform of the sequence (H,),., studied in the proof of 
Proposition 6.1.9 and realizing that 2(H,) — F(H) in the strong topology. Another man- 
ifestation is that (FB, .4 (7C, Oy) has 3 components, while (FB, .. (2€), Osg) has one com- 
ponent by Theorem 6.3.16 combined with Corollary 6.3.4. o 
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Example 6.4.10. Proposition 6.4.6 showed that the extended gap topology Op and the 
strong extended gap topology Ogr coincide on FB? .. (9). In view of Proposition 6.4.7, 
one might wonder whether the same holds true for the supersets FB, .4 (JC) and B, sa(H). 
In fact, this is not true as shows the following example. Consider the sequence (Hj);., in 
FB, .a(H) given by Hj = -(1- DL It converges to H = 1 with respect to dp because 


2 


1 
Ian» - gl = (1- } a1 0, 


|ga- 8-8 -my|-(1 a (1 20 0. 


However, the sequence (Hj);., does not converge strongly to H as Hj > -$ + 0 = Hó 
for all @ € H \ {0}. Hence Oc, is strictly stronger than Og on FB, (3€). 

Working with the same sequence, one can show that the map f defined in the proof 
of Proposition 6.4.7 is not continuous with respect to Or on FB4 sa(H). Indeed, 


fa - -(1- Ja -KY, füD-f()- q- Ky, 
so that 


I 
2 


-fax1- fa») [-2a - 0*1 - a - 105]. 


Ea - £a?) 


Hence dr(f (Hj), f (1)) does not converge to zero. The problem is that f moves all the spec- 
trum away from +1 to the inside which is a discontinuous procedure at 1in the topology 
Og (but the sequence (H;);., does not converge to 1 with respect to Osp and hence does 
not disprove continuity with respect to Osp). o 


Example 6.4.11. This example shows that the quotient topologies Or and Ogr on 
FBo~ (H) = FIBI (t /~ do not coincide. Let us consider H = £N) and the following 


1,sa 
sequence of operators from FB, s 00: 


1 


Hy = Y (1- g Jox (1- E.) "A ICE 


k+1,n 


Then IH? -1| — 0 and hence dz (H,, 1) > 0. Thus (H, : n = 2} is not closed with respect 
to Or. As each class [H,] with respect to ~ has only one representative, it follows that 
also ([H,] : n > 2} is not closed with respect to Or. On the other hand, it will be shown 
that the set {[H,,] : n = 2} is closed with respect to Ozr. Indeed, as 


ytd S32) (-Do-(-2)nl cs 
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the sequence (/1,),.; has no strongly convergent subsequence so that the subspace 
topology on {[H,,] : n 2 2} induced by Oz. is the discrete topology. o 


The next step will be to realize that FB{ sa (H) is a deformation retract of FB, sa(H) 
by spectral analysis. This was already proved in Proposition 3.6.3, see also Remark 3.6.4, 
however, for the norm topology. It turns out that one can prove that this retraction is 
also continuous with respect to Osp. A generalization of this fact is proved in [108]. Here 
we provide an elementary proof. 


Proposition 6.4.12. The space (FBE. 0, Osp) is a deformation retract of the space 
(FB, sa (H), Osp). 


Proof. It will be checked that the maps in the proof of Proposition 3.6.3 are continuous 
with respect to Osg so that they provide the desired retraction. For H € FB4 sa(H), let us 
define 6(H) = min{1, min(spec,,,(H 2) 2 } > 0. Then by the spectral radius theorem in the 
Calkin algebra, it follows that H + 6(H) is continuous with respect to Oop. For 6 c (0, 1], 
let now f; : [-1,1] — R be the monotone continuous function defined by 


fa 00 = Xis) - X-1,-6)(X) + ET (x). 


Then set f : EB, ,,(7() > FB{ (%0) defined by f(H) = fsan (H) and consider the linear 
homotopy 


h : FBysa(H0) x [0,1] > FBisa(H), hH, t) = 0- 0H + tf(H). 


To show that this homotopy is continuous, let us first note that if a sequence (Hy) n>1 
in FB, sa(H) converges to H with respect to Os; and f is a continuous function, then also 
(f(An))no1 converges strongly to f(H). Indeed, for all even polynomials p, this follows 
from the convergence of (Hĉ)n>1 to H? in norm, while odd polynomials can be written as 
H, p(H,) for an even polynomial p so that the strong convergence of H, to H implies that 
s-lim, ,,4 Hnp(Hn) = Hp(H). Then the strong continuity for any function follows from 
the Weierstrass approximation theorem which can be applied since IH? - H?| > 0 and 
therefore the sequence (H,),. is bounded. 

To show that the homotopy h is continuous, it is shown that for any sequence 
(Hn th) noi in FB1 sa x [0,1] converging to (H, t) € IFB, sa x [0,1] with respect to Oc, x |- |, 
the sequence A(H,, tn) converges to h(H, t) with respect to Os. By Lemma 6.4.5, Osp is 
the topology induced by the metric d = dp + ds on B4 sa(H) where 


co 


ds(Ho H1) =) 2 "(Hi - Hy) onl 


n=1 


> His Hi € By (30, 


for a fixed orthonormal basis ($,),.4 of H as in the proof of Lemma 6.4.5. Thus it is 
sufficient to show that 
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im (dg(h(H,, tn), AH, t)) + ds (h(H,, tn), h(H, t))) = 0. (6.20) 
The second summand is bounded by 


ds(h(Hn tn), hH, ©) = ds((1 - &)H, + tf (H,), (1 - DH + tf(H)) 
< ds((1- &)H, + tof (Hp), (1 — OH,  tf(H,)) 
* d(d - OH, + tf (Hp), (1-H + tf(H)). 


The second summand in this expression converges to 0 because fs) converges to 
fsa with respect to || - |j» and therefore by the first part of the above argument 
s-lim, ,44 h(H,, t) = h(H, t). The first summand is bounded by 


d;((1— t,)H, + tof (Hn), (1 - OH, + tf (H,)) 


= Y "E - 6)H;6, + (t -Of Enon 
m=1 


< Y 2" - ara + fan 
m=1 
<2) 2 It, -t| 
m=1 


Thus ds((1 — t,)H, + tf (H,), (1 — OH, + tf (H,)) converges to 0 uniformly in H,, and one 
concludes that lim, ,4; ds(h(H,, ty), ACH, t)) = 0. The first summand in (6.20) is bounded 
by 


dg(A(H,, tn), h(H, t)) = dp((1 — t,)H, + tf (Ap), (1 - OH  tf(H)) 
€ dg((1— &)H, + taf (Hn), (1 — OH, + tf (An) 
+ d(( — OH, + tf(H,),(1- OH + tf(H)). 


By Lemma 6.1.8, 


dp((1- t)H, + tf (Hn), (1 — OH, + tf Hn) 
< 2V2| - th) Hn + taf (Hn) - (1 - OH, + E| 


1 
2 


< 2V2(|t — tS + FEN) 


di 
< 2N2(2t - tyl)?. 


Thus dg((1—t,)H, + taf (Hn), 1-t)H, + tf (H,)) converges to 0 uniformly in H,. It remains 
to show lim, ,,, dg((1 — OH, + tf (Hn), (1 — OH + tf(H)) = 0. It is therefore sufficient to 
show that h, : FB,,,(H) — IFB4,4(30) defined by h,(H) = h(t, H) is continuous with 
respect to Or. Because h, is a class map with respect to ~, this can be checked using 
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the last claim of Lemma 4.6.6, namely it is sufficient to prove the continuity of the map 
h; : FBîsa( H) > FIB;,,(5¢) with respect to Oz. By Corollary 4.6.11, this is equivalent to 
the continuity of Soh; > S9 ! on (FU(KH), Oy). This is, in turn, guaranteed by the continuity 
ofthe map 


(€*,8) e S! x (0,1] ^ 9 hz» 9 (e), (6.21) 
where ọ € (0, 27] and A, s : [-1,1] — [-1,1] is defined by 


hyg(X) = 0 - Ox + tfs). 


Gehjso ge?) = s à - t) cos( 2) + n cos( 2))) Eb 


for (e'?, 6) € S! x (0, 1] the continuity of (6.21) can readily be checked. 


As 


Corollary 6.4.13. The space (FBES (H), Ose) is homotopy equivalent to the space 
(FB? a (H), Osp). 


Proof. Proposition 6.4.7(iii) implies that (FBES (H), Ose) is homotopy equivalent to 


(BE. (70, Osr), which, by Proposition 6.4.12, is homotopy equivalent to the space 
(FB, 4 (7C), Osr). But Proposition 6.4.7(ii) shows that the latter is homotopy equivalent to 
(Bj (70, Ose). 


Proof of Theorem 6.4.2. By Proposition 6.4.6, the topologies Or and Osp coincide on both 
FBES (H) and FB? a (H). Due to Corollary 6.4.13, one concludes that (FBES (3C), Op) and 
(EB? (H), Op) are homotopy equivalent. The claim now follows from Proposition 6.4.4 


and Corollary 6.3.4. 


In order to further complete the analysis of the strong extended gap topology Osr 
on TBI. (70, let us prove that it is equivalent to the Kasparov topology as introduced 
by Bunke, Joachim, and Stolz [44]. 


Definition 6.4.14. The Kasparov topology Ox on FB a (3t) is the weakest topology con- 
taining the strong topology Os and such that the map 


H € (FBE, (0, Ox) > 1-H’ e (K(0, Oy) 


is continuous. 


Proposition 6.4.15. The strong extended gap topology Osr on FBY sa (H) is identical to 
the Kasparov topology Ox. 


Proof. (Following Proposition 3.3 in [108].) The extended gap topology on FB{ (H) 
is the weakest topology such that H € (FBf.,(H), Ose) > H^ € (EBj,, (20, Oy) and 
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H € (FBi,,(H), Os) > H- H) € (FB; sa(#), Oy) are continuous. Clearly, the 
continuity of the two maps H € (FBf,a(H), Os) > 1-H? € (EB,,,(70, Oy) and 
He (FBy, (00. Op) > H° e (IK(H), Oy) are equivalent. As both Os and Ox contain 
Os, it follows that Osp is finer than Ox. 

Next let us come to the the converse. It will be used that the continuity of the map 
H € (FBY,,(H),0x) > 1-H’ e (K(20, Oy) implies, by Proposition A.2.2, also the 
continuity of H € (FB{ (H), 0x) > (1- H)i e (IK(20), Oy). Because a strongly 
continuous map of compact operators is norm-continuous, it follows that also the map 
He (FBE OO, Og) H(1- H) € (K(H), Oy) is continuous, showing that Ox is also 
finer than Osp. 


Next let us provide an application of the Kasparov topology. In the set TB. (70, 
there are two subsets with opposite properties: one is FBẸ? (H) in which neither —1 nor 


1is an eigenvalue, the other has both as eigenvalues with infinite multiplicity, 
EB; (30 = {H e FB, 70 : dim(Ker(H + 1)) = oo]. 


The analogue of Proposition 6.4.7 is the following result (that is not used for the proof of 
Theorem 6.4.2): 


Proposition 6.4.16. The space (EBPS (90, Ogg) is homotopy equivalent to the space 
(FB (H), Osp). 


1,sa 


Proof. (Inspired by Lemma 2.5 of [44].) Let us denote L? = L?([0,1]) @ C? and choose a 
unitary 


U: H>. 


Further let Q) = 1@ diag(1, -1) be a proper symmetry on L”. Next let us introduce the 
unitary W = (Wy, W4) : L? 5 L? eI? by 


AX -1 /X+1 
(Woy)(x) =2 (3) (WiU)(x) = 2 W(), 
where x € [0,1] and the 2 x 2 matrix component is the identity and suppressed in the 
notation. Then set 


H = U'W'(UHU* e Q)WU 


for H e FB{ (H). By construction, one has He FBPS (3). It remains to construct a 

homotopy A : FBS (H) x [5.1] — FBS (H) from h,(H) = H to hı (H) = H, continuous 
v d 2 

with respect to Ocr. For this purpose, one can now proceed using a family of partial 


isometries V, : L? > I? first introduced by Dixmier and Douady [73]. Set 


CH. x (0,4), 


V, = 
( RIS) lo XE dh 
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Note that V^ V, = 1and V,V;" = xjo;j is the projection onto L^([0, t]) (again tensorized 
with the identity on C), so that, in particular, V, is unitary. Also [V;, Q9] = 0. Moreover, 
by a standard approximation argument with smooth functions, one can check that both 
te [5.1] o V,andt € [3.1] + V7 are strongly continuous. Then set 


h,(H) = U*(V,UHU*V; + (1 - V,V.)Qg)U. 
Due to V/(1- V,V/) = 0,(1- V,V/)? = 1- V,V* and Q = 1, one has 


1- AD = U* (1 - V,UHU* V? VUHU" V? - (1 - VV) QU 
= U*'(V,V? - VjUH?U* V7 )U 
= U*V,U(1- H^)U* VU, 


which is compact so that indeed h,(H) € FB. (H). Next let us verify that is continuous 
and therefore a homotopy on (FB{ (70, Ogg). For this purpose, it is shown that, for any 
sequence (Hy, tn)n>1 in FY ,, x [1,1] converging to (H, t) € FIBy,, x [3,1] with respect to 
Ose x | - |, the sequence h, (H,) converges to h,(H) with respect to Or. By Lemma 6.4.5, 


Osz is the topology induced by the metric d = dp + d; on B4 sa(H) where 


ds(Ho, Hi) = 5, 2 "|(H; - Ho)ós| 


n=1 


, Hy, Hi € Bysa(H), 


for a fixed orthonormal basis (¢,),,, of H as in the proof of Lemma 6.4.5. Thus it is 
sufficient to show that 


lim (dz (h, (Hp), hG)) + ds (P, (Hz), hi(H))) = 0. (6.22) 
The second summand is bounded by 
ds (Ny, (Hn); h(H)) < ds(h; (Hn), hi GT;)) + ds(h H1), hi(H)). (6.23) 
Then 


Jim ds(h (H,), h(2)) = lim X 2 "|U* V UH, - H)U* V; Ub = 0 
m=1 


because s-lim, ,,, Hn = H by assumption and ||U*V,U(H, - H)U*V;U|| < 2 for all 
(n,t) € Nx [5 1]. The first summand in (6.23) is bounded by 


ds(hi. (Hy), h((H,)) 


[o9] 
= Y 2" |U"(V,, UH,U* V; - V UHU V  Q((V,V? - V, V2))U6s| 


m=1 
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eco 
< Y z"|u* (V, UH,U* VÝ - VUH,U* V; UO 


+ 


> 27" K(V,V? - ViVi )UOm|)- 


m=1 


The second summand converges to 0 and the first summand is bounded by 


o 
Y vail |U* (V, UH,U* VĚ - V,UH,U* V; )U6,,|| 
m-1 
CO 
< $ 2 " (JV, UH,U* (VÈ - Vi) Ub mll 
m-i 


+ |(V;, - VOUH,U" V; Ud, |) 
oo 
< $ 2 " (IV, UH,U* (V; - V; )Udmll 


+ |V, - VDU Hp - H)U* VÝ Ub 
+ (V, - VJUHU" V; Uo, |) 


< $ z"Ql(v; - v; )Uos] + 2|| (Hy - H)U* V; Us| 


m-i 


+ |V, - V)UHU* V; Uo, |) 


and all three summands converge to 0 by the same argument as above using 
that s-lim, ,,, V? = V? and slim, ,,, Hn = H. Finally, it remains to verify that 
lim; soo dg(h, (Hn), h(H)) = 0. As Og; = Ox on FBîsa(H) by Proposition 6.4.15 and 
s- lim, ,,, Ar, (An) = h;(H) by the above, it is sufficient to show 


Jim |h, G1, - hGD*| = 0. 
This follows from 


| he, Hn)” — n (H)"|| = | V, U(1 - H;)U" V; - VU(1 - H^)U* V; | 
< |V, - V)U(1 - H5)U" V; | 

+ [VU (1 - 87) - 1 - H’))U*V; | 

+ [vu - &^)u*(v; - v;)| 

< |V, - vou - H7)| 

«Jm - 2 | 

«|a - Eu" (v; -vE 

< |V; - Vou -H*J 

«v, - vou(? - 87)| 


216 —— 6 Unbounded Fredholm operators 


+ [p - 2| 
+ |a-H)u* (vz = V;)]. 


The first summand converges to 0 because s-lim, ,,, V, = V; and 1 - H? e K(H) is 
compact. Because ((V; —V,)U(1-H’))* = 1- H^)U* (VŽ - V7), this implies that also the 
last summand converges to 0. By assumption lim, ,4, dp(H,,H) = 0 and by definition 
of the extended gap metric, this implies that the third summand converges to 0 and 
therefore also the second summand converges to 0. One concludes that (6.22) holds and 
therefore h is continuous. 

It only remains to note that indeed /4(H) = H and hi ) = H, and furthermore 


h(H) € EBPS(H) for all H € FBQ (H) and allt €. [5,1]. Therefore also the map 


1,sa 


f: FB{ a (H) > FBS (H) defined by f (H) = H is a homotopy equivalence with respect 


a 


to Os with homotopy inverse given by the embedding i : FBE® (H) > FB. (H). 


1,sa 


The following is a direct consequence of Theorems 6.4.2 and 6.3.16. 
Theorem 6.4.17. With respect to the gap metric, the set FS (90) is connected. 


Because this result may seem surprising at first sight, a direct proof is provided. 


Proof. Itis shown that UC? (3) is connected, which, by Theorem 6.4.3, implies the claim. 
For U e U^9(30), a norm-continuous path within UC? (H) connecting U to 


Uret = Y e™ Øn) (Onl 


n>1 


where (¢,,)ns1 is an orthonormal basis of H, is constructed. Note that U,.¢ = e““* for the 
self-adjoint and compact operator Kef = X n>1 1 lon) rl. 

First, let us decompose 2€ into the spectral subspaces K, of U corresponding to 
(e? : o € [0,7]} and (e? : o9 € (7,27). Respectively, we decompose U = U, eU. 
There is no intersection of the spectral subspaces as, if -1 € spec(U), it is an isolated 
eigenvalue and hence belongs to spec(U,). And if 1 € spec(U), it does not contribute to 
the decomposition of U as it is not an eigenvalue. 

If JC is finite dimensional, we rotate U_ through —1 into U' = —U_. More precisely, 
the path t € [0,1] œ> e""*U lies entirely in U^*(3€ ) and connects U_ to U’ where 
spec(U^) c fe? : o € (0,7)). Otherwise, we identify H_ with L^([0,1]). Then U. is of 
the form U_ = e% for some self-adjoint injective compact operator K_ € K(L^([0,1])) 
with spec(K ) c (-7,0]. For t € [0,2], let M, € B(L7([0,1])) denote the multiplication 
operator given by multiplication with the function f; : [0,1] — [0,1] defined by 


for t € [0,2] and x € [0,1]. Then 
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t € [0,2] > K; = -IK [E M;IK |? 


is a continuous path of injective compact operators connecting K_ to —K_ such that 
IK, < IK I] < 7 for all t € [0,2]. Therefore the path t € [0,2]  e'* lies in UC? (9€) 
and connects U. to U! =e“, 

In both cases taking the pointwise direct sum of the constructed path and the con- 
stant path t + U, gives a path in U^*(3() connecting U to U, e U! with spectrum 
satisfying spec(U, e U!) c (e? : o € [0,7]}. Then there is an injective compact op- 
erator K € K(9() with spec(K) c [0,7] such that U, e U! = eK. The linear path 
t € [0,1] =œ K; = 1- DK + tK connecting K to Kep is within the injective compact 
operators with spectrum spec(K;) c [0,7]. Therefore the path t € [0,1] — e'K is within 
UC(3() and connects U, © U! to U,,;. Thus U can be connected to U,,; within U^9(30), 
which implies the claim. 


7 Spectral flow for unbounded self-adjoint Fredholm 
operators 


In this chapter the spectral flow of paths of self-adjoint unbounded Fredholm operators 
is introduced like in [31] as the spectral flow of unitary operators obtained from the 
unbounded operators via the Cayley transform. As such, the spectral flow of unbounded 
self-adjoint Fredholm operators inherits many natural properties which are also listed 
in Section 7.1. In the next Section 7.2, the paths are in the subset of Fredholm operators 
with compact resolvent and satisfy certain summability conditions which then allow 
connecting them to so-called n-invariants. Section 7.3 is an application of spectral flow of 
unbounded self-adjoint Fredholm operators to certain paths arising from Hamiltonian 
systems. The chapter is concluded by Section 7.4 which shows that for certain paths of 
unbounded self-adjoint Fredholm operators the spectral flow is still given as the index 
of an (unbounded) Fredholm operator. 


7.1 Definition of spectral flow and its basic properties 


In this section the notion of spectral flow is generalized to gap continuous paths of possi- 
bly unbounded Fredholm operators. As in [31], this will be achieved by taking the Cayley 
transform of the path to use the spectral flow of the resulting path of unitaries. More pre- 
cisely, let t € [0,1] + H, € F,,(H) be continuous with respect to the gap metric. Then by 
Theorem 6.3.14, the path t € [0,1] + C(Hj) € IFU? (74) is norm-continuous. Therefore its 
spectral flow is well defined in the sense of Section 4.5, and one can define the spectral 
flow of t € [0,1] 5 H; in a similar manner as in Proposition 4.6.2. 


Definition 7.1.1. Let t € [0,1] +» H, € F,,(H) be continuous with respect to the gap 
metric. Then the spectral flow of this path is defined by 


Sf([0,1] > H,) = Sf(t € [0,1] > C(H,)). 


The first result shows that for a path of bounded self-adjoint Fredholm operators 
this definition coincides with Definition 4.1.2. This implies that all examples of paths with 
nontrivial spectral flow from Chapter 4 also provide examples of nontrivial spectral flow 
in the sense of Definition 7.1.1. A path of truly unbounded operators with nonvanishing 
spectral flow will be given in Example 7.1.4 below. 


Proposition 7.1.2. Let t € [0,1] +» H; € FB,a(H) be a norm-continuous path of self- 
adjoint Fredholm operators. Its spectral flow defined by (4.4) fulfils 


Sf(t € [0,1] > H,) = Sf(t € [0,1] > C(H,)). 
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Proof. To show this, let us choose a partition 0 = tọ < t < «ty 4 < ty =1and 
Qn 2 0,m =1,...,M as in Definition 4.12. By item (i) of Corollary 6.3.8, 


Ran(¥ eq aq) (C(A))) = Ran (i-a (Ay) 

and therefore 

t € [ty tm] > Xe(-agsan) (CHp) 
is norm-continuous. For a > 0, let us set 

Po, =Xoa Hd Pht = Xp ao Ho 
and similarly 

Pew, = Xe(0,a]) (C(H;)), Pet = Xe([-a,0)) (CHp). 
Again by item (i) of Corollary 6.3.8, one has 
Ran(Pea,, M ge Ran(P;, " 


and 
for t € [t,, 4, tm]. Therefore 


and 
Tr(Peq, y, = Tr(P;,. x) 
again for t € [t,, 4, tm]. One can conclude that 


Sf(t € [0,1] > H,) 


1 M 
73 2, TY(PG sty PCG tn) -PEtat 7 Peta, S) 


= Sf(t € [0,1] > C(H,)), 


as claimed. 
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Remark 7.1.3. It is also possible to define the spectral flow of a gap-continuous path 
t € [0,1] 5 H, € F,,(H) in a similar way as for paths of self-adjoint bounded Fredholm 
operators in Section 4.1. More precisely, using Corollary 6.3.8, one can check that for 
H € F,a(H) there is a number a > 0 and a neighborhood N of H in F,,(3{) such that 
S e» Yi aay(S) is a norm-continuous, finite-rank projection-valued function on X. Thus, 
by compactness it is possible to choose a finite partition 0 = tọ < t < -- «ty 4 «ty =1 
of [0,1] and am 2 0, m =1,...,M, such that 


t€ [ty s tm] > Pat = X[-aa] (Hj) 


is norm-continuous with constant finite rank. Furthermore, as in Section 4.1, let us in- 
troduce the spectral projections 


P^ = Xoa H) PI Xan Hp: 


Then the spectral flow of the path t € [0,1] — H; can be defined by 


M 
Sf(t € [0,1] 5 Hj) = ; Y WP 4 -Pi P^. +P). 


Amtm gt, = amtm-1 amtm-1 


As in Section 4.1, one can show that this does not depend on the partition of [0,1] or on 
the values am, but only on the path t € [0,1] » Hj. An argument similar to the one 
leading to Proposition 7.1.2 shows that both definitions coincide, namely 


Sf(t € [0,1] > H,) = Sf(t € [0,1] > C(H))). 
Further details on the equivalence of this approach and Definition 7.1.1 are given 
in [31]. © 


Next let us give an example of a path in F,,() with a nonvanishing spectral flow. It 
actually lies in the set FS (H) of self-adjoint operators with compact resolvent that was 
extensively studied in Section 6.4. 


Example 7.1.4. Let us consider H = €7(Z) and the operator path 


t € [0,1] 5 H, = b (n+ ; " timi. 


nez 


Clearly, H; € FE (=) and 
n+ 1 +t-1 
C(H,) = Y, —~4——In){n| 
nez N+ 5t+t+1 


is norm-continuous in t. One readily checks that Sf(t € [0,1] + H,) = 1. Now one readily 
checks that H; = S*H)S where S|n) = |n + 1) is the right shift on (Z). This unitary S is 
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connected to the identity 1 by a continuous path of unitaries (either by Kuiper’s theorem 
or by using a logarithm of S, or by writing out an explicit path as in Example 8.3.4 below). 
Hence f € [0,1] — H, can be closed to a loop by a path of invertibles. This shows that 
there are loops in (U^9(30), dy) that cannot be retracted, which may seem surprising at 
first sight because 1is never an eigenvalue along this loop. o 


In this example, the path is actually also Riesz-continuous (and thus, in particular, 
gap-continuous). This follows from the following result that allows checking the Riesz- 
continuity in numerous applications. 


Proposition 7.1.5. Lett € [0,1] — H; € F,,(H) be such that t € [0,1]  H, — Hg extends 
to a path of bounded operators which is norm-continuous. Then t € [0,1]  H, € IF4(9) 
is also Riesz-continuous. 


Proof. First of all, it follows from the Kato-Rellich theorem that the domains D(H,) all 
coincide. By definition of the Riesz topology, one has to show that t € [0,1] + F(H;,) is 
norm-continuous. For this purpose, let us use the following functional calculus: 


D 11 HD). 


1 
TA? 


L " 
S(Hj) = H(14 H2) ? =H, | 
0 


As ||((A + 1)1 + HAI < ir the integral is norm-convergent and its image lies in the 


domain of H,. Therefore 


S(Hj) - F(H,) - (H, - Hj) + my: 


1 


=H, | zh [((A+11+ H2) ! -(A+214+ H2) ] 
TÀ 


0 


= | (A+ D1 + H2) H (H, (H, - Hj) + (Hi - H,)H,)((A+1)1+ H2) 
TTA 2 
0 


By assumption, one clearly has lim, ,, ||(H; -Hj)ü«H2): || = 0. To show that the integral 
also vanishes in the limit, let us note that the spectral theorem implies 


-1 Iul zi 
lE. (A 01: H2) | < sup ID Eu 


IE2( e 11 H2) !| e 1. 


This indeed allows checking lim, ,, |2(H;) - 3(H,)|| = 0. 


Remark 7.1.6. For a path t € [0,1] + H; € IF,4(9€) that is continuous with respect to the 
Riesz metric, one can also directly define its spectral flow using the bounded transform 
F : (IF,,(20, Og) > (BF,a(H), Oy) via 
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Sf(t € [0,1] > H,) = Sf(t € [0,1] > F(H)). (7.1) 


Indeed, by the very definition of the Riesz metric, one then has the norm-continuity 
oft € [0,1] — F(H,). Because the Riesz topology is stronger than the gap topology 
by Proposition 6.1.9, the definition (7.1) directly coincides with Definition 7.1.1 due to 
the results in Section 4.6. However, there are paths which are gap-continuous, but not 
Riesz-continuous. If one has a merely gap-continuous path t € [0,1] — H;, then, by 
Corollary 6.3.4, one knows that t € [0,1] +» 3(Hj) is continuous with respect to the 
extended gap metric dr. In this situation, one can still use (7.1) to compute the spectral 
flow because the continuity ofthe low lying spectrum is the same for the two metrics dp 
and dy, see the proof of Proposition 4.6.16. o 


Let us conclude this section by collecting some basic properties of the spectral flow 
of paths of (unbounded) Fredholm operators. 


Theorem 7.1.7. Lett € [0,1] > H, € F,,(H) be a path that is continuous with respect to 

the gap metric. 

(i) Ift € [0,1] + dim(Ker(H,)) is constant, then Sf(t € [0,1] Hj) = 0. 

(i) The spectral flow has a concatenation property, namely if t € [1,2] => H, € I0) 
is a second gap-continuous path, composable to the first one in the sense that the 
endpoint of the first path is the initial point of the second path, then 


Sf(t e [0,2] > H,) = Sf(t € [0,1] > H,) + Sf(t € [1,2]  H,). 
(iii) Changing the orientation of the path leads to a change of the sign of the spectral flow 
Sf(t e [0,1] 5 H;) = - Sf(t € [0,1] > H; ,). 
(iv) The spectral flow has a reflection property, namely 
Sf(t e [0,1] > H,) = - Sf(t € [0,1] > —H,). 


(v) Thespectral flow has an additivity property under direct sums, namely given a second 
gap-continuous path t € [0,1] > S, € Fs,(H’) 


Sf(t e [0,1] = H, ®S,) = Sf(t € [0,1]  H;) + Sf(t € [0,1] > Sẹ). 


(vi) The spectral flow is invariant under conjugation by a path t € [0,1] — U; € U(H) of 
unitaries 


Sf(t € [0,1] > H,) = Sf(t € [0,1] > U7 HU,). 


Proof. All items are directly inherited from the basic properties of the spectral flow of 
a path of unitaries, see Theorem 4.5.5. 
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Theorem 7.1.8. Let t € [0,1] > H, and t € [0,1] — H? be two paths in F,,(H) with 
Hy = Hj and H; = Hj and such that there exists a gap-continuous homotopy between the 
two paths leaving the endpoints fixed. Then Sf(t € [0,1] > H;) = Sf(s € [0,1]  H,). 


Proof. Let h : [0,1] x [0,1] — IE, (9€) be a gap-continuous homotopy between the paths 
t € [0,1] > H; and t € [0,1] > H;. Then Theorem 6.3.14 implies that the composition 
Coh : [0,1] x [0,1] — FU°(4) is a norm-continuous homotopy between the paths 
t € [0,1]  C(H;) and t € [0,1] + C(H!). Therefore, by Theorem 4.5.6, 


Sf([0,1] > C(H,)) = Sf([0,1]  (H,)). 


The claim follows from Definition 7.1.1. 


7.2 The n-invariant and spectral flow 


As already briefly mentioned in Section 1.3, Atiyah, Patodi, and Singer [14] introduced 
the n-invariant as a measure of the spectral asymmetry of an invertible self-adjoint op- 
erator H = H* under the condition that H has compact resolvent with eigenvalues de- 
caying sufficiently fast. Let us first start with a formal definition of the n-function by 


n(H, s) = Tr(H|H|? 7) = > sgn(aj)lAjl°, (7.2) 


J 


Where s > 0 and A; are the eigenvalues of H (this clearly makes sense if |H [5 is trace 
class). It is then often possible (e. g., for certain classes of pseudo-differential operators 
[177, 14, 28, 125]) to show that the n-function has a meromorphic extension given by 


s+1 


n(H,s) = Tr(H(H?) F) = 1 | dtt? Tr(He ^), (7.3) 
0 


+ 
un 
— 


(> 


Whenever n(H, s) is regular at s = 0, one says that the n-invariant of H is well defined 
and given by n(H) = n(H, 0). Here the analyticity in s and its possible poles will not be 
further analyzed. We rather proceed with the following definition. 


Definition 7.2.1. Let H be a self-adjoint operator with compact resolvent and such that 
2 
He“ is trace class for all t > 0. Then the n-invariant of H is defined by 


1 ra -1 —tH? 
n(H) = — | dtt? Tr(He ^ ), (7.4) 
vn | 


provided that the integral is finite, in which case we will say that the n-invariant exists. 
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Let us first note that n(H) = Sig(H) if H is a matrix, see (1.10). Furthermore, one 
clearly has n(H) € Ras H = H* so that Tr(He# ) € R. In some situations such as 
Proposition 10.5.10 in Section 10.5, one can even show n(H) € Z. Also let us note that 
Lemma 7.2.3 below shows that the trace class property of e also implies that He ' 
is trace class. What is required in Definition 7.2.1 is, moreover, the integrability condi- 
tion in (7.4). Proving the existence of the n-invariant is, in general, a delicate issue. It 
is known to exist for Dirac operators on compact closed manifolds [14, 28]. Later on in 
Section 10.5, it will be shown that the y-invariant of the spectral localizer associated to a 
low-dimensional index pairing exists. It is the aim of this section to prove a connection 
between the n-variant and the spectral flow of a suitable path, first stated in the work of 
Getzler [96] and further analyzed in [93]. While we essentially follow the intuitive line 
of proof in [96], some essential modifications are necessary. In particular the DuHamel 
formula stated and used in [96] does not hold (as pointed out via a counterexample in 
[56]). Another idea to prove Theorem 7.2.2 below was put forward by Carey and Phillips 
[55, 56]. It is based on a variation of the formula given in Theorem 5.7.9 which is briefly 
discussed in Remark 5.7.10. This alternative approach, moreover, extends to the semifi- 
nite setting of Chapter 11, see [56]. Section 10.5 will present an application ofthe theorem 
below to a particular situation in which the corrective term given by the limit actually 
vanishes. 


Theorem 7.2.2. Lett € [0,1] > H, = Ho + V, € rc (H) be such that the endpoints Hy and 
H; are invertible with existing n-invariants and t +> V, € B,,(H) is differentiable. Then 


M 
ae Nie 


1 
sf(t € [0,1] = Hj) = (nce) n(F)) + lim ^ [emt ate). 
0 


As a first preparation for the proof, let us state a stability result for the trace 
2 
Tr(He '" ) entering into (7.4). For later use, it will be stated a bit more generally than 
needed. 


Lemma 7.2.3. Let Hy € EC, (H) such that Tr(e 4) < co for some t > 0. Further let 
V € B,,(90) and set H = Hy + V. Then one has 


Tr(et# ) < e*I? Tr(e 240), 


and for all a > 0, 


T(E te) 2 (5) * VI! Tr(e i), 
e 


Proof. First of all, for all 6 € (0,1), 


(Hy + V}? = (1- &)H2 + (6H + 61V) « (1-872)? 
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Sao np - 8°’ 
> (1-6) - 6° V14. 


Now, as Tr(e^^) < Tr(e?) for 0 < B < A, 
Tr( e (HV < evr Tr( eg (8H). 
Choosing 5? = 1 implies the first claim. For the second, simply bound 


Tr(|(Ho + vret < ||IH + V [Ae i Gh V* | Tr(e i+) 


a 


i (4) Tr(e i0), 
et 


because Ate i^ < (2): for A > 0. Now the first bound implies the claim. 


Proof of Theorem 7.2.2. First of all, let us state a fact that will be used, but not proved 
in detail: by an arbitrarily small bounded perturbation, the path t € [0,1] 5 H, can be 
moved into a generic position in which all eigenvalue crossings are simple and transver- 
sal, namely if Ker(H,) + {0} then dim(Ker(H,)) = 1 and the eigenvalue A, satisfies 
0A, + 0. This can be achieved by adapting the proof of Proposition 4.3.2. Clearly, moving 
the path into a generic path does not change the spectral flow and for the generic path 
one can then use the sum of eigenvalue crossings to compute the spectral flow, just as 
in Proposition 4.3.3. 

Next let us show that also the right-hand side in the claim of Theorem 7.2.2 does not 
change when the path is moved into a generic position. For that purpose, it is sufficient 
to show that this is true for the integral on the right-hand side. Indeed, this integral can 
be understood as the integral over a 1-form a, on the linear space B,,(H) defined by 


de (X) = Tr(Xe-*" ), 


namely one has 


1 
| dt Tr(9,H,e *"*) = Ge 
[te[0,i}>H,] 


The independence of the integral under deformations follows by standard arguments 
(see the proof of Proposition 5.7.6) once it is shown that the 1-form a, is closed, namely 
for all X,Y € B,,(5C) (which is the tangent space to B,,()) one has 


ds s-0%e,H+sy (X) = ds |s-0%e,H+sx(Y). 


To check this, let us begin by computing 
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€ 2 € 2 
O5|5-0%e,H+sy(X) m O,ls-o Tr(Xe 2059 guum ) 


€ POM PP 
= ðşls-0 Tr(Xe 20155) EL 


€ 2 € 2 
+ O,ls-o Tr(Xe* pt 9-3 (A+sY) ). 


€ py2 
Note that both summands contain a trace class factor e~2” . Now the other factor will 
be rewritten as the absolutely convergent integral 


ve 
R 


——e xe 


von 


g slesyy? _ 1 | dà ® (psy) 


Now the derivative can be computed using DuHamel’s formula [163, p. 69]: 


1 di -È 1-r)AH WAH „- £R? 
Oc|s-0%e,H+sy(X) = | ——e x | ar(ro(xe" Yee 2 ) 
x v2 


+ Tr(Xe ef DH yo] 


1 


2.1 | A n | artrrare 8 enter 
ve à Von 


+ Tr( Ye ^F axel rH e i 


F ds | s=0%e,H+sx(Y). 


In conclusion, for the remainder of the proof one can assume that the path is in a generic 
position. 
To continue the argument, let us introduce the regularized n-invariant by 


MEI 
Ne(H) = ale Tr(He ** ), (7.5) 


where e > 0. If the n-invariant of H exists, then clearly lim, ,9 Ne(H) = n(H). This is 
known for Hy by hypothesis, and it will be shown next that i], (H) exists for all H = H9 V 
for V € IB,,(3) so that it holds, in particular, along the path H,. First of all, let us note 
that if H has a kernel with an associated orthogonal projection P, then Tr(PHe €P^) - 0. 


Now, as H has compact resolvent, one can assume that there is a constant g » 0 such 
that H? > g?. Then n, (H,) can be bounded as follows: 


dss : Tr(|H]e 669^) 
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foe) 
s | dss? Tr(a Je | 
€ 


Next let us show that the map t > 7,(H;,) is continuously differentiable in every 
point t € [0,1] where Ker(H,) is trivial (in the other points, it will be shown below that 
it is not even continuous and has a jump). In these points, there exists a g, > 0 such that 
H2 2 g and, consequently, as above 


Tr(e i^) < Tr(e a en a8, 


which is integrable at s = co. Moreover, lire 2 Il < (es): as in the proof of Lem- 
ma 7.2.3. Hence in the following computation based on the Leibniz rule, all terms are 
absolutely convergent: 


VRon (Hj) = | ds s: [Tr(3,H,e E)  Tr(e t H (2,0 27) + Tr(H,e 2 (e), 
€ 


For the evaluation of the latter two summands, let us appeal as above to the Fourier 
transform and DuHamel formula: 


1 

-sœ 1 i£ : 

Q,e 2 = z | de i5 [ar ea AH y Het, 
s 

R 


S pr2 
Replacing and using the cyclicity of the trace, allowed due to the trace class factor e 2”, 
one finds 


É 
s 


Tr(H,e i (8, 3t) = — fa ei Tr(sAH, ee" 3H o gr) 
R 


-$pg? .sp? 
= -Tr(sH2e i e 3F o g,), 


The other summand has exactly the same value. Therefore, using integration by parts, 


VTN (Hi) = |ds sg Tr(2,H,e *H) -2 | ds $i Tr(2,H,H2e P) 


Nie 


= | ass? Tr(3H,e 3.) +2 | ds s23, Tr(0,H,e P) 


amg "g 
ag "g 
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= 26i Tr(0,H,e ** ). 


Let us also note that it is possible to show that t + 0,,(H;) is continuous at all points 
where Ker(H,) is trivial. This readily follows by invoking once again Lemma 7.2.3, but 
we do not spell out the details. 

Next let us focus on a point t where Ker(H,) is nontrivial. Because the path is in a 
generic position, one then has dim(Ker(H;)) = 1 and the crossing eigenvalue A, satisfies 
At + 0. Let 5 +> Ps denote the associated kernel projection which for 6 sufficiently 
small is one-dimensional. Inserting 1 = P, + (1— P,) in the trace in 1, (H;) and using that 
the contribution of 1 — P, is continuous in f, one finds 


ne (Hio) NE ne (Hyg) ES lim (Ne(Hes) = ne (Hyg) 


CO 
; 1 m —gH? -sH? 
= lim — | dss 2 Tr(H ge "5 — H, se ors 
810 7 ( t-ó t-ó ) 
€ 
Cc 
= li 1 d -j -sHs -sH;-s 
5 310 Wd bl Tr(P, SH; se - P.H, ge ). 
€ 


Next expanding the eigenvalue shows P, sHs = AtssPras = 3tAtPt g8 + O(67). Now let 
us set 


_ 1 là ala $a 
sgn,(A) = ir dss 23e "^ , AER. 
€ 


Then the following integral identities (similar to (1.12) in the introductory chapter) can 
be used: 


um sgn,(4) = -1, m sgn,(A) = 1. 
This implies 


ne (Hyg) a ne (Hy 9) 


ux ee 27s (44^ «0(5)) 
= lim — | d 20,A,6 6 oe 
ina] SSH EOIR 
= 2sgn(9jÀj). 


Finally, one can compute the spectral flow of t € [0,1] +» H; as the sum of contributions 
over all t € [0,1] such that Ker(Hj) + {0}: 


Sf(t € [0,1] = H)- Y, sgn(oJ) 
Ker(H,)#{0} 
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1 
E » UR e Ie (Hio) 
Ker(H,)#{0} 


NIe 
oR 


= S (n) —Ne(Hy)) - = | dt one (Ho) 


[p] 
Nie 


(n1) - Ne(H)) + 


S] 


1 
T dHe * Ht), 
D 


due to the fundamental theorem and the above formula for 0,,(H;). This holds for all 
€ > 0, but as the limit e — 0 of the first two terms exists, also the limit of the last one 
exists. This proves the claimed formula for the spectral flow. 


7.3 Conley-Zehnder index as spectral flow 


As an application of the last sections, it is here shown that the Conley-Zehnder index 
associated to a path of monodromy matrices of a one-parameter family of periodic linear 
Hamiltonian systems is equal to the spectral flow of the Fredholm operator associated 
to the Hamiltonian systems. Such a connection goes back to the work of Robbin and 
Salamon, see Theorem 7.42 in [160]. The setup is, moreover, the same as in Section 12.3 
where the bifurcations of the family are analyzed. 

The family of periodic linear Hamiltonian systems are of the form 


n +A,(s)u(s)=0, seS!z[0,2z], ae 


u(0) = u(2z0), 


where (t, s) € [0,1] x IR > A,(s) is a continuous family of self-adjoint 2N x 2N matrices 
that is 27zt-periodic in s, and J is the standard symplectic form given in (2.1). The real vari- 
able t is an external parameter. Note that if A, is real, then also u can be chosen real, and 
actually all objects in the following are real. Let us also note that after the basis change 
given by the Cayley transform (2.2), one can also use the standard indefinite Krein form 
J multiplied by :. In this representation the reality condition takes a different form. Ac- 
tually, the algebraic manipulations in this section become a bit more transparent in the 
standard representation because then no Cayley transform is needed. We rather stick 
with the standard from (7.6), also to illustrate the implementation of the basis change. 

The crucial remark is that the solutions of (7.6) for each fixed value of t are the 
kernel of the self-adjoint Fredholm operator 


H, : W (sl, C^") c r^(s!, c") > r?(s!, c^") 


given by 
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Hu =Idu+Au, ue wW'?(s',C%). (7.7) 


These operators have a constant domain and are self-adjoint Fredholm operators which 
depend continuously on t when considered as bounded operators between W'?^(s!, C7) 
and L?(S!, C?") (see [160]). Its use in context with (7.6) is based on 


dim(Ker(H,)) = #{linear independent solutions of (7.6) for fixed t]. (7.8) 


Next let V,(s) be the fundamental solution of (7.6), namely the unique time- 
dependent 2N x 2N matrix solution of the initial value problem 


1d,¥,(s) + A,(s)¥,(s) 20, Y0) =1. (7.9) 


The solution V,(s) is I-unitary (and actually symplectic if A, is real) for all (t, s) as 
O,(U7IV,) = 0 and V; (0)IW,(0) = I. In particular, the same holds for the monodromy 
matrix 


M, = ¥,(2n). 


This monodromy matrix provides another way to approach the solutions of (7.6), namely 
one has 


dim(Ker(M, — 1)) = #{linear independent solutions of (7.6) for fixed t}. (7.10) 


Now the kernel Ker(M, F 1) is precisely the object that can be accessed via intersection 
theory of Lagrangian planes in the Krein space (C^, (1) ẹ I). As in (2.23), one has 


dim(Ker(M, x 1)) = dim(Ran((,, )) n zm 
t 


where F, = Ran(( 1)) is the 2N-dimensional reference plane in C", This is explained in 
detail in Section 2.3 for the Krein space (C*N, (-J) @/), but, as already stressed, the whole 
Section 2.3 directly transposes to (C^, (-I) eI) after the basis change (2.2) is carried out. 
In particular, the Conley-Zehnder index of the path t € [0,1] > M, of I-unitaries is 
defined by 


CZ(t € [0,1]  M;) = CZ(t € [0,1] 5 CM;€*), 


where on the right-hand side there is a path of J-unitaries. Next recall that the Conley- 
Zehnder index is related to the eigenvalue passages through -1. As here the focus is 
rather on the periodic solution and therefore the eigenvalue passages through 1, one 
rather looks at the Conley-Zehnder index of the path t € [0,1] + —M, which is 


CZ(t € [0,1] + -M,) = BMg (t € [0,1] ^ Ran(1e M;7,)). 
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Based on (7.8) and (7.10), it is now reasonable to expect that there is a tight-connection 
between the spectral flow of t + H; and the Conley—Zehnder index of t +> —M,. Indeed, 
the dimensions at the intersection points are the same. The following result states that 
also their orientations are the same. 


Proposition 7.3.1. If (7.6) only has the trivial solution for t = 0,1, then 
Sf(t € [0,1] > H,) = -CZ(t € [0,1] 5 -M;). (7.11) 


Proof. Let us first note without a detailed proof that Propositions 4.3.5 and 4.3.6 can be 
proved verbatim for the unbounded self-adjoint Fredholm operators H, with constant 
domain (see [200]). Thus, after perturbing by 61 for a sufficiently small 6, it can be as- 
sumed that all crossings of t > H, are regular. Moreover, this perturbation does not 
affect the Conley-Zehnder index because it shifts A, œ> A; + 61 and M, depends con- 
tinuously on this shift so that, due to the fact that there are no nontrivial solutions at 
the boundary points, the Conley-Zehnder index is not changed. Hence it is sufficient to 
show (7.11) under the additional assumption that t + H, only has regular crossings. 
Let now tọ be a regular crossing of t +> H,. The crossing form at tọ is 


T. (9) = (POH) 0) 

2n 

[ (6A, 6)ds 
0 

2n 


à | (u[V; (3A, G)), Y, (9)u)ds, (712) 
0 


ll 


where @ € Ker(H, ) [a Lug. and u = $(0) € C?N In particular Mu = u. Now 
rewriting (7.9) leads to that 


0,A;(s)¥,(s) = -I0,0,U,(s) — A,(s)O P(S) (7.13) 
and 
V^ (s)A(s) = 9,(V; (s)1). (7.14) 


Plugging (7.13) and (7.14) into (7.12) yields, using V,(0) = 1, 


2m 


r (ġ) =- | (ul(e;, (s) (9,9, 9. (s)), * V, (S)A, (s) (9,9. (s), )u) ds 


2m 
FE | (u|(97, (S)I2, (2/9, (5)),, + 2, (997, ST) (0/99, (5), )u) ds 
0 
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27 

a | (ulas CH} (s)1(2;¥,(s)), )u) ds 
0 

= - (u[9; (20)1(0,¥; 270), u) 


- -(u|M; IOM) u)» 


where still @ € Ker(H, ) e L*(s!, c) and u = $(0) € C?" with M,,U =u. 
On the other hand, 


CZ(t € [0,1] > -M,) = Sf(t € [0,1] > S(-CM,6*)). 
Now setting v = Cu and using Theorem 2.3.3, 
€CM,C'v-v eo S(CM,,C*)v=v eo S(-CM,,C*)Jv = -jv. 
Then by Lemma 2.3.9, 


(Jv|S(-CM,, C*) "a, (-CM,C*), Uv) = e CM, C *) Ja(€M,e* ), Iv) 
= (u|M; (€7€) 0M), lu) 
= 1(u|M; I(0,Mj), |u). 
Therefore the crossing from for the spectral flow of unitaries, see Definition 4.5.7, is 


given by 


-(v|S(- eM, €*)' a.s(-eM,e"), |Jv) = T. (9). 


This implies the claim. 


Remark 7.3.2. The invertibility of the endpoints oft + H, in Proposition 7.3.1 is actually 
not necessary. It is possible to work out the necessary amendments, taking into account 
the boundary terms in Propositions 4.3.6 and 1.5.11. o 


Now let us spell out the implications of a nontrivial spectral flow of t + H,, or, due 
to Proposition 7.3.1, equivalently a nontrivial Conley-Zehnder index of the monodromy 
matrices t + M,. The setup described above directly implies the following statement: 


Proposition 7.3.3. Let (7.6) be such that it only has the trivial solution for t = 0,1. For 
each t € [0,1], let m, = dim(Ker(M, - 1)) denote the dimension of the solution space of 
(7.6). Then 


Y, m = |CZ(t € [0,1] > -M,)]. (7.15) 
te[0,1] 


The estimate (7.15) gives a lower bound on the number of linearly independent 
solutions of (7.6) in terms of a topological quantity. In the present situation, the path 
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t + A, is fairly arbitrary and, consequently, there is also no monotonicity, say of the 
unitaries t +» S(-CM,C*). This lack of monotonicity implies that there is only an in- 
equality in (7.15). For special paths, a monotonicity may hold, and then one can boost 
(7.15) to an equality. An example for this is oscillation theory in the energy variable. 
More precisely, if A, stems from a regular matrix-valued Sturm-Liouville operator on 
the interval S! = [0, 1) and t is the spectral parameter of the associated self-adjoint oper- 
ator, then one can prove a monotonicity statement exactly as in Section 2.5, see [35, 173], 
and then conclude that an analogous result to Theorem 2.5.1 holds. For this reason, the 
claim of Proposition 7.3.3 is also referred to as a result of relative oscillation theory. 


7.4 Spectral flow as index via semiclassics 


This section presents a generalization of Section 3.5 to a setting with self-adjoint Fred- 
holm operators acting on infinite dimensional fibers, namely the spectral flow of a path 
of self-adjoint Fredholm operators is shown to be equal to the index of a Fredholm oper- 
ator. In contrast to Section 3.5, this connection does not hold for all paths of Fredholm op- 
erators, but only for some types of paths. Therefore let us consider a path of self-adjoint 
Fredholm operators of the form 


t €R H, =H +K, € (00, (7.16) 


where H : W — 3(isa possibly unbounded self-adjoint Fredholm operator with domain 

Wandt € R 5 K, € B,,(4) is a continuous path of bounded self-adjoints. Furthermore, 

one of the following two assumptions is supposed to hold: 

Case A: W equipped with the H-norm is compactly embedded in H and K, -lim, ,,,, Kt 
exist and are such that H, = H + K, are invertible. 

Case B: H is bounded, K, is compact and K, = lim, ,,,, K: exist and are such that H, = 
H + K, are invertible. 


Note that in both cases the spectral flow of the path t € R 5 H, is well defined as there 
is a compact interval I c R such that H, is invertible for all t € R \ Z. Then one defines 
the spectral flow as 


Sf(t € R 5 Hj) = Sf(t e I > Hj). 
Now the following result is similar to Theorem 3.5.1. 


Theorem 7.4.1. Lett € IR 5 H, bea path as above which is either in Case A or in Case B. 
Similar as in (3.3), we define the operator Dy : W^ (IB, W) > L?(IR, H) by 


Dy = Or = H;. 
Then Dg is a Fredholm operator with index given by 


Ind(Dg) = - Sf(t € R > H,). (7.17) 
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Case A of this theorem was proved by Robbin and Salamon [160], while Case B is the 
one-dimensional case of Callias index theorem [45], see also Abbondandolo and Majer 
[1], Pushnitski [155], as well as [94, 95]. Before going into the proof, let us stress that 
Ind(Dg) = -Sf(t € R > Hj) does not hold for all continuous paths t € R > H, of 
self-adjoint Fredholm operators. The following example is essentially taken from [1]. 


Example 7.4.2. Let Po, P4 € B(H) be projections with infinite-dimensional kernels and 
ranges such that (Po, P4) is a Fredholm pair of index k € Z \ {0}. Let U € U(H) bea 
unitary such that U*P)U = P4. Choose a smooth path t € R +> U, such that U, = 1 for 
t < 0 and U, = U for t > 1. For every e > 0, consider the smooth path 


t € R o He, = Ut (d - 2P9)U; 


of self-adjoint and invertible operators. Clearly, Sf(t € IR > He) = 0 for all e > 0. When 
€ converges to zero, H, , converges in L'(IR, B(H)) to the piecewise-continuous path 


t € R > Ho; = (0 - 2P9)tC os] + (1- 2P) (9,65). 


The stable and unstable directions of Hy (notably En, and EH, as defined and denoted 
in [1]) are given by Ran (P4) and Ran(1-P,), respectively. Therefore by Theorem 5.1in [1], 
Dg, is a Fredholm operator of index k. As lim, o ||[Dy, - Dp, || = 0, this implies that Dy, 
is a Fredholm operator and Ind(Dg ) = k # Sf(t € R > He) for e sufficiently small. o 


Here we provide a new proof based on a semiclassical argument similar to Witten’s 
proof of the Morse inequalities (e. g., [67]). The argument will heavily use the operators 
Dg : WAR, W) > L’ (R, H) defined by 

Dix = KO; = H, 


fork > 0 and L, : W!?(R, W) e C? > L?(R, H) e C? given by 


The latter satisfies the so-called supersymmetry relation 


iyjode de[r 3) 


It will be shown that Lẹ is a self-adjoint Fredholm operator. Hence its index vanishes, 
but actually the kernel allows computing the index of Dy , via 


Sig Ikerg,)) = Ind(Dg ,). (7.18) 
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Note that the left-hand side makes sense because Ker(L,,) is a J-invariant subspace. To 
compute the kernel, one may assume that the path t € R > K, is differentiable, see 
Lemma 7.4.5 below. Denote the derivatives by H! = K;. Next let us use Ker(L,) = Ker(L2) 
and compute 


2 1 
(H) + KH; 9 Ji (7.19) 


2 2-2 
(Ly) = -k'o, + ( 0 (H)? - KH! 
Now let us note that (L,)* is an operator-valued one-dimensional Schrödinger opera- 
tor with semiclassical constant x. It has a compact resolvent. It will be shown that all 
eigenvalues close to 0 can, at least for x sufficiently small, be computed as a sum of con- 
tributions that are localized in the variable t. By Krein type stability arguments, one can 
then easily access the desired signature in (7.18). 


Lemma 7.4.3. The operator 
Ly : W” (R, W) @ C° c LR, W) 8 C > L(R, w)ec 


is self-adjoint for all x > 0. 


Proof. Let us first decompose L, as follows: 


T oan TA a (7.20) 
a 0 H 0 K, 0 

The first two summands are commuting self-adjoint operators acting on the space 
W??(mR) e HK e C? and L^(IR) 8 Wg C, respectively. Their sum is then self-adjoint on 
the intersection WA (IR, W)? = W'^(IR) e W e C?. The last summand is by hypothesis a 


bounded self-adjoint and therefore the Kato-Rellich theorem (e. g., [112, Theorem V.4.4]) 
implies that Lẹ is self-adjoint on the same domain. 


Lemma 7.4.4. The operator L,, as well as the operator Dy x, is Fredholm for all x > 0. 


Proof. Let us note that o,L, = Dy 6D; x where o; denotes the first Pauli matrix. There- 
fore L, is Fredholm if and only if Dy , is Fredholm by Corollary 3.3.2. 
Let us first deal with Case A by adapting an argument from [193]. Set 


a 0 dum 
EU ROS H, 0 Í 


Because (L4)? = -x?9? + H2 > 0 by the invertibility of H,, it follows that the operator 
Lt ! W??(m, W) > L7(R, H) is invertible. Thus there is a constant c > 0 such that 
Lx + A, is invertible for all paths t € IR + A, of bounded operators A, € B(H) such that 
SUpieg llArll < c. Lett, be such that ||K; -K | < con (-co,t ] and |K; -K,| < con [t,, co). 


Further let y, : IR — [0,1] be two smooth functions supported on these sets and equal to 
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1 on (—co, t_—1] and [t, +1, co), respectively. Introduce y : IR — [0,1] by? = 1-3? -7?. 
Then y is supported on I = [t_ — 1, t, + 1]. As L, is self-adjoint by Lemma 7.4.3, Lẹ + 1 is 
invertible. Moreover, by the above, L, restricted to the support of y, and y_ is invertible. 
Hence one can set 


Q- X G9 y * XO 1) e X) x. 


The Fredholm property of Lẹ will follow once it is shown that Q is a pseudoinverse to 
L,, namely an inverse up to a compact operator. One has 


L,Q-1-2 LG +1) y + $ LyXo(Lx) Xo -1 


o=+ 


= YL (Ly e 1) o + Les Xl 1) A + Y (Les xol) Xo - X. 


o=+ 


= y (Le +X + ae Me +N X+ Y LeXol ln) Xo- 
o=t 

It remains to show that each summand is compact. Let us recall from Lemma 7.4.3 that 
Lk : WR, W) > L^(IR, H) is self-adjoint, hence (Lẹ +1)! : LR, H) > W'(R, W) 
is bounded. Because y is compactly supported on J = [t_ — 1, t, +1], one concludes that 
also y(L, +1)! : L?(R, H) — W'(I, W) is bounded. Moreover, note that the inclusion 
W!2(I, W) — L?(R, H) is compact by the Rellich embedding theorem combined with 
the hypothesis that W — % is compact. Therefore y(L, + :) ! is a compact operator 
on L7(R, H). For the other summands, one can argue in the same manner, using that 
(Lx) |y, : L2(R, H) > W'"(IR, W) is bounded and [L,,, Xo] is compactly supported. As Ly 
is self-adjoint, QL, — 1 = (LQ — 1)* is also compact and therefore Q is a pseudoinverse 
to Le 

Let us next come to Case B (this is covered by the results of [1], but we provide a 
different more direct proof). We show that Dy , is Fredholm, which is equivalent to the 
Fredholm property of Lẹ. The proof is similar to the argument leading to Theorem 3.5.1 
dealing with the finite-dimensional situation. We first show that for all e » 0 thereisa 
finite-dimensional projection P, € B(H) such that 


|P.H(1-P)|«e and |K,(a-Po|«e foralt eR. 


Because K, € B(H) is compact for all t € R, there is a projection P, € B(H) such that 
|K,(1 - P,)ll < $. Moreover, there are projections P, such that [K, (1 - P,)| < $. There 
is t, > 0 such that [K. — K,| < § fort € (-co,-t,) and ||K, - Kl < $ for t € (t,, 00). 
As t € [-t,,t,]  K, is uniformly continuous, there is 6 > 0 such that [Ky — Ky || < 3 
for all t, t" € [-t,,t,] such that |t — t"| < 6. Then we choose a finite set of points 
t = -t, <t, <- < ty = t, such that |t, 4 — tml < ô for all m =1,...,M. Then for 
t < -t,, one has 


|K: - P.)| = IK,P_ - Kil 
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= ||K,P_-K_P_+K_P_-K_+K_-K,| 
< ||K,P_— K_P_||+ ||K_P_ -K || + ||K_ - Kill «e 


and analogously for t > t,. For t € [-t,,t,], there is tm such that |t — t,,| < 6. Then 


IK, à - P; )| = IKP, - Kel 
= KP in — Ky, Pt, + Kt Pin -Ky + Ktn - Kil 
s |K,P,. - K, P, ll + IK, Pt, -Kall + lKa, - Kil < €. 


Next choose a finite-dimensional projection P such that P > P, for all m. By the above, 
\[K,(1-P)|| < e for allt € R. By the spectral theorem and because H is self-adjoint, there is 
H e B(H) such that ||H - H|| < e and such that F is of the form H = Y ,a,P, fora, € R 
and projections P, such that Y^ , P, = 1. Let P, be the projection onto the range of P, P. 
Then P, is finite dimensional and P, < P, holds for all n. Therefore P, = Y! P, isa 
finite-dimensional projection commuting with H and fulfilling P, > P. By construction, 
IK; (1 - P,)I < e for all t e Rand 


|». Ha -PON = [Pt - H «Boa - Po] 


< ||P.(H - H)(1- P,)|| + | P. HQ - Pol 
= ||P.(H - H)(1-P,)|| < e. 


Next let us show that there are constants a, c > 0 and e > 0 such that 


lglw:2 < c(IPraajllrzcaap + Dux Plz) (7.21) 


for all p € W'?(R, H), where Pj. 44; = X-aa] ® Pe. This then allows finishing the proof 
as follows. As the restriction 9 > P, 4,9 is known to be a compact operator from 
W'?^(R, H) into L7([-a, a], H) by the Rellich embedding theorem, Dy has a closed range 
and a finite-dimensional kernel by Proposition 3.2.6. As the same is true for D;, = —D_y, 
the cokernel of Dj is finite dimensional and Dy is Fredholm. 

For the proof of (7.21), let us first note that 


loli: = Voli + lo lo 
1 
= loli: + c] Ou + Hol: 
< c (llr + Dire)» (7.22) 


for some constant c, > 0. Second, assume that H, = H is constant, where H € B(H) is 


self-adjoint and invertible. As D? Da, = Dg D = -k’d? + Ê? > € > 0 and therefore 


Dg , is invertible, there is a constant c,(H) such that 


lol: < ci DIDg oli. (7.23) 


238 —— 7 Spectral flow for unbounded self-adjoint Fredholm operators 


Let us now decompose 9 € W’”(IR, H) into 9, = (18 P,)g and g, = (1- (19 P,))g. 
For the considered (in general nonconstant) path t € R > Hj, there is a constant à such 
that 


IH, - HI| < EX for +t > à, 
"^ 20 


where c, = maxíc;(H,), c,(H )). For 9, such that g(t) = 0 for t € [-à,à] let us set 
91, (0 = q1()x(t > 0) and o, (t) = p(x (t < 0). Then by (7.23), 


191. lwi2 S CollD py, Pra lle 
< c(| (Dg, x 7 Dix) P14 lio + WD P14 lz) 
- c(| (H, = FQ, 4 ie T IDH, 04. lz2) 


< Sloni + Cola abe 
< sles + €jlDg x P1,4llz2- 
Therefore 
l9. llw:2 < 202] Dg 9r 
and similarly 


l9- lw: < 2e5lDg 9 l2 


In conclusion, 


loll wi2 < 4c)|Dr oll (7.24) 


for all 9, such that q4(t) = 0 fort € [-à, a]. For general 4 € Ran(1@P,), choose a smooth 
cutoff function y : IR — [0,1] such that y(t) = 0 for |t| > à - 1and y(t) = 1for t € [-à, à]. 
Using (7.22) for yo, and (7.24) for (1 — y)9,, one obtains 


llo:lhwse < Bosw: + | -Volw 
< (loil + |D KP) + 4|Dg(Q -2001)]l 
sa PaayPrllz2q-aay) + [Da Qro]; + 46|Dg -Vel 
< CyIIP saillie + KI Plr + Dael) 
+ 4c] Dg Qro] + 4CallD Palle 


< a( IPi_-a,a) Pallr2q—aay) + r maxx (OIP aa] Pıllz2 + ID; Pale) 


* 4C;K max|y'(1)|IIP{-a.a Pilz + 8651Dg ilr 
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£ c3(llPi-aa] 91llrz( aa] + ID 9412), 


where a = à + 1 and c4 = maxíc, + (c, + 4c;)k Maker | (t), Cy + 8c;). 
To bound ||@2l\w12, without loss of generality, we assume that H is invertible which 


can be achieved by replacing H by H,, for some suitable tọ € R. Then fore < ay using 
(7.23), one gets 


Pall yz < |K; -Hozz 
= cH)|(ka; - H - K; + K,)Qall 2 
< c(HY(IDg 92 + Ke Pallz2) 
= c(HY(IIDg 9o + |K- (1. @ Pe)) all 2) 


1 
ES C; GT)IDg x Pallz Di E 
1 
< c(H)IDg Pally + z all w2- 


Therefore 


Pall we < 2c901)IDg x Pallr2- 


One can conclude that 


llw € lpilw + I@allwe 
< Cy IP oa gilliiqcaap + Da Pallz2) + 2¢.(A) ID yy Pallr2 
< csl P sapra + MAX{C3, 2¢y(H)} (Dy Pilz + WDizxPallz2). — 0725) 


Moreover, 


Dez Pilz + Dex Pallzz 
< (A8 Pe) + 1 - 1e P2))Du oi]: 

t | (a & Pe) + a - (1 & P.))) Dz Poll 72 

< a9 P.)Dy Ale + (1 - 1e P3) + Kal 

+ [a - a & P9)Ds «ol; + la @ PG + K)o:] 

< 2| 6 PADa + (1 - (18 P))Dg,o:|;; + 4elolz: 

«2| P)Dg«9 + (1- (18 Pe)) Dix P1 + (1- (18 P)Dg 9 
+ (18 Pe)Dy o; + 4eloli; + 2/(1 - (1 8 Pe)) Dix Pally 
+ 2| e P.)Dy «o; 

< 2|Dg. 9l: + 12elollzz 

< 2|Dgy 9l + 12ellollw:z. 


Inserting this into (7.25) leads to 
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IPllws2 € C3lP salia + 2MAX{C3, 20501) Dg; Plz 
+ 12e maxícs, 2c; G1) fll ll gia. 


For e sufficiently small, 


12e max{c3, 26; (H)] < 1, 


therefore (7.21) holds for some constant c. 


Note that, by Proposition 6.2.13 for Case A and Theorem 3.3.4 for Case B, the index 
of Dy is independent of k > 0 as Kk € (0,00) + Ind(Dy ) is constant. Therefore it is 
sufficient to prove (7.17) for one x > 0. Next we show that it is also sufficient to consider 
smooth paths t € Rr K.. 


Lemma 7.4.5. Lett € Rr H, = H + K, € SE(H) be of the form described in Case A 
or Case B. For any e > 0, there exists a smooth path t € R +> K; € IBj4(9€) of bounded 
and in Case B of even compact operators with |K, — K,| < e uniformly in t such that 
eigenvalue crossings of the path t € IR ^ H + K, are simple and transversal, namely 
dim(Ker(H + K,)) < 1 for all t € [0,1] and Ker(H + K,) = {0} except for a discrete set of 
crossings. For any crossing to, there is 6 > 0 such that t € (ty — 6, tg + 6)  K, is real 
analytic and Ki \xerai4x) * 0. Moreover, the path t € R +> K, can be chosen such that 


lim; ,,,4(K), = 0. 


Proof. Ast € IR > K; is uniformly continuous, there is 6’ > 0 such that [Ky - Ky || < $ 
for all t,t" € R such that |t’ — t"| < 6’. Let b > 0 be such that |K; - Kll < 3 for 
t < -b and |K, - Koll < 1 for t > b and such that H + K, is invertible for t ¢ [—b, b]. 
For a partition -b = t,,...,ty = b such that |tm — ty 4| < 6’ for all m = 1,..., M, one 
can replace K; on [t,, 4, tm] by the linear path K, = Ki, + i" K,,. Then the 
path t € [-b,b] + K, is continuous and piecewise real analytic and |K, - K; < £ 
uniformly in t. If [-a, a] n spec,,.(H + Kj) = 0 fora > 0 and t € (t, 4,t,), by Theo- 
rem VII.1.8 in [112] for Case B and Section VII.3.1 in [112] for Case A, one can cover the 
set {(t,A) € [t, 4, tm] x [-a,a] : A € spec(H + K,)} by finitely many graphs of real- 
analytic functions Aj, each possibly defined on some subinterval of [t,, 4, tm] if the eigen- 
value leaves [-a, a]. In particular, Ker(H + K,) = {0} except for finitely many crossings 
t € [tm tm] or Ker(H+K,) + {0} for allt € [t,, 1, tm]. In the latter case, we choose a parti- 
tion fj 4 = tmo- - -> tm = tm and Cm such that +Cm p € spec(H *K;) for allt € [tj 1.5 tm] 
and replace H +K, by H + X, = (H +R) + &t - tmit- tm D H + KX cy prey) H+ Ke) 
where 0 « € « 8 is chosen such that Ker(H + K,) = {0} except for finitely many cross- 
ings t € [t 4,t,,]. Note that this path restricted to [-b, b] is piecewise real analytic as 


te [totg Xe ieu t K,) is real analytic, for the same reasons as above. 


Therefore there is a path t € R > X, such that H + X, is invertible except for a discrete 
set of points and such that ||K,-K;,|| < £ uniformly in t. For Case B, XK, is compact for all t. 
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If ty € [0,1] is such that t — X, is not analytic in tọ and such that Ker(H + K,,) + 0, 
there is an eo > 0 such that H +K; +e, is invertible. We then replace K, on [to — Eo» to + €9] 
by EFR «+= wok X ,«,. Therefore, one can assume that Ker(H + K,) = (0) except 
for a "üstrete set of. crossings, and for each crossing tọ, there is ey such that the map 
t € (ty — €, tg + €o) > H + X, is real analytic. There are values a > 0 and 0 < ó < €p 
such that +a € spec(H + K,) and [-a, a] n spec(H + K,) for t € (ty — 6, ty + 6) consists of 
finitely many eigenvalues of finite multiplicity. Then, again by Theorem VII.1.8 in [112], 
there is a real-analytic path t € (tg — 6,t) + 6) + U, € U(9€) of unitaries such that 
U, Ran(yp «4 (H + Rd) = Ran(rp 4401 + X, )). Then t > UH + K,)U; lang. LR) 
is a real-analytic path of finite-dimensional operators and, by Theorem 11.1.10 in [112], 
there is a real-analytic path of unitaries t € [0,1] 5 V, € BB(Ran(r 44H + XQ). C 
such that V,U,(H + K,)U; V; = diag(A;(t),...,Ay(t)) where t  A&(t) are real-analytic 
functions representing the eigenvalues of H + K,. By Sard’s theorem, the complement 
of the set of regular values of the eigenvalues Aj, k = 1,..., M in (ty — 6, ty + 6) has 
measure zero. Therefore there are 64,...,óy € (7$ $) such that 0 is a common regular 
value of the functions t +> A;(t) + 6, for k = 1,...,M and such that dim(Ker(diag(A,(t) + 
ôr... Amy(t)+óm))) € 1forallt € (tg —6, to +6). Then setting H +Ř, = U; (V; diag(A,(t) + 
Bi Ay (t) + by) Vi + (H+K,)(1-¥ aj (H +K,)))U, the path t € (tj -6, ty +6) > H+K, 
is a real-analytic and has only simple and transversal eigenvalue crossings. Moreover, 
there is € > 0 such that |Ñ, - X, || < £ for all t € (ty — 5 — € t — 6) and such that 
IK, — X, sell < $ for all t € (ty +5 +@, to +8). We then replace t € (ty -5-@, ty -5) > K; 
by the linear path t +> K; connecting K, -s-e to K; -s and similar for t € (to +ô, to +6 +€). 
Then, by construction, the path t € [0,1] — K, where K, = K, fort € (ty-6-€, , ty + 6+€) 
for all crossings tọ, is continuous and all eigenvalue crossings are simple and transver- 
sal. Its restriction to [-b, b] is piecewise real analytic. Let t,;,...,t,, € [-b, b] be the 
points at which K is not analytic. For 6, > 0, lett € R > Xs, (0 € [0,1] be a smooth 
function such that ys (t) = 0 if |t — t,;| > 26, for all l and |t| < b - ó, and ys (t) = 1if 
there is an l such that |t — t, || < 6, or if |t| > b. Then for 6, sufficiently small, the path 


L 
teR o K - K(1- Xs, (0) + + Y. Ky Js, OX tt, i25, 428.) 0) 
l=1 


+ Kye, (Ox(t > b- 8,) + K rs (Oxlt < -b+ 6,) 


has the desired properties. 


Due to the homotopy invariance of the spectral flow and the constancy of the index 
of a Fredholm operator, it is sufficient to show (7.17) for generic paths t € IR > K, 
described in Lemma 7.4.5. Therefore, from now on, we will assume that t € IR > K, isa 
generic path. 


Proof of Theorem 7.41. The detailed proof will be separated in several steps. 
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Step 1 (IMS localization). Let t7,...,ty € IR be the finite number N of points for which 
dim(Ker(H,.)) = 1. By diagonalizing the smooth path t + H, on each B? = (t; -6,t; +ô), 
one obtains a differentiable unitary basis change t € p? +> W, such that 


y HR 0 
W,H,W; = ( a ese ut) ; (7.26) 
where d; € R \ {0}, Hy, is invertible for t € B? and HË] < clt - t; l^. 

Now a variation on the IMS localization procedure [181, 67] will be used. For each 
tř, let x : R > R be a smooth function, supported on [-6, 6] and such that x (t) = 1for 
t € [-16, 56]. We naturally extend y? to a multiplication operator on W'"(R, H). One 
then has the following properties: 

We, Hel = 0; 

- The support of x lies in the ball B$; 
loy? | < c'8™ for some constant c' uniform in i. 


Furthermore, let us set 


0$) =1- YË. 


i=1 


Note that Y (2? = 1. Now computing the double commutator [y°, (y?, (L,.?]] twice 
shows 


(7) a.» + a. O08) -KELPE = -2x (by. 


Summing over i shows the ILS localization formula 


(axe). (727) 


Ma 


N 
(iy = XL. Y 2n aue ES K 
i=1 


T 
o 


Step 2 (Localtoy model). Let us now focus on one summand x (LY y? in order to obtain 
a local toy model for (L,.)? in a neighborhood of t; , by replacing (7.26). Set W = IM dt W, 
and extend the unitaries W naturally to 2 x 2 matrices. Then 


* *42 
X Lx? = xiw* (wn w*y wy? 


s a 
_ fw ( 0 -KWa,W ( 0 -WHW ) wy 
KWa W 0 -WHW 0 
2 
0 — -k0, - WHW* 0 "id 
Öri t 6 
=y; W Wy; 
Xi [oe 0 ) pus 0 Xi 
2 
Sepe [s cct 0 "iud || 5 
=y? W* |L”. L}, : Wy;, 
^ | i ut Carey -0eH* 0 ^ 
(7.28) 
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where 


and the main toy model is 


I ( 0 -KO, - dj(t - 2n 
M^ (xd - di(t - tř) 0 f 


Even though in the above only its restriction to the range of xê is of relevance, it will 
now be analyzed as an operator on L(IR, C°). Its square is 


y- (uic + (di) (t - t£? + kd; 0 ) 
0 =K’? + (d (t - t?  - kdi) ` 


Both operators are direct sums of two harmonic oscillators, shifted by +xd;. The spectra 
are given by {(2n + 1)kld;] + k|d;| sgn(d;) : n € No}. Therefore, if d; > 0, (LL)? has a 
vector in the kernel in the second component, while for d; « 0 it has a kernel vector in 
the first component. In both cases, it is given by a Gaussian state $,; € L^(IR, C^) with 


variance Ki, It follows that 
Sig lrer? )) ae Sig(d;). 


Moreover, the first excited state of VES is of order k. 


Step 3 (Bounds on error terms in the IMS localization formula). Let us now bound the 
terms in (7.27). The operator xà (Lye is of the form 


242 2 ! 
ó 26 6 —K°O, + H? + KK 0 ó 
Xt = 28 ( 2 a lal + gà - KK! 0° 


As H2 restricted to the support of xà is strictly positive and bounded below by c46? for 6 
sufficiently small and |K;|| is bounded by c; for all t € R, 


2 2 
Xx Xo 2 cio Qr) = coK(y5) : 
Combined with the bound on the derivative ax? , one thus deduces 
2 2,62 o2 M ó 2,6 20-2 
(4) = 6 (y) - Cok (X9) + Y LN Xi - eK 6. (7.29) 
i=1 
Next let us bound the localized terms by using (7.28). First recall that, for two self-adjoint 


operators A and B (here A is unbounded and B is bounded), one has the operator inequal- 
ity (A, B) « A? + B? for the anticommutator, so that 
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(4A +B} =A" +B? + (624,6 1 B] > (1- 87)4? + (1- 87™B?, 


for n > 0 to be chosen later (such that the second negative term becomes small due to a 
ó-dependence of B). Therefore 


xia yy? 
à 2 2 
> (1- 6")\y?W*((Le,) e (Lei) )Wy; 
2 
- " 0 -kW(W')* -0e HË 
l 


The above analysis of Lii shows that there is a rank 1 operator F; such that 
mr*/rT \2147,,6 7 ye 
Xi W” (Lei) Wy; 2 CEKOG) + Fis 


for some constant C; . Moreover, (LL? has a mass gap that is uniformly (in x) bounded 
from below so that 


Smr* r0 \2 1478 5y2 e. 1 2 
Xi W” (Lei) Wy; 2666) -ek06) 2 ; 0t) , 
for x sufficiently small. As to the second summand, let us note that W(W’)* is bounded 


and HR is of order 6” on the support of ys , thus one has 


l 


2 
TEMP 0 ur 5 2 62 of 
OW | Wy? = O(k*, KS", 5°). 
Xi mm 0 Xj OED) 


Collecting the estimates, one thus has 
Xia, s C KA- 5") (x5)? + (1 — SE; + (1 87) 0K", KS, 5°), 


for x so small that CřK < 14. Finally, introduce F = S F; which is of rank N and set 
C* = min(G,..., Cy). Substituting into (7.29), one concludes 


(Ly) z c; 0). = c8). = C3K°5 ? 
+ C*K(1- 81)(1- (ÊP) + (1- 8")F + (1-8-7) (x2, x8”, 6). 


Now the size of the balls is chosen to be 6 = x“ with 2a < 1. Then for n € (0,1) such that 
6" < 1 and Č such that c48” — ck - ck?6 ? > Ck and Č < $C* - cykó 7 for x sufficiently 
small, 


za vi e 
(L)? > ČK1 + T um ERE 
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Now choosing any a < 1 and n < 1such that (4 — n)a > 1 (one possible choice is a = 1 


3 
and n = 1) shows that 


L4 = ioa + SF. (7.30) 


Step 4 (Spectral bounds on L,.). The bound (7.30) combined with the Rayleigh-Ritz princi- 
ple implies that (L,.)? has at most N eigenvalues in [0, 1Ck]. By providing N test functions 
(again following closely [181]), it will next be shown that there are atleast N eigenvalues 
of (L,)? in [0, c? 5]. Combining these facts then gives a detailed information on the low- 
lying spectrum of L,, namely there are eigenvalues v... .., vy y € spec(L,)n [-cki, cxi] 
(listed with their multiplicity) such that 


1-1 
spec(L,) n |-; V6. 5 Vx] = {Vep o Vel 


The ial functions are constructed from the Gaussian zero modes 6, ; of i with vari- 


ance ki . These states thus differ (locally) little from the normalized vectors 
Dpi = aW" (06 9, € LR, H), (7.31) 


as long as 6 > x7, As their supports are disjoint, the functions ®,;,...,®,,y are orthog- 
onal. Similar as above (with 7 = 0), the operator Cauchy-Schwarz inequality implies 
that 


XL s KEW Qe; e Lei) WH? + 20 (8, KB", 5). 
Hence, using as in the proof of the ILS localization formula 
2X Ex = 0d) Ge) «2k Q1) Qa) OE) 
we obtain 


($i I6, ;) ES laj?2(0 © $,.2|xi( Da 19 LI) y. ?(0 e dep) * O(K’, Ko, 8^) 
= lai 29, X? Lr ki Yai AAR + O(K’, Kô’, 8^) 


642 
= lad Có 43) E) ET: A (ay). * (LE) (y (x?) lori) + OK KO", 5°) 
= 0(K°S) + O(k?, x6", 8*). 


Choosing again 6 = k“ now with a = i it follows that (Drill Oki) = O(k5) for all 
i = 1,..., N. By the Rayleigh-Ritz principle, there are thus at least N eigenvalues of (L,.)? 
that are smaller than O(k5). This implies the claim stated above. 
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Step 5 (Stability of signature). Let V, = (Uy... Uk) : CY > L^(IR, H) be a partial 
isometry onto the normalized eigenstates U, ...., V. y corresponding to the low-lying 
spectrum of L, as identified in Step 4, namely 


VD. = diag(V,.1, m Vin) 


As all low-lying eigenvalues are included (see Step 4), the identity JL,,J = -Lx implies that 
{Vk -- Vay} is invariant under reflection and that the set J,1,...,Wx,.y of eigenvectors 
is J-invariant. By Theorem 2.3 in [181], the approximate eigenstates @,,; constructed in 
Step 4 are close to v, ;, namely |p i- xil — 0 ask — 0. Hence V; JY ki- Pk J6,; — 0 
and thus, for x sufficiently small, 


V. JW. = — diag(sgn(d,),..., sgn(dy)). 


Those eigenvalues v of L, which are different from 0 lead to symmetric pairs (v, —v) 
with eigenstates given by (y, Jw). The latter are two-dimensional J-invariant subspaces 
with vanishing J-signature because J (Y, JU) = oq(V, JW) where o; is the first Pauli matrix. 
Therefore, even though the kernel of Lẹ is not determined, 


N 


Sigd ker) = - Sig(W, I9.) = — X$ sgn(d;) = -Sf(t € R 5 Hy). 
ic 


Combined with (7.18), this implies the claim first for x > 0 sufficiently small, but then x 
can be raised without harming the Fredholm property and thus changing the index. 


8 Homotopy theory of Fredholm operators 


This chapter is about homotopy groups of the sets of Fredholm operators, unitary 
and self-adjoint Fredholm operators, Fredholm pairs, and other operator classes. Both 
bounded and unbounded Fredholm operators with various topologies are dealt with, 
and as an application a characterization of the spectral flow is proved in Section 8.4. 
Part of the presentation below follows closely the textbook by Boof$-Bavnbek and Wo- 
jciechowski [32], as well as the excellent lecture notes by Schróder [165] which are 
unfortunately only available in German. When dealing with unbounded self-adjoint 
operators equipped with the gap metric, another crucial element of proof is taken from 
a paper of Joachim [108] that is apparently not particularly well known. Along the way, 
several homotopy equivalences are proved and this is summarized in Section 8.7. Sev- 
eral fundamental results are needed (in particular the long exact sequence of homotopy 
groups of fiber bundles and the stable homotopy groups of the general linear groups as 
computed by Bott) and are recalled in Appendix A.3 for the convenience of the reader. 


8.1 Homotopy groups of essentially gapped unitaries 


For the stable general linear group GL(oo, C), the homotopy groups are known by Bott's 
celebrated result, see (A.3) in Appendix A3. It was then proved by Palais [141] and 
Shvarts [179] that one can enlarge GL(co, C) to the invertible operators G^(JX) in the 
unitization of the compact operators without changing the homotopy groups. More 
precisely, consider 


K(90) = {T eB90:T-1€K(20] 2 14 K(H), 
and the subset of invertibles 
G'(30) = G(H) n K(H), 
equipped with the norm topology. Then 


: Z, kodd, 
n,(G^(30) = (8.1) 


0, keven. 


A proof of the latter fact can also be found in [165]. Based on this, one can directly state 
the homotopy groups of the essentially gapped unitary operators. Indeed, by Proposi- 
tion 3.7.2, the set FU(H{) = {U € U(90) : -1 € spec,,,(U)} of essentially gapped unitaries 
can be retracted to the set U (H) = {U € U(H) : U - 1 € K(H)}. Furthermore, the polar 
decomposition provides the following: 


@ Open Access. © 2023 the author(s), published by De Gruyter. [Co TXZITSIEMI| This work is licensed under the Creative 
Commons Attribution-NonCommercial-NoDerivatives 4.0 International License. 
https://doi.org/10.1515/9783111172477-008 
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Proposition 8.1.1. With respect to the norm topology, U® (H) is a deformation retract of 
G^ (93€). 


Proof. For T € G°(KH), clearly, also |T|? = T*T € G°(H). Moreover, for s € R, 
dz s 2-1 
r = Zz z1- |T), 
IT| 3s: ( IT[^) 
r 


for some contour surrounding the (positive) spectrum of |T|? once in the positive sense. 
Due to the resolvent identity, one has |T| € G^(J(). Therefore U = T|T| ^ € U*(2) and 
the path s € [0,1] + U|T|5 lies in G°(H). Thus the homotopy 


h:G*(90 x [0,1] > G*(90, (T, = TIT 
is well defined and clearly norm-continuous. Moreover h(T,0) = T for T € G°(H), 


h(T,1) € U°(H) for T € G'(3() by the above, and h(U,t) = U for U € US(H) and 
t € [0,1], and therefore h is a deformation retraction of G^(2€) onto US(H). 


Now the homotopy groups of G^(2€) are given by (8.1) by the results of Bott and 
Palais. Therefore we obtain 


Corollary 8.1.2. With respect to the norm topology, the homotopy groups of the essen- 
tially gapped unitary operators are 


Z, kodd, 
7, (IFU(9()) = 
0, k even. 
Corollary 8.1.3. The spectral flow on closed loops establishes an isomorphism 
Sf : m(IFU(H)) > Z. 


Proof. Clearly, Sf : z4(IFU(30)) = Z 2 Z is a homomorphism. Example 4.5.4 shows that 
this homomorphism is surjective. It is then a fact that every surjective homomorphism 
f: Z — Zis injective. 


8.2 Homotopy groups of Fredholm operators 


It was proved in Theorem 3.3.5 and Corollary 3.3.6 that the connected components 
F,,B(H) of the set of bounded Fredholm operators FB(H) with respect to the norm 
topology are labeled by the index n € Z, so that 


TM (FB(H)) = Z. 


Moreover, one can restate Corollary 3.3.6 as 
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Corollary 8.2.1. The index establishes a bijection Ind : m)(FB(H)) > Z. 


As all connected components of FB(H) are homotopy equivalent by Theorem 3.3.5, 
the task left is to determine the homotopy groups of the identity component IF9IB(9C). 
This is done by applying the tools described Appendix A.3. 


Theorem 8.2.2. The homotopy groups of the identity component of the bounded Fredholm 
operators on 2€ are given by 


0, kodd, 


mEoBOO) = l2 k » 0 even 


As all connected components of FB(H) are homotopy equivalent, this directly im- 
plies 


Corollary 8.2.3. For all n € Z, the homotopy groups of the component F,,B(H) of the 
bounded Fredholm operators are 


(E,B(O) 0, kodd, 
Jt = 
SR Z, k»0even. 
Strictly speaking, one has 
0, kodd, 


EON = fo k > 0 even 


for all basepoints T € TF, IB()£) where, for any topological space X and b € X, the homo- 
topy group 7t, (X, b) is made by the homotopy classes of continuous maps f : S 5x 
mapping some fixed point a; € S" onto b. As the homotopy groups of a connected space 
X are independent of the basepoint, this is also written as 


0, kodd, 
Z, k>Oeven. 


7 (F,IB(90)) = l 

The proof of Theorem 8.2.2 will use the Bartle and Graves selection theorem as a 

crucial element for the construction of fiber bundles [34]. A version that is sufficient for 

the present purposes can be stated as follows: if € is a Banach space, U c € a closed 

subspace, and z : € — €/U is the quotient map, then there exists a continuous (homo- 

geneous but not necessarily linear) right inverse p : €/U — € of zt, namely mop = ide jų. 
A short proof of this version is given in [165]. 


Proof of Theorem 8.2.2. The proof is split into several steps: 


Fact 1. FoB(5) is homotopy equivalent to the identity component Gy Q(H) of the in- 
vertible elements in the Calkin algebra. 
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Indeed, let p be the right inverse of the Calkin projection z : B(H) —^ Q(9€) as given 
by the Bartle-Graves selection theorem. Because Fredholm operators with vanishing in- 
dex are compact perturbations of an invertible operator Fy) B(H) = zx (G9Q(20). Thus 
T € F9IB(XC) can be uniquely decomposed into T = p(zt(T)) - K with some compact oper- 
ator K € K(H). Hence IFjIB(C) is homeomorphic to GoQ(H) x K(H). The contractibility 
of the compact operators then implies the first fact. 


Fact 2. The restriction of the Calkin projection 7 = Tea) : GH)  GyQOX) is a fiber 
bundle with fiber G*(J€). 


First note that z indeed maps the bounded invertibles into the identity component 
of the invertibles of the Calkin algebra, due to the connectedness of G(H). Moreover, 
ft : GH) > GoQ(H) is surjective because for each Te GoQ(H) there is an operator 
S= p(T) € FB(H) with Ind(S) = 0 so that there exists a compact operator K € K(H) 
such that T = S + K is invertible, and clearly £(T) = T. Now fix an operator Ty with 
associated invertible lift Ty, set Ky = Ty — p(T) and next consider a neighborhood U 
of Ty. By choosing U sufficiently small, there is a continuous injective map £ : U > G(H) 
defined by £(T) = p(T) + Ko. Note that the image of £ lies indeed in the set G(2€) of 
invertibles because G(3€) is open in IB(7(). Moreover, 


ft ((7)) = (o(T) +K invertible : K € K(90] = (p(T) + K)G (20, 
the latter because 
p(T) +K = (p(T) + Ko)(1 + (oT) + Ky) (K - Ky). 
Hence AHU) is homeomorphic to U x G^(JC) as claimed. (Note that the fiber bundle is 
actually a principal bundle with fiber group G*(2€).) 


Fact 3. The homotopy groups 71, (Fy B(H)) are as stated. 


This now uses the long exact sequence of homotopy theory associated to the fiber 
bundle of Fact 2. It reduces to isomorphisms 71, (GgQ(30) = zt 4(G^(70)) because G(‘H) 
is contractible by Kuiper's theorem and hence has vanishing homotopy groups. Us- 
ing Fact 1, one deduces 7,(F)B(H)) = zt, 4(G^(9()) and therefore (8.1) concludes the 
proof. 


The next aim is to consider the set of unbounded Fredholm operators F(¥H) as de- 
fined in Definition 6.2.1. They form a subset of the densely defined closed operators 
L(K) on which Section 6.1 studied two natural topologies, namely the Riesz and gap 
topologies. The definition of the Riesz topology is tightly linked to the bounded trans- 
form F(T) = T(1 + T*T) ? and this leads to Proposition 6.2.18 which states that the 
spaces (F(#), Og) and (FB(H), Oy) are homotopy equivalent. This directly implies the 
following main result on the set of unbounded Fredholm operators. 
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Theorem 8.2.4. The homotopy groups of (F(H), Og) are the same as those of (FB(H), Oy) 
as given by Corollaries 8.2.1 and 8.2.3. 


Let us briefly comment on the space (F(+), Og). By the bounded transform, it is 
homeomorphic to (FB? (H), Og), which in turn can be shown to be homeomorphic to 
(FB,(H), Osp) by adapting the argument in the proof of Proposition 6.4.7 (note that d; is, 
however, only a pseudometric on FB, (5)). In [154] it is shown that the identity provides 
a homotopy equivalence I : (IF(2€), Og) — (F(H), Og). Therefore the homotopy groups 
of (F(H), Og) and (F(H), Og) coincide and are given by Theorem 8.2.4. 


8.3 Homotopy groups of bounded self-adjoint Fredholm operators 


Recall from Section 3.6 that the set FB,,(9{) of bounded self-adjoint Fredholm oper- 
ators equipped with the norm topology has three connected components FB} (2C), 
FB,,(H), and FB;,(H), consisting respectively of those self-adjoint Fredholm operators 
having only positive essential spectrum, only negative essential spectrum, and having 
both positive and negative essential spectrum. The components FB} (H) and FB,,(H) 
are contractible so that the main task here is to determine the homotopy groups of 
IFB;, (3€). 


Theorem 8.3.1. With respect to the norm topology, the homotopy groups of FB% (JC) are 


: Z, kodd, 
71 (IF (3C) E 
0, keven. 
Corollary 8.3.2. The spectral flow on closed loops establishes an isomorphism 
Sf : m (FB; (90)) > Z. 
Proof. Clearly, Sf : 74 (IB; (90)) = Z > Zis a homomorphism. By Example 8.3.4 further 


down, this homomorphism is surjective. As every surjective homomorphism from Z to 
Z is injective, this implies the claim. 


The proof of Theorem 8.3.1 parallels that of Theorem 8.2.2, but there is an extra 
element stated first. 


Lemma 8.3.3. Let Q) € U% (H) be a proper symmetry with neighborhood 
U = {Q € U5,(30 : IQ- Qoll < 2}. 
Then there is a continuous map Q € U + U € U(H) such that 


Q = UQU". 
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Proof. (Note that this is essentially the same argument as in the proof of Proposi- 
tion 5.3.20.) The unitary will be explicitly constructed, using the orthogonal projections 
P= "el -Q)and P, = "el — Qo). Consider the operator 


M =1+ (P - P)2P, - 1). 
By assumption, ||(P — Po)(2P9 — 1)|| < 1 so that M is invertible. One readily checks 
PM = PP, = MP». 


Hence also M*P = P,)M*. Therefore P = MP4M ! and M*P(M*) ! = P, so that upon 
replacing also 


P = (MM"*)P(MM") |. 
This implies P = (MM*)-2? P(MM")?. Now set 


=t 
2 


U = (MM") ?M. 


This is indeed unitary and satisfies the claim. 


Proof of Theorem 8.3.1. 


Fact 1. FB;,(5C) is homotopy equivalent to the set GQ (2€) of self-adjoint invertible 
elements in the Calkin algebra having both positive and negative spectrum, which in 
turn can be retracted to the set UQ;,(H) of proper symmetries in the Calkin algebra 


UQX (H) = (Q = Q* € Q(H) : spec(Q) = {-1, 1}}. 


For the proof of this fact, let Za : Bga(IC) — Q,a(H) be the restriction of the Calkin 
projection to the self-adjoint bounded operators. Then FB%,(H) = m (GQ (70). 
A continuous right inverse p,a to M,a is given in terms of the right inverse p of zt by 
setting p, (F7) = }(p(H) + p(H)*). Then H € FB} (70) can be uniquely decomposed into 
H = p,4 04 1)) + K with some K € K,,(H), the set of self-adjoint compact operators. 
Hence FB,, (7€) is homeomorphic to GQ% (0) x K,(H). The contractibility of the self- 
adjoint compact operators then implies the first claim. The retraction to UQ% (H) can 
then be done by spectral calculus. 


Fact 2. Let UQ(H) denote the unitary elements in the Calkin algebra and fix some 
proper symmetry Q) € UQ# (H). Then the map 7 : UQ(H) — UQ# (H) defined by 


ny(U) = U00" 


is the base projection of a principal bundle with connected base space and fiber group 
given by the stabilizer group of Qo, 
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Go = {T € UQ(X) : TQU” = Qo}. 


For the justification, let us first note that for every Q c UQ;,(H) there is a self- 
adjoint lift T = p,,(Q) € B,,(IC), namely z,,(T) = z(T) = Q. Its essential spectrum is 
spec,(T) = {-1,1}. Hence there is a gap A c (-1,1) somewhere in the spectrum of T, 
and one can choose an increasing continuous function f : R — [-1,1] with f (-1) = -1, 
f() = 1, and supp(f^) c A. Then Q = f(T) is a symmetry on H and z(Q) = Q because 
Q- T € K,,(H). In particular, for Ty = p,,(Qo) there is a symmetry Qo = f (To) such that 
Qo = 1(Qy). By continuity of the spectrum, there is a neighborhood U of Qy such that the 
function f can be chosen uniformly for all Q € U, and one obtains a continuous local map 
Q € U o Q = f(o,(Q) € Ugg(H). As both Q and Qy are proper, there exists a unitary 
U € U(20) such that Q = UQgU* and the map Q € U + U can be chosen continuously 
by Lemma 8.3.3. Then U = m(U) is a unitary in the Calkin algebra and Q = UQgU *. Thus 
p : U > UQ(?0 defined by P(Q) = U is a local section, namely p is continuous and 
To » D = id. This fact combined with the bundle structure theorem (see the paragraph 
after the proof of Theorem A.3.7) implies that zt; : UQ(H) — UQ(20/G, ~ UQ;, (9€) 
is a principal bundle. (Note that one can spell out a version of Lemma 8.3.3 directly for 
symmetries in the Calkin algebra and this shortens the proof a little.) 

It remains to show that the base space is connected. Let Qo, Q, € UQ (H) have 
symmetry lifts Q and Q4 (constructed as above). As both Qo and Q; are proper, there 
exists a unitary U € U(H) such that UQ,U* = Qo. Deforming U to 1 (e. g., taking roots of 
U) one obtains a path of symmetries connecting Q, to Q4, and consequently also a path 
connecting Q to Q,. Hence UQ% (H) is indeed pathwise connected. 


Fact 3. The homotopy groups 7;,(IFB;,(5()) are as stated. 


The long exact sequence of homotopy theory for the principal bundle of Fact 2 com- 
bined with Fact 1 leads to 


n (UQQOQ) > ™(FBs,(H)) 7t 4(69) ^ 7 4(UQ(0) > ---. 


The set UQ(9€) of unitaries in the Calkin algebra is a retract (using the polar decom- 
position) of the set GQ(H) of the invertibles in the Calkin algebra. The connected com- 
ponents of GQ(H) are G,Q(20) = IT € GQ(H) : p(T) € F,B(H)} for n € Z. These 
components are homeomorphic and therefore have the same homotopy groups. The 
homotopy groups of GoQ(H) were determined in the proof of Theorem 8.2.2, so that 


0, kodd, 


Fe ToQ(H)) = l2 k 2 2even 


where U Q(H) = UQ(H) n Gy Q(H) and therefore 


0, kodd, 
MUON) = i k even is 
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Moreover, the stabilizer group Gy consists of all U € UQ(H) commuting with the pro- 
jection Py = 1(1- Qo), hence all block diagonal unitaries with block form P)Q(H)Py and 
(1 — Py) Q(901 - Po). The lift Py = 2(1— Qo) of Py with Qo as above is a projection, and 
one can identify P)Q(H{)Py with Q(P, J), and similarly with the other block. Hence 


Go = UQ(P)H) e UQ((1 - P9)9). 
Consequently, the homotopy groups of Go can be read from (8.2) as 


0, k odd, 


1,(Go) = 
e os k even. 


Thus for k odd, the above exact sequence becomes 


20 > 7, (EBY (30) > Ze Z ^ Z > n (EB,(00) > 05 --., 


where i, is the induced map of the inclusion i : Gy — UQ(H). However, i, is surjective 
(actually, it is just the addition + : Z x Z — Zin the homotopy groups as one can check 
using the fact that i : Gy; = UQ(P)H) e UQ((1 - Py )H) ^ UQ(H) is the embedding 
as a block diagonal operator) and thus exactness implies that the homotopy groups of 
FB% (F) are as stated. 


Example 8.3.4. This example is a continuation of Example 5.7.4 in which H = £&(Z) 
with orthonormal basis |n), n € Z and 


Qk = Y Ini - Y ny. 
nzk n«k 
Then Q; = U*QoU where U is the left-shift by k and Sf(Qo, Q4) = —k. This path shall 


now be closed to a loop. For that purpose, let us first rotate the states in the subspace 
spanned by |n) and |k — n). For even k this is done by 


y,- Y (In - Dik- iij Ga er (eee 


not sin(75) cos(75) (k-n| 


while for odd k 


cos( 4s) m) ( (nl ) k-1\ /k-1 
V, = k-n-1 2 2 ey 
s > (Imi nm ae cos(Zs) /Ak-n-1l/ * ACE 
n», 
One readily checks that the rotation s € [0,1] — V; Q&V, connects Q% to VÝ Q,V, = -Qp. 
Let us concatenate with a second path, given in terms of 
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v= Y (1-1- m) (2529 ES (nl ) 


d mu X 
zn sin(5s) cos(75) (-1- n 


Then s € [0,1] + V; (-Q9)V, connects -Q to V1 (-Qg)V, = Qo. These last two paths are 
isospectral, so there is no spectral flow. As a consequence, the spectral flow along the 
whole closed loop obtained after concatenation is equal to —k. o 


In Example 8.3.4, a concrete path of self-adjoint Fredholm operators with nontrivial 
spectral flow was constructed from a pair of symmetries (Q, UQU") which satisfies [U, Q] 
compact. Actually, there is a far more general statement that implies the existence of a 
such a path. For any fixed proper symmetry Q, let us set 


Uo(K) = {U € UK) : [U,Q] € KO}. (8.3) 


Note that UQ(0 is a subgroup of U(H). 


Proposition 8.3.5. For any proper symmetry Q on H and any k € N, zt, (Uo (2€)) is iso- 
morphic to 7),,,(FB;,(H)). 


Proof. First recall from the proof of Theorem 8.3.1 that FB% (H) is homotopy equivalent 
to the set UQ% (JC) of proper symmetries in the Calkin algebra. Note that Q also provides 
a base point z(Q) in UQ;,(H). Now let us define a map By : U(H) —^ UQ;, (30) via 
Bo(U) = m(UQU"). By the arguments in the proof of Theorem 8.3.1, one can check that 
this is a principal bundle with structure group 


(Bo)  (n(Q)) = {U € U : n(UQU*) = n(Q)} 
= {U € U:z([U, Q]JU*) = 0} 


Hence one can use the long exact sequence of homotopy groups, which, due to the trivi- 
ality of the homotopy groups of U(3€), proves the proposition. (Let us note that there is 
an equivalent statement to Proposition 8.3.5 for Z,-valued index pairings given in [48] 
and Theorem 7.1 of [57]; the argument in these works was based on the claim that the 
connecting maps in the long exact sequence of homotopy groups of a fibre bundle are 
induced by a homotopy equivalence, which was not proved there; this claim is not used 
here.) 


8.4 An application: characterization of spectral flow 


The aim of this section is to present an axiomatic characterization of the spectral 
flow that is due to Lesch [126], with modifications taken from [184]. Let us denote by 
Q* (IFIB;. (H)) the set of norm-continuous paths in FB;,(H). Let us stress that the paths 
are not necessarily closed, which is why the notation Q* instead of Q is used. Let us 
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consider maps p : Q* (FB; (90) > IZ that are invariant under orientation-preserving 

reparametrizations of the paths. Such maps can have the following properties: 

Homotopy invariance. If (s,t) € [0,1] x [0,1] + H,, € IFIB; (70) is norm-continuous 
and H, 9 as well as H,, are invertible for all s € [0,1], then 


u(t € [0,1] > Ho) = u(t € [0,1] = Hz). 
Concatenation. Ift € [0,2] 5 H, is an element of Q* (FB;, (JO), then 
u(t € [0,2] > Hj) = u(t € [0,1] > Hj) + u(t € [1,2] Hj). 
Integrality. Ift € [0,1] + H; is a path in FB$ (H) with invertible endpoints, then 
u(t € [0,1] > Hj) € Z. 


Normalization. For every H € FB% (H) and associated H, = H + t1, one has 
Ate SSH) = Wee 0.84 es Hie ; dim(Ker(H)), 
where ôy = 5 min{|A| :02zÀ € spec(H)}. 


Note that the spectral flow is a map Sf : Q* (FB; (30) > iz that satisfies concatenation 
by Theorem 4.2.1 and homotopy invariance by Theorem 4.2.4. Moreover, integrality and 
normalization are immediate consequences of the definition of the spectral flow. 


Theorem 8.4.1. If u : Q* (FB;,(H)) > A satisfies homotopy invariance, concatenation, 
integrality, and normalization, then u = Sf. 


Proof. Let Hy € FB; (J() have a one-dimensional kernel and set 5) = ôy. Then let 
t € [-5p, ĉo] > H, = Ho + t1 be the corresponding path. By the concatenation, homotopy 
invariance, and integrality properties, it is clear that u and Sf induce homomorphisms 


Ib Sf : m (IBS O0, H_s, ) >Z, (8.4) 


where 74 (IF; (H), H_s,) is the fundamental group. As the set of invertible operators in 
IF; (H) is connected, there is a path t € [0,1] +» H; of invertible operators connecting 
Hs, to H_s, in FB; (3). Now the (time rescaled) concatenation t € [0,1] > (H * H^), is 
an element in 7, (FB;,(4¢), H_s,) and thus 


u(t € [0,1] = (H * H’),) = u(t € [0,1] > H;) + u(t € [0,1] = Hy) 
= u(t € [0,1] > H;) 
= dim(Ker(Hj)) 
= Sf(t € [0,1] => H;) + Sf(t € [0,1] > H?) 
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= Sf(t € [0,1] > (H * H’),), 


where u(t € [0,1] — H;) = 0 = Sf(t € [0,1] + H/) was used which follows from 
the homotopy invariance and concatenation. As dim(Ker(H))) = 1, this firstly shows 
that t € [0,1] + (H « H^), is a generator of the infinitely cyclic group m (FB,,>H_s,) 
(see Theorem 8.3.1), and secondly that u and Sf have the same value on it. Hence the 
maps in (8.4) coincide. Note that this also holds for any other invertible base point than 
H_s,, which follows by using once again that the set of invertible elements in FB;, (3t) 
is connected. 

Let now t € [0,1] > H; be an arbitrary norm-continuous path in FB, (H). Let us 
first consider the endpoints Hy and H; and set 


te[-65,0] > H? = Ho«t& te[06,6] > Hi =H, + t4, 
where still 6) = ôy, and ô; = 5y,. It follows from the normalization property that 
Sf(t € [65,0] > H?) = u(t € [-6),0] > H?) = ; dim(Ker(H,)) 
and 
Sf(t e (0,6,] > H1) = u(t € [0,6,] > H2) = ; dim(Ker(H,)). 


Let now t € [0,1] + H; be a path of invertible operators in FB, (H) connecting H; à to 
H? sẹ: It follows from the first part of the proof and the concatenation property that 


u(t € [0,1] > H;) 
= u(t € [0,1] 5 (H° « H « H'),) - ; dim(Ker(Ho)) 2 ; dim(Ker(Fh) 
= u(t € [0,1] 5 (H° « H« H' « #),)- ; dim(Ker(H)) - ; dim(Ker(H,) 
= Sf(t € [0,1] > (H° « H « H’ « H)) - ; dim(Ker(H)) : 7 dim(Ker(#,)) 


= Sf(t € [0,1] > (H° « H « H),) - 5 dim(Ker(Ho)) . ; dim(Ker(H,)) 
= Sf(t € [0,1] > Hj), 


and so the claim is shown. 


Let us note that Theorem 8.4.1 slightly differs from Lesch's work [126] as here it is 
not assumed that the endpoints of the paths in Q* (FB;,(H)) are invertible. There are 
other axiomatic characterizations of the spectral flow. For example, Ciriza, Fitzpatrick, 
and Pejsachowicz showed in [60] that the spectral flow for paths in all three components 
of IFIB,, (€) is also uniquely determined by the homotopy invariance in Theorem 4.2.2, 
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the two basic properties (i) and (v) in Theorem 4.2.1 and the fact that it is the difference of 
the Morse indices of the endpoints for paths in FB% (4) (see Proposition 4.3.1). Finally, 
let us note that Georgescu proved a similar characterization for paths of unbounded 
self-adjoint Fredholm operators [93]. 


8.5 Homotopy groups of Fredholm pairs 


Let us introduce a notation for the set of proper orthogonal projections which form a 
Fredholm pair with a fixed proper orthogonal projections Peg: 


FP(H) = {P : P proper orthogonal projection with (P,eț, P) Fredholm pair}. 


This set will be equipped with norm topology Oy on B(). Results on the homotopy 
groups of IFIP(X) and various modifications of it go back to Wojciechowski [207] and 
Abbondandolo and Majer [2]. 


Theorem 8.5.1. The homotopy groups of FP(H) are given by 


Z, keven, 


AERO) la k odd 


To show this, let us introduce the set 


IFP^(30) = {P € FP(H) : Prep - P € K(H)} 


of orthogonal projections P such that P — P eț is compact. The proof of Theorem 8.5.1 is 
then based on the following fact. 


Proposition 8.5.2. The space (FPE(H), Oy) is a deformation retract of (FP(H), Oy). 


Proof. (Based on the proof of Proposition 5.3.19.) For P € FIP(H), let Q = 1 — 2P be the 
associated symmetry and let Qef = 1- 2P ef be the symmetry associated to P e¢ and then 
set 


R= QQref + Qr -21-4(P- Pag 


Then one has [R,Q] = 0 = [R,Q,4]. Let us set a = sup spec,,.((P — P,,,?). Because 
(Piep P) is a Fredholm pair, 1 ¢ spec... ((P — p: and therefore a € [0,1). Then also 
b = min(57.,2a) € [0,1) and the function f : [0,1] — [0,1] defined by 


fO = xia] OO + (x — b)(a — b) Xian (8.5) 


is continuous for a » 0. For 
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H,=1+R cos( SFE 3 202) sin( ZU (P 2 Pret") t € [0,1], 


clearly, [H;, (P — P,,:)?] = 0, and next it is shown that H, is invertible for all t. Setting 
H' = Ran(y((P — Prep)” > b)) the restriction of H, to this space is 150. On the orthogonal 
complement (H')* one has (P—Preg)” < b. Therefore R14¢1). > (2-4b)1(5,. and, because 
| cos(Ftf (P—Pyog)”)) sin(F fP -Pret I < 5, one gets Hle > (1+ 5(2—4b) )Ugene = 
(2 - 2b)1(g¢y. > 0. Combined with the fact that (H;, (P - P,,,)?] = 0 and therefore H, is 
diagonal with respect to the grading H = +’ e (20^, this implies that H, is invertible 
for all t. Therefore one can set 


Q: = Gt 3 (eeos( Taro - Pra) + Qrersin( (o - 0.))). ceto. 


Clearly, Q; = Q, and computing the square shows Q? = 1, so this is a path of symmetries. 
Moreover, Qo = Q. To show that (P ef P+) is a Fredholm pair for all t € [0,1] where 
P, = ia — Qj), let us compute 


1 


dod 
(P, - Prep)” = 2m yi) à (n cos( SFE = 2) +2 sin( Zye = 202)! 


Suppose that a » 0. Then the right-hand side is a continuous function of the self-adjoint 
operator (P — P,,4,)*. Namely, 


(P; F Pres)” = g (0 = Py) 


for the continuous function g, : [0,1] — [0,1] defined by 


zu 
2 


g(x) = : Z ; + (2 — 4x) cos( 2400) sin( Zo) J 
(@-40) cos( Zeroo) +2sin( 7000) ) (8.6) 


By the spectral mapping theorem in the Calkin algebra, one gets spec,,.((P; — P447) = 
Et(SPCCoacs((P - Pyet)”)) and therefore 


sup speces.((P, = Pap) ES Sup g(x) < sup h(x) 
te[0,1],xe[0,a] te[0,1],xe[0,a] 


for 


h,(x) = z- q(1+ 2-40 cos( Ze) sin( Ze) ) “(2-40 cos( Zr) +2sin( Zr), (8.7) 


The supremum is given by 
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sup — A, (x) = sup họ(x)= sup T: 


1 
-(2-4x)-a«1. 
te[0,1],xe[0,a] xe[0,a] xe[0,a] 2 4 


Then sup spec. ((P, — P,,5?) < 1 by Corollary 5.3.13 implies that (P,e, P;) is a Fredholm 
pair for all t € [0,1]. Moreover, spec. ((P, — Pj?) = gj (spec ((P — P,,:2)) = (0) and 
therefore P, — Pres is compact. 

Suppose that P — P ef is compact, or equivalently that a = 0. Then it follows that 
f((, - Pe?) = X((P:— Pres)” = 0) is the projection onto Ker((P, - P5?) = Ker(P, - P4). 
We show that in this case t € [0,1] + Q, is constant. Clearly, Q, commutes with (P;—Pyer)” 
and thus Q, is diagonal with respect to the grading H = Ker(P, - P ef) e Ker(P, - Prog)”. 
On Ker(P; — P,.4)- one has f((P, — P,,,)?) = 0 and thus Q; = Q. On Ker(P, — Prep) one has 
Q = Q,,; and therefore 


1 
2 


(ene 20) (co) og) -e 


Thus Q, = Q for all t € [0,1] on all of K. 
Next let us consider the homotopy 


h:EP(JOx[01]— FP(9O, h(P, t) = ja -Q;) 


It is shown that ^ is continuous at any point (P, t) € FP(H) x [0,1]. This is verified by 
a rather lengthy argument in the remainder of the proof which an experienced reader 
may want to skip. 

Let (Pah)nen be a sequence in FP(¥H) converging to P. Associated to it is the sequence 
(Qn)nen Of symmetries, where Q, = 1 — 2P,,. Moreover, let (t,) nen be a sequence in [0,1] 
converging to t. Let us first assume that a = sup spec,,,((P — P,4)) > 0. Then for n 
sufficiently large, a, = sup spec, ((Py - P9?) > 0 and b, = min(4,2a,] € (an 1), and 
the function f, : [0,1] — [0,1] defined by 


fa) = Xto,a, 000 + (X — bn) (an — b.) "Xia, b) CO 
is continuous. Moreover, 


sup |f(x) -h| > 0 (8.8) 
x€[0,1] 


for f : [0,1] — [0,1] as in (8.5). Furthermore, let us set 
Rn = QnQref + QrefQn = 21- 4(P,, Prep)” 


and 


Ant =1+ Ry cos( 545, E 202) sin( Zne, TA Pret?) te [0, 1], 
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which by the same argument as above is invertible with inverse bounded by 
|H] < min{1,2-2b,}7. (8.9) 
Clearly, 
| RO, tn) — RP, D|]  |hGOS 6) -— An D|] + [AP 0 - hP, €]. 
For the first summana, one has 
[AP tn) -hPa t] 


(ng) (On cos( s (s = Pren) + Qrrsin( tuf (Pn —Pret”)) ) 


NIe 


- 8, *( Qn cos( ZCP, - P) + Orersin( FCP, - Prep) ) )| 


IA 


; |o fe (eost - 009) - cos th -Prep ) ) 
+ Qfer(sin( Ps = 0) - sim ( uos -P0 )) || 


«S ea) - 85,75) 


(omite non) ctos n) 


7 7 (T ouf TE 
os (7x) - cos( Zex) sin( zx) -sin( Zex) 
2 2 2 2 


1 1 
* IG) ? ud (Ant) ? |. 


IA 


+ sup 


1 di 
; sup[(, ÈN sup 
nt x€[0,1] 


x€[0,1] 


) 


Clearly, the first summand converges to 0 for tp — t (uniformly in P,). To bound the 
second summand, let us first note that lim,_,.. b, = b and therefore by (8.9) |H, 1 is 
uniformly bounded in t and P,, namely the is a constant C € R,, such that 


sup |H;;| < C. 
te[0,1],neIN 


Then 


[5,573 — 05,72] = Ine)? (Ane)? 7 Hne) Eno)? | 
1 1 1 1 
< (Fie)? lEn) — Ane)? MEn 
< Cl yy - Hut (8.10) 


where the last step follows from Proposition A.2.2. Because 
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IH, t mu Hy, Il = 


Ry} c0s{ 7650s - P) sin( (s = P) 
- cos( 7405, E 02) sin( 24,5, = Pre’) )| | 


7 . (T 7 . (T 
cos( 2) sin( rx) - cos( um) sin( um) ; 
2 2 2 2 


<2 sup 
x€[0,1] 


one has 
lim |H,,. — Hl = 0 
m0 


Pide. in n. Thus lim, _,, |hA(P,, tn) - h(P4,t)| = 0 uniformly in P,. It remains to show 
Mao ACP,» t) - AC, t)| = 0. One has 


A(P,,; t) - AC, t)| 
= EE |o. cos( 545, = Pae?) + Qref sin( (P, = Pae) )| 


-nyi lo cos( SFP = Ba) + Qref sin( otf (P - P) )| | 


9| es cos( 70, - P) - Qe0s( FE - Prep”) ) 
+ Qrai(sin( Ff ((Pr - P0) - sin( Sero - Peo”) | 


+ (02,272 - 027) 


i |o. cos( 5. z 2002) + Qrersin( 5, E 2] | 
< Kn i(|vo. -Q) cos( 54, 25 «)] 
+ {0 cos( Fefa(Pn— 005) - cos( artt? - Pren) ) | 
+ (sts Pu) -sin( srt - Poa?) 


£2]05,)7? - (H| 
< EDn - Ql 
| cos( 54,5, 202) ~ cos( zur, =, Pa )| 


| cos( F(E, = 202) - cos( re 2 2) 


+ |n? 


t |n? 


cT |n? 


| sin( (P, - 02) - sin( “tf (Py = Pae’) )| 
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+ [any] 


sin( tf (Py 2 202) E sin( STP = 2) 
+ CH - Hii, 


where the last step follows from a similar argument as that leading to (8.10). Clearly, the 
first and last summands converge to 0 for n — oo. Because f is a continuous function on 
[0,1] > Unen SPec. (Pn —Preg)”) Uspec((P —P,.:))) the third and fifth summands converge 
to 0. Finally the second and fourth summands converge to 0 by the same argument using 
(8.8). This shows the claim for a > 0. Finally, let us consider the case a = 0. Then, by the 
above, P, = P for all t € [0,1]. One has to show 


|hG,, tn) - P| > 0, 
or equivalently 
là. - 9| o. 
for Q, = 1 — 2h(P,, tn). Note that by the spectral radius theorem in the Calkin algebra 


An = SUP specs, (P, - P,,9?) > 0. For j > € > 0, there is A, € (0, €) Vspec(P,.  — P)". Note 
that 


|y ((P, Pres)” < Ae) -X( - Pres)” « A) > 0. 
Then for n sufficiently large, a, « te and therefore 
Q1 - (Ps - Pret)? < Ae)) = Qa(1-X( Pn — Pret)? < 42). 
One then has 
Qn - Ol « Qn - OXP - Pres)” < Ae) || + Qn - O -XP - Pres)” < 22) 


and the second term is bounded by 


(Qn - Q)(1-X((P - Pres)” < Ae))| 
< ls (G5, — Pres)” < Ae) - X((P - Pres)” < Ae))| 
+ (Qn - Q)(1-x((Pn - Pret)” < A9))] 
+ |Q(((Pn — Pret)” < Ae) - x(P = Prep)” < Ae))| 
< 2| (OP - Pret)” < Ac) - X((P - Pret)” < Ae)|| + Qn - QI 


— 0. 
For the first summana, one has 


| (Ön = Qx (P E Pret) = A.)] 


264 —— 8 Homotopy theory of Fredholm operators 


= [(Qrer — Ondx((P — Pret)” < Ac) - (rer - OXP - Pres)” < Ac)| 
< ||(Qrer- Qn)X((P — Pret)” < Ae)li + Qrer 7 QX((P — Pres)” < Ae)| 
< |l(Qree - On)(X((P - Pret)” < Ac) -X((Pn — Pres)” < Ae))ll 
+ l(Qree - Qn)X((Pn - Pret)” < e)l] + lKQrer - OX((P - Pres)” < A)| 


The first summand is bounded by 


KOR: ~ Qnd(x((P = Pres)” ES Àe) -X (Ph Er Pres)” < A9) 
ES ally ((P = Pret)” ES Ae) —X(Pn = Pret)” < Ae)|| 


— 0. 
For the third summand, one has 


|(Qree E Q)y((P E Pres)” ES o)l = ||(2P reg E» 2P)y ((P P5 Pree)” ES e)l 
= 2||Pret - PY X((P - Pret)” < AJ 
< 223 


1 
< 2e2, 


And finally, the second summand is bounded by 


Il(Qret = QnX((Pn ~ Pa ES Ae)| zi | (2Pref ~ 2h(P,, tn) )X((Pr E Pres)” ES e)l 
z 2||(Pref » h(P,, t) X(CPy m Py? ES a? 


<2 sup — A, (x) 
te[0,1],x€[0,A,] 
1 

= 20; 


1 
< 2e?, 


where h,(x) is defined in (8.7). Because € > 0 was arbitrary |Q, — Q| — 0 follows 
and therefore the considered homotopy is continuous. Thus, one can conclude that 
(IEIP^ (20), O n) is a deformation retract of (FP(H), Oy). 


For n e Z let us introduce the sets 
F,, P(H) = {P € FIP(H) : Ind(Pyep, P) = n] 
and 


IF,PC(9t) = (P € EP*(30 : Ind(P,et P) = n]. 
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The next result shows that these are the connected components of IFIP(7C) and FPE(H), 
respectively. 


Proposition 8.5.3. The sets F ,P(#) and F,,P°(H) are connected with respect to the op- 
erator norm. Moreover, the space F,,P(H) is homeomorphic to FaP(H) and I, IP^ (90) is 
homeomorphic to IFyIP^ (3€). 


Proof. The argument leading to Proposition 5.3.23 shows that both FF,,IP(J) and IF, IP (9€) 
are connected. 

To show that TF, IP(3() is homeomorphic to FpP(H), let Pregn € IF, IPC (3€) be a fixed 
projection. Then by Corollary 5.3.13, for any projection P € P(H), (Prog, P) is a Fredholm 
pair if and only if the pair (P,.¢,, P) is Fredholm. By Proposition 5.3.15, 


F,P(H) = (P € P(H) : (Prog; P) Fredholm, Ind(Pre¢n, P) = 0]. 


Moreover, by Proposition 5.1.7, there is a unitary U € U(H) such that U' P efnU = Pret- 
Then, by the above, one has P € F P(H) if and only if U" PU € IFjIP(9C). Therefore 


f:E,P(O-FQJPOO, Pe U'PU 


is a homeomorphism. Thus the claim on F IP(J) is shown. Restricting f to IF,IP^(94) 
implies the last claim. 


Proof of Theorem 8.5.1. By Proposition 8.5.2, the homotopy groups of FP(H) and IFIPC (30) 
coincide, namely 7;,(FP(H)) = 7, (EIC (90) for all k € No. 

Recall from (8.3) that Ug (€) = {U € U(H) : [U, Qrer] € K(H)} denotes the set 
of all unitaries that have a compact commutator with Qj; = 1 — 2P,,;. Then the map 
Tto : Ug, (H) > FPS (H) defined by 

7Q(U) = UP etU“ 
is the base projection of a fiber bundle with fiber given by 
Uo, o (70 = {U € U(H) : [U, Qree] = 0]. (8.11) 
For the justification, let us first note that zt is surjective. For Py € FIP°(H), one has 
Ty (Po) = (U € U(H) : UPGU* = Po}. 
For the neighborhood 


U = [P € IEIP^(90) : ||P — Poll < 1}, 


one gets 
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nj (U) = (U e U(H) : UP etU" € U}. 


By Lemma 8.3.3, there is a continuous map U — 79 1U), P 5 Vp such that Pref = Vp PVp. 
For U € 7 (P), one gets UP.4U* = P = VpPrepVp and therefore [P ef, U* Vp] = 0. Thus 


$ ny (U) > Ux Ug, o(H) 
defined by 
$(U) = (OP GU, U* Vup, sU") 


is a homeomorphism. 

Even though the base space FP?(H) is not connected, Proposition 8.5.3 implies that 
the homotopy groups of all connected components are the same. Using the long ex- 
act sequence of homotopy theory associated to this fiber bundle, one obtains isomor- 
phisms 7, (EPS (H)) = 7 (Uo. (30) because Ug .o(70 is contractible by Kuiper's theo- 
rem and hence has vanishing homotopy groups. Then Proposition 8.3.5 combined with 
Theorem 8.3.1 shows the claim. 


Recall from (5.19) that FPP(H) denotes the set of Fredholm pairs of proper orthog- 
onal projections. This set is then equipped with the topology Oy x Oy where Oy denotes 
the norm topology on B(). The following result goes back to Abbondandolo and Majer 
[2], but the proof below is different. 


Theorem 8.5.4. The homotopy groups of FPP(H) are given by 


Z, keven, 


TAREERUU la k odd 


The proof is based on the following fact on the homotopy groups of the set: 
P(H) = (P = P* = P? € B(H) : dim(Ran(P)) = dim(Ker(P))} 


of all proper orthogonal projections on K, which goes back to [15]. 
Proposition 8.5.5. The space (IP(3€), Oy) is contractible. 


Proof. First note that, by Proposition 5.1.7, the space (IP(3€), Oy) is connected. Let, as 
above, Pref € P(H) be one fixed proper orthogonal projection. Then 7 : U(H)  IP(9€) 
defined by 


T)(U) = UP,íU* 


is the base projection of a fiber bundle with connected base space and fiber given by 
Ug, o (7). For the justification, let us first note that 7 is surjective by Proposition 5.1.7. 
For P, € P(H), one has 
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Ty (Po) = {U € U(H) : UPGU* = Po}. 
For the neighborhood 
U = (P e P(H): [P - Poll < 1} 
one gets 
Ty (U) = {U € U(H) : UPqU* € U}. 


By Lemma 8.3.3, there is a continuous map U — U(H), P + Vp, such that Py = V5 PV». 
Moreover, there is a unitary Uy € U(H) such that Uj Po Up = Prep. Then for P € U and 
U e ng (P), one has UP,4U* = P = VpPoV; and therefore V; UP, U* Vp = Po, or equiva- 
lently Ug Vp UP ye * VpUp = Prog. Thus U* VpUo € Uo. 9 (JC) where as in (8.11) Uo |. (2) 
denotes the set of unitaries that commute with P,.; and 


$ : T QD > Ux Ug, poH) 
defined by 
@(U) = (UP ye¢U", U* Vyp „u+ Uo) 


is a homeomorphism. 

Using the long exact sequence of homotopy theory associated to this fiber bundle, 
one obtains that 7,(P(H)) = 0 for all k € Nọ because U(H) and Ue ,o0(70 have van- 
ishing homotopy groups by Kuiper's theorem. As P(H) is a metrizable Banach manifold 
(see [2]), (IP(J(), Oy) is contractible by Theorem A.3.5 combined with Theorem A.3.6. 


Proof of Theorem 8.5.4. The map 7) : FPP(#() > IP(3€) defined by 
7o ((Po, P4)) = Po 


is the base projection of a fiber bundle with connected base space and fiber given by 
FP(H). For the justification, let us first note that 7, is surjective. For P$ € P(H), one has 


Ty (P5) = (Dy, Py) € FPP(H) : Py = PL]. 
For the neighborhood 
U = {Po € P(H) : |iPo — Poll < 1}, 
one gets 


Ty (U) = {(Po, P4) € FPP(H) : Po € U}. 
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By Lemma 8.3.3, there is a continuous map U — U(H), Py => Vp such that Pj = Vp PV». 
Moreover, there is a unitary U € U(H) such that U*P}U = Pros. Then for Py € U and 
P, € P(H), the pair (Pp, P4) is Fredholm if and only if (P), V» P,Vp,) is Fredholm, which 
is equivalent to the Fredholm property of (Prep, U" Vp P, Vp, U). Thus 


$ : m (U) > Ux FP(H) 
defined by 
( (Po, P1)) = (Pos U"Vp,P1Vp,U) 


is ahomeomorphism. 

Using the long exact sequence of homotopy theory associated to this fiber bundle, 
one obtains isomorphisms 7,(FPP(H)) = 7,(IFP(H)) because P(H) has vanishing ho- 
motopy groups by Proposition 8.5.5. Then Theorem 8.5.1 allows finishing the proof. 


8.6 Homotopy groups of unbounded self-adjoint Fredholm 
operators 


On the set of unbounded self-adjoint Fredholm operators IF, (€), there are two natural 
topologies, the Riesz and gap topologies, see Section 6.3. As to the Riesz topology, Proposi- 
tion 6.3.3 already shows that (IF,4 (3C), Og) is homotopy equivalent to the set of bounded 
self-adjoint Fredholm operators (IFIB,, (JC), Oy). Hence their homotopy groups coincide, 
and one immediately deduces the next result. 


Theorem 8.6.1. The homotopy groups of (F,,(H), Og) are the same as the homotopy 
groups of FB,, (2€), namely (TF,4 (3€), Og) has three connected components and the homo- 
topy groups of the nontrivial component are as given by Theorem 8.3.1. 


Note that the proof of Theorem 8.6.1 merely implements self-adjointness in the proof 
of Theorem 8.24, because the same can be said already about Propositions 6.3.3 and 
6.2.18. 

The homotopy groups of the space (IF, (2€), Oc) are much more difficult to access. 
It was already proved in Theorem 6.3.16 that (F,,(H), Oc) is connected, which is a strik- 
ing difference to (IF, (2C), Og). Of course, this reflects the fact that the Riesz topology 
is strictly finer than the gap topology. Moreover, item (ii) of Theorem 7.1.7 and The- 
orem 7.1.8 directly imply that the spectral flow on closed loops establishes a homo- 
morphism Sf : 7z4(I,,(20, Oç) —> Z. Whether this captures the whole fundamental 
group was an open question, as pointed out in [31, 126]. An affirmative answer was 
given in a paper by Joachim [108] which actually computed all the homotopy groups 
of (IF;4 (30, Og). This paper is placed in the more general framework of Hilbert modules 
and, unfortunately, this made parts of the paper difficult to understand for many (in- 
cluding ourselves). Very recently, Prokhorova provided a new and independent proof 
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in a Hilbert space framework [154]. The arguments of [154] are in spirit close to the ap- 
proach used in this book and are therefore followed closely in the remainder of this 
section. The outcome is the following: 


Theorem 8.6.2. Spaces (IF,,(H{), Og) and (IFIBz, (9€), Oy) are homotopy equivalent. In 
particular, their homotopy groups coincide and are as given by Theorem 8.3.1. 


Theorem 8.6.2 follows from the next result on the set-theoretic preimage 
TF (3C) s F (FB; (70) 
of FB; (H) under the bounded transform. 


Theorem 8.6.3. The embedding I : (F$ (H), Og) > (Fsa(H), Og) is a homotopy equiva- 
lence. 


Proof of Theorem 8.6.2. By Theorem 8.6.3, (I,,(20, Og) is homotopy equivalent to 
(FE, (H), Op). Because (F$ (H), Og) is homotopy equivalent to (IFIB;, (H), Oy) by Propo- 
sition 6.3.3 this implies the claim. 


It now remains to prove Theorem 8.6.3, and this will make up the remainder of this 
section. Let us state at the very beginning that the main novel ingredient of [154] is to 
use a technique of tom Dieck to prove homotopy equivalence, stated in Theorem A.3.3 
in Appendix A3. This motivates many of the constructions that follow. Let us begin by 
analyzing the space (IE, , (7C), Og) where for a > 0, 


IS 400 = {H € F0 : spec(H) n [-a, a] = 0] 


* 


denotes the set of operators in TF. a 


(H) with spectral gap around 0 of size a. 


* 
sa,a 


Proposition 8.6.4. The space (F, ,(H), Og) is contractible for every a = 0. 


Proof. Consider the map f : (Fj, ,(20, Or) > (P(H), Oy) defined by f(H) = X(H > 
0). Then f is well defined and continuous because for H € FF;. (30) one actually has 
XH > 0) = x(3 1) > 0) € P(H) as F(A) € FB% (H) has positive and negative essential 
spectrum. This map is a homotopy equivalence with homotopy inverse given by the map 
g : (P(H), Oy) > (E (205 Op) defined by g(P) = (2a + 1)(2P - 1). Clearly, f » g is the 
identity on P(H). And g » f is homotopic to the identity on IF;, (H) via the homotopy 


h : F5, q(H) x [0,1] > FF, ,(70 defined by 


sa,a 


* 
sa,a 


h(H,t) = 9  (t9(H) + (1 - €9(Qa + 1)(2x(H > 0) - 1))), 


where the argument in F! has no eigenvalues at +1 by spectral calculus. By the spectral 
mapping theorem, 


spec(F(H)) n [-3(a), F(a)] = 0 
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and 
spec(F((2a + 1)(2x(H > 0) - 1))) n [-3(a), F(a)] = 9. 
Therefore and as y(H > 0) = Y(3(H) > 0), 
spec(t(H) + (1 - 1)F((2a + 1)(2x(H > 0) - 1))) n [-F(a), F(a)] = 0 


for all t € [0,1]. Then, again by the spectral mapping theorem, A(H,t) is indeed in 
Fe, „(H) for all H € Fe, (H) and t € [0,1]. Thus h is well defined. By Proposition 6.2.17, 


sa,a sa,a 
his continuous with respect to Op. Because h(H, 0) = (2a - 1)(2Y(H > 0) - 1) = (g»f)(H) 
and h(H,1) = H for all H e E290, one can conclude that f is a homotopy equivalence 
with homotopy inverse g. By Proposition 8.5.5, (IP(J€), Oy) is contractible and combined 


with the above this concludes the proof. 


Next it is shown that the space (TF,4 , (H), Og) is contractible where for a > 0, 


Fyaq(H) = {H € F,,(20 : spec(H) n [-a, a] = 0] 


* 


denotes the set of operators in IF; a 
ment is based on the following fact. 


(H) with spectral gap around 0 of size a. The argu- 


Proposition 8.6.5. The map f : (Fsa(H), Oc) > (IB(20, Oy) given by f(H) = H^! is 
continuous. It provides a homeomorphism 


fo : (I4 9 (20, Og) =o. (Bs, is (70), Oy), 


where Ba (9€ = (H € B,,(30 : H injective} denotes the set of bounded self-adjoint 
injective operators. For a » 0, the restriction off gives another homeomorphism 


fa: (Fsa,a(H), Og) => (Bj sais; (#0), Oy), 


where Basa inj(H) = {H € Bea inj(H) : HI < a 1). 


Proof. For any H € FF,49(30, the bounded linear map g : He 9€ — H e H defined by 
glo, Y) = (V, 6) maps the graph of H onto the graph of its inverse H . This implies that 
the map f : (F,,9(20, Og) > (B(H), Oc) defined by f(H) = H~" is continuous. However, 
Og and Oy coincide on B(H) by Theorem 6.1.10 and therefore f is continuous. Because 
H € IE, 9(30 has a spectral gap containing 0, one has Hie Bea inj (70. For H € Ba iyj(70 
its inverse H^! is, moreover, densely defined, closed, and symmetric. As Ran(H RI =H, 
this implies that H is self-adjoint. Thus f; is a homeomorphism. By the spectral radius 
theorem, H € B, i; (7C) has norm less than a 1 if and only if spec(H) c (-a 3, a 1). By 
the spectral mapping theorem, this is equivalent to the property spec(H !)n [-a, a] = 0. 
Thus also f, is a homeomorphism. 


Proposition 8.6.6. The space (IF, ,(J€), Oc) is contractible for all a > 0. 
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Proof. Let us first focus on the case a = 0. By Proposition 8.6.5, it is sufficient to show 
that (Bsa inj(FC), Oy) is contractible. Let K € K(H) be a positive semidefinite injective 
compact operator with ||K|| < 1, as already used in the proof of Proposition 6.4.7. Then 


hı : Bga inj JC) x [0, 1] Eu Bga inj ( 20, h (H, t) = (a = t dr tK)H(( = t T tK), 


is well defined because (1 - t)1 + tK is a convex combination of positive semidefinite 
injective operators and therefore injective for all t € [0,1]. Thus h,(H,t) € Bea (70. 
Clearly, h, is a norm-continuous homotopy such that h,(H,0) = H and 401,1) = KHK 
is an injective compact operator lying in Kg, inj(F0) = Bea inj(F) n K(H) € Bea (€). It 
is thus sufficient to show that (IK,, inj(F), Oy) is contractible. To do so, let us identify H 
with L^([0, 1]), but suppress the unitary in the following. For t € (0,1], let us consider 
(inspired by [73] and as in the proof of Proposition 6.4.16) the partial isometry 


1 
t20(*), forx <t, 
Vi(O)(X) = 9 
0, for x » t. 
Similarly, for t € [0, 1), 
0, for x <t, 


W, = 1 
00 looo uan for x >t, 


is also a partial isometry that is complementary to V,. Clearly, V;, V^, W;, and W;' contin- 
uously depend on t in the strong operator topology. Moreover, the projections P, = V,V7 
and Q, - W,W; fulfill 


-limP, -0, s-li = 0, 
as well as 
P,2V4-1-Wo-2Qy P;4Q-1 (8.12) 


For Ho € Ksa,inj (=), we define the homotopy hz : K,4;,(30 x [0,1] > Ksa,inj(H) by 


Ho, for t = 0, 
h,(H,t) = 4 tV,HV,;/+(1-0)W,H)W;, fort e (0,1), 
H, for t =1. 


Clearly, h;(H, t) is self-adjoint and compact. Moreover, V,HV; is an injective operator 
on Ran(P,) and W,HoW; is an injective operator on Ran(Q,) by (8.12) and therefore 
h;(H,t) € Kj) so that h, is well defined. Since H and Hy are compact and the 
maps t € (0,1) + V, and t € (0,1) => W, are strongly continuous, h, is norm-continuous 
on Kj inj (FL) x (0, 1). Moreover, for every H,H e Ki (70 and t € (0, 1], 
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[A5 G1, 1) - hy(H, t)|| < |H - ho (H, 6| + ||h(H, t) - hp (A, O| 
«IH - tV,HV;|| + 0 - 2IWWHoW? I + 4H - Al. 


As lim, |H - tV,HV/| = 0, this implies that h, is continuous at all points (H,1) 
for H € Kgainj(Ft). Similarly, one shows that h is continuous at all points (H,0) for 
H € Ky (70. Thus h; is continuous on the whole domain Kg, (20) x [0,1] and there- 
fore Kg, (90) is contractible. Thus (B, inj(F{), Oy) is contractible and the claim on 
(IF,5 9(70, Og) follows from Proposition 8.6.5. 

For a > 0, the homotopy h, defined as above maps Bg ¢a inj(FC) x [0,1] to the set 
Ba sain (70. Furthermore Ba sainj (70 x {1} is mapped to Ka sa,inj (20 = B, sais FONK(H). 
For Hy € K,,,;,(70 the homotopy A; maps Kg 5, inj(F0) x [0,1] to Kg 4; (70) because 
CV, HV; € Kos iy(Ran(P;)) and (1 - t)W,HoW € Kg sa.inj(Ran(Q;)). Therefore the same 
argument as for the case a = 0 shows that (Fsa a (H), Og) is contractible for alla > 0. 


Now all is prepared to complete the 


Proof of Theorem 8.6.3. The proof is based on Theorem A.3.3. Note that both spaces 
(Ez, (F), Op) and (IF,4 (7€, Og) are metric and therefore paracompact. Thus every open 
covering of these spaces is numerable. Let 7 denote the set of all finite symmetric (with 
respect to 0) nonempty subsets of IR, such as T = {-a,a} and T = {-a,-—b, b, a} for 
a > b > 0. For t € J, let T denote the convex hull of t which is a closed symmetric 
interval in R. Then 


Fya (KH) = (H € Foa (H) : spec(H) n t = 0 = spec, () n T} 
is open in the gap topology Og because 
Fra (H) = 37 ((H € EB],(O : spec(H) n F(T) = 0 = specs (H) n 9(7)]), 


F : (FGQ00,06) > (BI. (70, Op) is continuous by Corollary 6.3.4 and, moreover, 
{H € FB? a (H) : spec(H) n F(T) = 0 = spec, (H) n 3(7)) is an open subset of FB? (H) 
with respect to the extended gap topology by the spectral mapping theorem and because 
t is symmetric. Thus (IF, -(H{))ceq is an open and, by the above, numerable covering of 
(Fsa, (H), Og). On the other hand, 

Fin (00 = {H € FL (H) : spec(H) n t = 0 = spec (H) n T} 


ess 


is open in the Riesz topology Op because 


Fi (H) 23 ((H e FBj2 


1,sa 


(H) : spec(H) n F(T) = 0 = spec, (T) n 3(7)]), 


the bounded transform F : (I4(20, OR) > (FB) .. (0, Oy) is continuous by Corol- 
lary 6.32 and {H € EB}. (H) : spec(H) n F(t) = Ø = spec) n F(T)} is an open 


subset of FB? (H) with respect to the norm topology. Thus (IF; -(H));e7 is an open 
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* 


and, by the above, numerable covering of (PS. (10), Og). For T, t' € Jone clearly has 
E (0) N Fie (H) = Fi ruu (HO) and Fj;:(0nI,, (H) = Ey: with TUT €T. 
Moreover, I (Bos (90) C TF, (3C. Thus, by Theorem A.3.3, it is sufficient to show that 
the embedding I, : (IF, (30, Og) — (Fsa,r(H), Og) is a homotopy equivalence for every 
fixed T € T. 

Let Pøn(H) = {P = P* = P? € B(H) : dim(Ran(P)) < co} denote the set of finite- 
dimensional orthogonal projections on H. Then 7p : (Ij, (H), Or) > (Prin(H), Oy) 
defined by 


Ag(H) = yz) 
is the base projection of a fiber bundle with fiber over P € IPg,(230) given by 
Ej L»00 = Mp (P) = {H € E00 :x«() = Ph. 
Similarly, zt; : (IF, (30), Og) > (Pan (30, Oy) defined by 
Ag(H) = «(H) 
is the base projection of a fiber bundle with fiber over P € Pg, (JC) given by 
Fear,p(H) = ng (P) = {H € Ea, 00  Xe(H) = P}. 


Both fiber bundles are locally trivial in the sense that, by Lemma 8.3.3, for Py € Pa, (2€) 
there is a continuous map (P € Pg,(230) : |P - Poll < 1} > U(20, P > V», such that 


H x Pg (90) =H’ e H" 


be the canonical decomposition ofthe trivial Hilbert bundle over IPg, (3X) into the direct 
sum of two vector bundles, whose fibers are Hp = Ran(P) and Hp = Ker(P). Let Fy) (H) 


sa,T 


and FF?" (H) be the fiber bundles over Pin (7€) associated with 1’, respectively H”, with 


$a,T 


fibers given by 
Fy, ,p(H) = {H € F,,,-(Ran(P)) : spec(H) c t Vr] 
and 


FF... p(H) = {H € Fy, -(Ker(P)) : spec(H) nT = 9}, 
where both fibers are equipped with the Riesz topology. By Lemma 8.3.3, these fiber 
bundles are again locally trivial. Then taking fiberwise the direct sums, F}, ,(J() can be 
seen as fiber product bundle over Pg, (3€) of the form 
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Fia (H) = Fia OO Pan (70 T (F) 


sa,T 


with bundle maps F} (H) — Fj ,(5() given by the restriction H > Hanya) and 


FLOO0 > EZ 0 given by H > Alxerycz): In exactly the same way, one can view 


Fyq,7(H{) as a fiber product 


Ej,0CC zi F700) Xpa (20 Fy, (2€), 


sa,T 


where F, (H) and FY, , (30) are the fiber bundles over IPs, (7€) with fibers given by 


Fiar pO = Fh rpl) and 
FY, p(H) = {H € Fsar(Ker(P)) : spec(H) nt = 0], 


where both fibers are equipped with the gap topology. Now the embedding 
I, : (E, (20, On) > (F4 (70, Og) is a product of the maps 


sa,T 


I : Fy (H) > F 


sar(H), — Hlnang ary > H Inangar) 


and 
Ty FR (HO) > FaH) leery.) | Hlkergzan- 
On Ez. p(H) = IF, »(2€), the Riesz topology and the gap topology coincide with the 


norm topology by Theorem 6.1.10, therefore I! is a homeomorphism. 

To show that I is a homotopy equivalence note that the Hilbert bundle H” over the 
(metric and thus) paracompact space Pg, (JC) has infinite-dimensional separable fibers. 
Thus by Theorem A.3.12, it is a trivial Hilbert bundle. The trivialization map can be cho- 
sen to be unitary, namely there is a norm-continuous map P € Pøn(H) = Wp € B(H) 
where Wp is a partial isometry with Ker(Wp) = Ran(P) and Ran(Wp) = 3€. Then the map 
(Q, P) € H” + (W,$, P) € Hx Pg, (3C) is a trivialization of H”. Therefore the fiber bun- 


dles E27. (7€) and FY, . (3) over Pg, (9€) are also trivial, namely isomorphic to the trivial 


bundles Fe" (H) x Pan (FC) Ll Prin (90, respectively F” (H) x Prin (FC) = Prin (90, 


sa,7,0 sa,7,0 


via the trivalization maps A € F!" »(H) = (WpAW;,P) € Fy" ((H) x Pay(H) and 


sa,T,P sa,T,0 


A € Fu p(H) — (WpAW5, P) € Fe, . 99€) x Pg, (9C). After this, isomorphism J!’ trans- 


Sa,T,. sa,T, 
poses to If!) : Ez, 9(H) xPgin(H) — Fih r 9(H) x Pgin(F) simply given by (H, P) + (H, P). 


sa,T,0 
As t = [-a,a] for some a > 0, one gets Fey" )(H) = Fý, q(H) and FY, , 9(H) = Fea 400. 


sa,T,0 sa,a 
By Propositions 8.6.4 and 8.6.6, the spaces (IF; , (H), Og) and (Fsa.q(Ft), Og) are con- 
tractible. This implies that I’ is a homotopy equivalence and therefore I, is a homo- 
topy equivalence as it is the product of two homotopy equivalences. This concludes the 


argument. 


Remark 8.6.7. Let us point out that the proof of Theorem 8.4.1 merely uses that the fun- 
damental group of (FB;,(H), Oy) is infinitely cyclic. Thus, by the results of this section, 
Theorem 8.4.1 also holds for (F;,(H), Og) and (IF,4(H), Og). o 
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8.7 Resumé: homotopy equivalences of operator classes 


For the convenience of the reader, this section summarizes various of the homotopy 
equivalences of sets of Fredholm operators proved in this and earlier chapters. Let us be- 
gin with a diagram for self-adjoint Fredholm operators. It is quite extended, even though 
not all results proved in this book are included. For sake of compactness of the presen- 
tation, we drop the specification of the Hilbert space 5. 


(FB, Oy) eH, (FBy 5, Oy) 5 (Fia Op) — (FB, On) 


362 632 633 
incl. 
(FB, On) 
633i 
* g: * 
(F5, Og) Ga? (EBI2, Oy) 
I|863 
b F id S 
(IF, Og) Gay? (FB? a Oz) eus (FB) a, Ose) ESTA (FU, Oy) 
feaz 
F id g 
(ES 06) —— (FBIS, Og) > (FBIS, Ose) c2 (U, Oy) 


6.4.4 4.6.15 


id [647 
retr. 


c c 
(Br. Ox) tgp (FBisa Ose) tgr (FBisa> Ose) 
rem 16 


(FBES, Osp) 


1,sa ? 


The diagram splits in the top row and the rest. However, they are tightly connected as 
it was shown in Proposition 3.6.1 that FIB,, = FB% U FB} U FB, is a disjoint union in 
which the two components IFB;, are contractible. Hence the nontrivial part of the higher 
homotopy groups (of degree greater or equal to k = 1) of the upper row stems from 
the component FB;,, namely the lower part of the diagram. These homotopy groups 
have been computed in Section 8.3. Let us also note that many of the homotopy equiva- 
lences in the diagram also hold for the operator sets without Fredholm properties. The 
corresponding statements can always be found near by those on the Fredholm opera- 
tors. 

Next let us come to the set of (not necessarily self-adjoint) Fredholm operators. The 
results are summarize as follows: 
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(EBH), Oy) pag (FOO, On) «7 (FBPGO, On) 


(F(H), 0c) <> (FB (0), Op). 


um (IB, (20, Oy) 


Here the two-sided errors designate homotopy equivalences by the maps on top of them 
and the corresponding statement below them, while the hook error is a homotopy equiv- 
alence by [154]. Hence the homotopy groups of all spaces are given in Section 8.2. 


9 Bott-Maslov index via spectral flow 


This chapter develops the theory of the Bott-Maslov and Conley—Zehnder indices in 
the framework of a complex infinite-dimensional Krein space. It hence generalizes 
many of the results of Chapter 2 by imposing suitable Fredholm conditions. Standard 
monographs on Krein spaces are [29, 20]. The infinite-dimensional Bott-Maslov index 
was introduced and studied by Swanson [187], Nicolaescu [138], Boof$-Bavnbek and Fu- 
rutani [30], Kirk and Lesch [113], and Furutani [90], see also [137, 33, 168, 203]. Apart 
from these fundamental references, other literature is cited in the text below. Works 
on the finite-dimensional case are already mentioned in Chapter 2. As an application 
of the infinite-dimensional theory, Section 9.7 develops oscillation theory for the bound 
states of a high-dimensional scattering setup. Let us note that numerous other ap- 
plications can be found in the literature, in particular, most notably in Morse theory 
(138, 113]. 


9.1 Krein spaces and operators thereon 


In this chapter, the separable complex Hilbert space K is supposed to be equipped with 
a proper symmetry J = J* = Jt € B(‘K), namely one which has infinite-dimensional 
eigenspaces for the eigenvalues 1 and —1. We will always assume to be in the spectral 
representation of J so that 
1 0 
in ( 4) 


Thus J introduces a grading of K, namely K = H, e H_. Because J is proper, both K, 
and 9€ are infinite dimensional and therefore they can be naturally identified with a 
separable Hilbert space K, namely K = H e H. One then calls the couple (K, J) a com- 
plex Krein space with fundamental symmetry J. Let us note that this excludes the class 
of infinite-dimensional Pontryagin spaces [29, 20] where one of the fibers KH, or H_ is 
finite-dimensional. However, later on (in particular, in Section 9.2) Pontryagin subspaces 
of a Krein space and their Krein signature will be relevant. 


Definition 9.1.1. Let P be an orthogonal projection on a Krein space (XX, /) and let ® be 

a normalized frame for P, namely P = $$*, 

(i) Pis called J-invariant if and only if PJ = JP. 

(ii) P is called nondegenerate if 0 € spec(®*J®). 

(iii) A nondegenerate orthogonal projection P is called a Pontryagin projection if and 
only if ®*J® has only a finite number of positive eigenvalues or a finite number of 
negative eigenvalues. Then the Krein signature of a Pontryagin projection P is 


KSig(P) = Sig(@*J®) € Z U (-oo, +00}. 
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(iv) A Pontryagin projection is called Krein-definite if 6*]® is either positive or negative 
definite, or equivalently if the restricted quadratic form J|rançp) is either positive or 
negative definite. 


Identifying orthogonal projections with their range, all these notions directly transpose 
to closed subspaces € of K. 


Note that every J-invariant projection is nondegenerate. In this section, Pontryagin 
spaces and their Krein signature will not play any role, yet. The focus here is rather on 
the analysis of linear operators on the Krein space that preserve J as a quadratic form. 


Definition 9.1.2. A bounded invertible operator T € B(X) on a Krein space (K,/) is 
called J-unitary if 


T*JT =J. (9.1) 


The set of J-unitary operators on K is denoted by U(K,J) and it will be equipped with 
the norm metric dy and the associated norm topology Oy. 


Let us stress that U(K,J) does not denote the unitary operators on K viewed as a 
Hilbert space. These latter operators are simply denoted by U(X). Also note that the rela- 
tion (9.1) alone does not imply that T is invertible. For example, set K = £^(N) e (N) in 
the grading of J and define T = SeS where S denotes the right-shift on ¢7(IN). Then (9.1) 
holds but T is not invertible and hence notin U(K, J). Many ofthe basic algebraic proper- 
ties of J-unitaries transfer from the finite-dimensional case. In particular the spectrum 
satisfies (2.16) and the Riesz projection of T € U(X, J) are those given in Proposition 2.2.2. 
Furthermore, U(X, J) is clearly a subgroup of the set G(X) of invertible operators on X. 
One can also rewrite the definition of U(X, J) as follows. 


Proposition 9.1.3. The group U(K, J) is invariant under taking adjoints. In the grading 
of J, one has 


U(K,J) = ite p) € G(K) : A*A - C*C = 1, D*D - B*B = 1, AřB = c'n} 
A B * * * * * * 
= D € G(K) : AA” -BB = 1, DD" -CC = AC = BD* +, 


and in this representation A and D are invertible and satisfy ATİ < 1, ID] < 1. Also 
ABI < 1, ID"!C|| < 1, BD! || < 1, and ||CA | < 1. 


Proof. Inverting T*JT = J shows T J(T*)! = J so that J = TJT*. The fact that A is 
invertible follows from AA" > 1 and A*A > 1. Analogously, one shows that D is invert- 
ible. Furthermore, AA* — BB* = 1 implies that A'B(A'B)* = 1- A (A * <1,s0 that 
\|A ‘Bll < 1. The same argument leads to the other inequalities. 
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As in finite dimension (Proposition 2.2.5), the polar decomposition of J-unitary op- 
erators only involves J-unitary operators. In fact, the proof in finite dimension is based 
on Lemma 2.2.6 which directly generalizes to the Krein space framework. 


Proposition 9.1.4. Let T € U(K,J) have the polar decomposition T = W|T|, namely 
jT. 
where |T| = (T* T)? and W is unitary. Then |T| € U(K,J) and W € U(K,J) n U(K). 


Now let us turn to study the topology of (U(3G J), Oy) and some of its subspaces. As 
in the finite-dimensional case, one has the following. 


Corollary 9.1.5. The group (U(X, J), Oy) is path connected. 
Proposition 9.1.6. The group (U(K,J) n U(K), Oy) is contractible and given by 
U(K,J) NU(K) = (diag(V,, V.) € U(K) : V,, V. € U(H)}. 
Proof. Let us fist note that U(K, J) n U(X) is the set of unitaries commuting with J. These 


are the, in the grading of/, diagonal unitaries, just as stated. Therefore the contractibility 
of U(K, J) n U(K) follows as U(H) is contractible by Kuiper's theorem. 


Let us next consider another subgroup of U(X, J), namely the set of J-unitary oper- 
ators that are compact perturbations of the identity, 


U*(36]) = {1+K invertible : K € K(X), (1 + K)'J(1 +K) =J}. 


Thisisthe norm-closure ofthe finite-dimensional J-unitaries, under suitable embedding 
of the latter in U(K, J). Proposition 9.1.4 directly implies the following result. 


Corollary 9.1.7. Let T € U*(XG J) have the polar decomposition T = W|T|, then one has 
IT| € U* (36 J) and W € US(K,J) n U(K). 


The next result follows from Corollary 9.1.7 combined with (8.1). 


Proposition 9.1.8. The space (U*(XG J) n U(K), Oy) is a deformation retract of the space 
(U* (3G J), Oy). The homotopy groups of (U^ (3C), Oy) are 


C ZoeoZ, kodd, 
mm (U(X, J) = 
0, k even. 
Proof. Using the polar decomposition in U‘(X, J) as given in Corollary 9.1.7 and deform- 
ing the radial part shows that U(X, J) can be retracted to U(X, J) n U(K). Moreover, 
Proposition 9.1.6 shows that U°(K,J) n U(K) = US(H) x US(H) where K = HoH. 
Therefore, the claim follows from (8.1). 


Next let us come to the Lie algebra of U(X, J). 
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Definition 9.1.9. A bounded operator H € B(K) on a Krein space (3, J) is called J-self- 
adjoint if 


JH] =H. (9.2) 


The set of J-self-adjoint bounded operators on K is denoted by B,,(K,J) and it is 
equipped with the norm metric dy and the associated norm topology Oy. 


There is a close connection between J-self-adjoint operators and self-adjoint opera- 
tors on K. More precisely, H is J-self-adjoint if and only if S = JH is self-adjoint. Let us 
note that B,,(K, J) is an R-vector space. Moreover, B,,(X, J) is the Lie algebra of U(X, J) 
in the sense that 


HeB4UG] = . eFeu(xp. 


If H € IQ) is such that H + :1 € B(X) is invertible, also the Cayley transform 
C(A) = (H-11) (H+11)? lies in U(X, J). Finally, the set B,,(K)NB,,(K, J) is the real vector 
space which is the Lie algebra of U(K) NU(XK,J), namely H € IB,4(X) n B44 CX J) implies 
e" e U(X)nU(X, J). Statements and formulas similar to those in Proposition 9.1.3 also 
hold for operators in the Lie algebra IB,4 (XC J). 


Proposition 9.1.10. The IR-vector space B,,(K,J) is invariant under taking adjoints. In 
the grading of J, one has 


A B 


):4=4",D=D",B=-¢*}. 
C D 


Ba(K,J) = {( 


Proof. The claim follows directly by writing out (9.2). 


There is another natural class of bounded operators on the Krein space K = HoH, 
namely for a given operator B € B(H) one can set 


nu 
B' 0 


By construction, H = H* is self-adjoint and satisfies JHJ = —H, namely :H is J-self- 
adjoint. In a quantum-mechanical setting, the operator H is then called a Hamiltonian 
and the relation JHJ = —H either a supersymmetry [67] or a chiral symmetry [152]. This 
motivates the following definition. 


Definition 9.1.11. A self-adjoint operator H € B,,(K) satisfying JH] = —H is called chi- 
ral. 


Chiral operators clearly have a spectral symmetry spec(H) = - spec(H) c R. A par- 
ticular example of a chiral operator is a chiral symmetry. For every chiral symmetry Q, 
there is a unitary operator U on H such that 
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0 -U 
Med (53) 


As will be discussed below, there is a tight connection between invertible chiral oper- 
ators and J-Lagrangian projections, and this also explains why we choose to add the 
minus sign in (9.3). 


9.2 J-isotropic subspaces 


Definition 9.2.1. A closed subspace € of a Krein space (3C, 7) is called J-isotropic if J 
viewed as a hermitian sesquilinear form vanishes when restricted to €. More explicitly, 
for all 9, y € €, one has $"Jij = 0. Two closed subspaces € and €’ are called J-orthogonal 
if and only if "Jy = 0 for all $ € € and y € €’. 


Let us note that any subspace on which J vanishes can be closed and its closure 
will then be J-isotropic so that it is natural to require closedness in Definition 9.2.1. Fur- 
thermore, every J-isotropic subspace is J-orthogonal to itself. As there is a bijection be- 
tween closed subspaces of a Hilbert space and orthogonal projections (self-adjoint idem- 
potents), the following definition is hence in line with the above. 


Definition 9.2.2. An orthogonal projection P is called J-isotropic if PJP = 0. The set of 
J isotropic projections will be denoted by I(K, J). Two orthogonal projections P and P’ 
are called J-orthogonal if and only if PJP’ = 0. 


One has the following characterization of J-isotropic projections. 


Lemma 9.2.3. An orthogonal projection P is J-isotropic if and only if 
P «Ja - Py. 


Proof. First note that J(1 — P)J is an orthogonal projection. Moreover, P < J(1— P)J is 
equivalent to Ran(P) c Ran(J(1 — P)J) because if P < J(1— P)J holds and @, € Ran(P) is 
a vector in the range of P then one has 


lol? = (HPA) < (HJA -PYH < IJI? |. — Py] = Isl. 


Therefore, as the Cauchy-Schwarz inequality is an equality in this case, J(1- P)Jo, = $4 
and $, is in the range of J(1— P)J. Conversely, assume that Ran(P) c Ran(J(1— P)/) holds. 
Then for à = Øo + $4 € H with ġo € Ker(P) and $, € Ran(P), one has J(1 - P)J¢, = $4 
and therefore 


(|J - PY) 
= (&JQ - PY) + (Go| J - PYH) + (6:[J (1 - Pio) + (Pol J- 6o) 
= (6195) + (Poly) + (91109) + (bo [JL - Pb) 


282 —— 9 Bott-Maslov index via spectral flow 


= (1161) + (69|J (4 - Poo) = (1161) 
= (0|P9), 


thus P x J(1— PJJ follows. We show 
PzJü-Pj eo P-BJü-D)P-P -PJPJP. (9.4) 


Let us first suppose that P = PJ(1- P)JP holds. Then for $4 € Ran(P), one obtains 
the equalities 44 = Pd, = PJ(1- P)Jd, = J(1 - P)Jd, where the last step follows as 
I — P)Jo,|| x ||@,||. This implies Ran(P) c Ran(J(1 - P)J) and therefore P < J(1— PJJ. 
Conversely, P < J(1-P)/ implies Ran(P) c Ran(J(1-P)J) and therefore J(1-P)J@, = $, for 
@, € Ran(P). Thus P$, = PJ(1-P)JPQ, follows. As Poy = 0 = PJ(1- PJPó for ġo € Ker(P) 
is obvious, P = PJ(1-— P)JP follows. This concludes the proof of (9.4). If P is J-isotropic, 
the right-hand side of (9.4) is obviously correct and therefore P < /(1— P)J holds. Con- 
versely, P < J(1 — P)J implies by (9.4) that 0 = PJPJP = (PJP)?, as PJP is self-adjoint, and 
this implies that P is J-isotropic. 


Associated to a given J-unitary operator T € U(K,J) there are numerous J-isotropic 
subspaces. Recall that a subset A c spec(T) is called separated spectral subset if it is a 
closed subset and has trivial intersection with the closure of spec(T) \ A. 


Proposition 9.2.4. Let T € U(K,J) and A, A’ c spec(T) be separated spectral subsets. Set 
AC S {zec E € A}. 
(i) IANA =Q, then the associated Riesz projections of T satisfy 


(Ry) "JRy = 0. 


(ii) IfAN T= 9, then the range of the Riesz projection R, is J-isotropic. 
(ii) ffAn T` - 0, then the projection on the cokernel of R, is J-isotropic. 
(iv) Suppose that spec(T) = ^ U A' and 
e cte 
A-A, MSN, AnN =6. 


Furthermore, let R, only have finite-dimensional range. Then both Ran(R,) and 
Ran(R,) are nondegenerate. 


Proof. First ofall, let us note that Proposition 2.2.2 remains valid for infinite-dimensional 
Krein spaces by the same proof, namely the Riesz projections satisfy 


(RA) = JRAJ. 
Therefore 


(Ry)"JRy = JR JJRy = JR Ry = 0, 
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the latter by the assumption and the properties of the Riesz projections, see Ap- 
pendix A.1. The claim (ii) is now a direct consequence and (iii) follows from the identity 
RAJ(RA)* = 0 obtained in a similar manner. 

(iv) By item (i), Ran(R,) and Ran(Ry) are J-orthogonal. Moreover, these two sub- 
spaces span all K due to R4 + Ry = 1 which follows from Proposition A.1.1(iii). Suppose 
that Ran(R,) is not nondegenerate. Then there exists a nonvanishing vector @ € Ran(R,) 
such that ($^)*Jó = 0 for all ó' € Ran(R,) and hence @ is J-orthogonal to all vectors in K. 
This is a contradiction to the fact that J is invertible. Now let 6 be a normalized frame 
with Ran(@) = Ran(Ry). Then 6&*/@6* - J is finite dimensional. Hence the essential 
spectrum of $0"]d0" is {-1, 1}. But spec(®*J®) u {0} = spec(@b* JO"), unless A = 0. 
However, by the same argument as above, Ker(®*/J®) = {0}. Taking these facts together, 
one deduces that also R, is nondegenerate. 


Remark 9.2.5. Results similar to Proposition 9.2.4 also hold for a J-self-adjoint opera- 
tor H. One merely has to replace the spectral reflection on the unit circle S! by a reflec- 
tion on the real axis, namely by complex conjugation. For example, let A c spec(H) bea 
spectral subset such that A n A = 0 where the complex conjugate is A = {Z € C :Z € A}. 
Then the range and cokernel of the Riesz projection R, of H are J-isotropic subspaces. 
Severalofthe results below transfer in the same way, even though this will not be spelled 
out. The reader may consult [29, 175]. o 


Next let us note that for a J-isotropic orthogonal projection P, also P + JPJ is an or- 
thogonal projection. Its range is a J-invariant subspace, and so is therefore its orthogonal 
complement which will be denoted 


Fp = Ran(P + JPJ)* = Ker(P) n Ker(JPJ). 


Definition 9.2.6. A J-isotropic projection P is called semi-Fredholm if Fp is a Pontryagin 
space, and it is called Fredholm if Fp is finite dimensional. 


Let us establish an elementary link between the Fredholm property of J-isotropic 
projections and Fredholm pairs of projections. 


Proposition 9.2.7. A J-isotropic projection P is Fredholm if and only if (1 — P,JPJ) isa 
Fredholm pair. Its index is given by 


Ind(1- P, JPJ) = dim(Fp). 


Proof. The characterization of the Fredholm property given in Proposition 5.3.2 can be 
readily checked and 


Ind(1- P, JPJ) = dim(Ran(1- P) n Ker(JPJ)) - dim(Ran(JPJ) n Ker(1 — P)) 
= dim(Ker(P) n Ker(JPJ)) - dim(Ran(JPJ) n Ran(P)), 


which is indeed equal to dim(Fp) because JPJ and P are orthogonal. 
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The invariant Ind(1- P, JPJ) is, however, not the only interesting integer that can be 
associated to a Fredholm J-isotropic projection. Even for any semi-Fredholm J-isotropic 
projection P, one can furthermore consider the Krein signature 


KSig(1 - P - JPJ) = SigJl5,) € ZU (-co, +00}. 


It turns out that these two quantities are related for the following class of J-isotropic 
subspaces. 


Definition 9.2.8. A J-isotropic subspace € is called maximally J-isotropic if there is 
no J-isotropic subspace F with € c F and € + 3. A projection P is called maximally 
J isotropic if its range is maximally J-isotropic. The set of all Fredholm maximally 
J isotropic projections will be denoted by 


FI(K,J) = {P € P(X) : P maximally J-isotropic and Fredholm}. 


It is equipped with the norm topology Oy. 


Proposition 9.2.9. A J-isotropic projection P is maximal if and only if 1 — (P + JPJ) isa 
Krein-definite Pontryagin projection. Moreover, for every maximally J-isotropic projection 
P, one has 


Ind(1 - P, JPJ) = |KSig(1 - P — JPJ)]. 


Proof. Note that 1 — (P + JPJ) is the projection onto Fp. The J-isotropic projection P is 
not maximal if and only if there exists a nontrivial subspace of Fp that is J-orthogonal to 
itself. For any unit vector $ in this subspace, P + @@* is a J-isotropic projection. Then Jo 
and $ are linearly independent vectors from Fp, and J restricted to the two-dimensional 
subspace spanned by @ and Jọ has eigenvalues 1 and —1, so that Fp is not Krein-definite. 
Conversely, if Fp is not Krein-definite, there is a unit vector @ € Fp that is J-orthogonal 
to itself. Then P + $6" is a J-isotropic projection and P is not maximal. The claim about 
Ind(1 - P, JPJ) directly follows from Proposition 9.2.7. 


For a finite-dimensional K, every maximally J-isotropic subspace is of dimension 
dim(#) and is hence J-Lagrangian in the sense that JPJ = 1 — P holds for its range 
projection P, see Definition 9.3.1 below. However, in infinite dimension there are more 
maximally J-isotropic subspaces, namely maximally J-isotropic subspaces that are not 
J-Lagrangian (other than incorrectly stated in Section 2 of [168]). This shows the follow- 
ing example. 


Example 9.2.10. Let us fix an orthonormal basis (b; : | € IN} of Ker(J - 1) and an or- 
thonormal basis (e; : | € N} of Ker(J + 1). For k € N, let us then define P, as the 
projection onto Ran(P) = span{b, + e; , : lE N, l> k}. As (- PJ (1 - Pj)b, = bj for all 
l=1,...,k,onehas (1-P,)J(1- P) + 0. (Thus P, is not J-Lagrangian.) One directly checks 
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that P; is J-isotropic and, equivalently, Ran(P,,) is J-isotropic. Because of the orthogonal 
decomposition 


X = Ran(P;) e Ran(JP,J) e span{bj,..., Dx}, (9.5) 


there is no extension of Ran(P,,) to a J-isotropic subspace, namely Ran(P,) is maximally 
J-isotropic. Along the same lines, it is also possible to construct an example of a maxi- 
mally J-isometric projection P,, such that Ran(P,,) e Ran(JP,/) has infinite codimen- 
sion, by setting, e. g., Ran(P,,) = span(b; + ex : l€ N}. o 


The maximally J-isotropic projections P constructed in Example 9.2.10 are Fred- 
holm for k « co and their Krein signature is k > 0. In the same manner, it is also possi- 
ble to construct maximally J-isotropic projections with negative Krein signature. On the 
other hand, P is not Fredholm and has Krein signature «co. 


Proposition 9.2.11. The space (FI(K,J), Oy) has Z connected components labeled by the 
Krein signature, that is, the map K : m(IFI(K,J)) > Z given by 


K(P) = KSig(1 - P — JPJ) 


is an isomorphism. 


Proof. Itisshownthatevery P € FI(X, J) with KSig(1-P—/PJ) = kisunitarily equivalent 
to a fixed maximally J-isotropic projection P;, with KSig(1 — P; — JP;J) = k via a unitary 
that commutes with J (Example 9.2.10 constructs such projections Px for k > 0). From 
this unitary equivalence, one readily constructs the desired connecting path by taking a 
root of the unitary. For the construction ofthe unitary, it is convenient to use normalized 
frames (see Definition 5.1.5). Hence let ; be a normalized frame for P}, namely one has 
Py = $67. Then J®, is a normalized frame for JP. Further set V, = (®,,J®,)~ which 
is then a normalized frame for the orthogonal projection onto the finite-dimensional 
space Fp,. Note that JU, = sgn(k)W,. Similarly, let 6, /® and Y be associated to P. Then 
one checks that U = (5,76, V)(®,,J®,, V,)* is well defined, unitary, commutes with J, 
and satisfies UP,U* = P. 


Given a maximally J-isotropic projection P, one can set 


Tp = 5P + 2JPJ + (1 - P - JPJ), (9.6) 
and then readily checks that Tp € U(K,J) is J-unitary. The same holds, e. g., for the oper- 
ator zP +Z JP] +e? (1-P-JPJ) where z is a complex number with |z| € (0,1) and e? € s! 
a phase. Even further, one can spread out the spectrum on the unit circle within the class 
of J-unitary operators. On the other hand, it is impossible for these unit eigenvalues to 
leave the unit circle under any perturbation within the set of J-unitaries. Indeed, each 


such eigenvalue A would lead to another eigenvalue P by (2.16), and a more detailed 


286 —— 9 Bott-Maslov index via spectral flow 


elementary analysis shows that the J-inertia on the joint eigenspace has to be (1, 0,1) 
which is impossible because Ran(1- P — JPJ) is a J-definite subspace. This is the essence 
of Krein stability which associates a signature to each unit eigenvalue of a J-unitary 
operator, for details see, e. g., [168]. In Definition 9.2.12 below, the Krein signature is not 
associated to a single eigenvalue on the unit circle, but rather jointly to all eigenvalues 
on $f, which corresponds to taking the sum of all Krein signatures of unit eigenval- 
ues. The example of Tp suggests the following natural situation in which Fredholm 
J-isotropic projections appear. This is relevant for applications, such as in [168, 175]. 


Definition 9.2.12. A J-unitary operator T € U(X, J) is said to be essentially $'-gapped if 
it only has discrete spectrum (isolated eigenvalues of finite algebraic multiplicity) on $t. 
The total Krein signature of such an essentially S!-gapped J-unitary T is 


KSig(T) = KSig(P"), 


where P^ denotes the finite-dimensional range projection of all eigenvalues on the unit 
circle $t. 


Let us note that Proposition 9.2.4(iv) applies directly, in particular, to an essentially 
S.-gapped operator T € U(K,J) if one chooses A = S'nspec(T) and A’ = spec(T) MA. Thus 
Ran(P^) = Ran(R,) and Ran(Ry) are J-orthogonal and nondegenerate. As P" is finite 
dimensional, it is hence a Pontryagin projection with a well-defined Krein signature. 
Therefore KSig(T) is well defined. 


Proposition 9.2.13. Let T € U(K,J) be an essentially S'-gapped J-unitary. Then let RS 
and R be the Riesz projections of T associated to the spectral subsets spec(T) n B,(0) 
and spec(T) XV B4(0), respectively, and let P^ and P^ be the orthogonal projections onto 
the subspaces £^ = Ran(R^) and €? = Ran(R°). Further let P^ be the finite-dimensional 
range projection of all eigenvalues on the unit circle S.. The (total) Krein signature KSig(T) 
of the essentially S'-gapped J-unitary T is continuous in T. The projections P^ and P? are 
Fredholm J-isotropic projections, which are maximal (namely in FI(K,J)) if the restriction 
Jnanco-; Of the quadratic form J to Ran(P") is definite. 


Proof. The fact that P^ and P^ are J-isotropic follows from Proposition 9.2.4 applied to 
A = spec(T)n B4(0). The Fredholm property follows directly from the hypothesis because 
JPS] is the orthogonal projection onto Ker(R”)* and thus Fp- = Ker(R^) n Ran(R^)* 
is finite dimensional as P^ is finite dimensional. The same argument shows that also 
Fp> = Ker(R^) n Ran(R^)* is finite dimensional. Now an eigenvalue A of T can leave 
S! only together with its reflected X` (Krein collision). But on the span of the two cor- 
responding eigenvectors, / has vanishing signature (this requires an addendum to the 
argument leading to Proposition 9.2.4, see [168]). Even though this process changes the 
projection P7, it does therefore not change the Krein signature KSig(T). Once J is definite 
on the range of P^, no eigenvalue can leave the unit circle and neither P< nor P^ can be 
enlarged, and are thus maximal. 
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Admittedly, the above proof of Proposition 9.2.13 is only a sketch of what is the heart 
of the celebrated Krein stability result [118]. The reader interested in further details is 
referred to [168, 175]. 


Remark 9.2.14. Once again, one can also introduce essentially R-gapped bounded J-self- 
adjoint operators, namely those bounded J-self-adjoints that only have discrete spec- 
trum of finite multiplicity on IR. Then one can consider their global Krein signature. 
Using Riesz projections for the upper and lower half-plane, as well as a perturbative 
argument for the real eigenvalues of indefinite signature, one can show that the set 
of all essentially IR-gapped bounded J-self-adjoint operators can be retracted to the set 
FI(X, J), if the latter is identified with the J-self-adjoint operators H = 1P — JPJ (this 
is similar to (9.6)). Moreover, it is possible to show by analytic Fredholm theory that 
the set of all essentially IR-gapped bounded J-self-adjoint operators is equal to the set 
{H € B,,(K,J) : H-A1 e FB(K) for all A € R}. Detailed proofs can be found in [175]. Such 
a characterization with a Fredholm property is not possible for the essentially S'-gapped 
J-unitaries, see [168] for a counterexample. It is likely also not true that the essentially 
$!-gapped J-unitaries can be retracted to FI(K, J). o 


9.3 J-Lagrangian subspaces 


Definition 9.3.1. Projection P = P* = P? c P(X) is called J-Lagrangian if and only 
if JPJ = 1- P. A closed subspace is called /-Lagrangian if its range projection is 
J-Lagrangian. The J-Lagrangian Grassmannian is defined as 


P(K,J) = {P = P* = P^ € B(X) : JPJ =1- P}. 


It is equipped with the metric dy and thus the norm topology Oy. 


A Fredholm maximally J-isotropic projection P is J-Lagrangian if and only if one has 
KSig(1 - P — JPJ) = 0. Clearly, one can reformulate Definition 9.3.1 as 


PJ-Lagrangan € P+JPJ=1. 


The definition implies that 1— P is J-Lagrangian if and only if P is J-Lagrangian. Further- 
more, every J-Lagrangian projection P provides a chiral symmetry Q = 1 - 2P, and vice 
versa. More generally, the negative spectral projection P = y(H < 0) ofan invertible chi- 
ral operator H is J-Lagrangian. Definition 9.3.1 can further be reformulated algebraically. 
In view of (9.3), every J-Lagrangian projection is of the form 


te ie (9.7) 
2XU* 1 
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where U is a unitary on 2, see also Proposition 9.3.4 below. Let us next give another 
characterization of J-Lagrangian projections. 


Lemma 9.3.2. An orthogonal projection P is J-Lagrangian if and only if 
PJP=0 and (1-P)J(1- P)-O0, 


or alternatively if and only if the restrictions J |pan(p) and J|gana-py Of the quadratic form 
J vanish. 


Proof. Multiplying JP] = 1 - P by P from the left and J from the right shows PJP = 0. 
Proceeding similarly with P = J(1— P)J shows (1- P)J(1- P) = 0. Conversely, 


JPJ = JPJP + JPJ(A— P) 
= JPJ(1— P) 
=J(P+1-P)J(1-P) 
=(1-P), 


showing the claimed equivalence. 


The following result describes a natural situation in which J-Lagrangian subspaces 
arise. It is the infinite-dimensional analogue of Proposition 2.2.3. 


Proposition 9.3.3. Let T € U(K,J) satisfy spec(T) n S. = 0. Then let R^ and R? be the 
Riesz projections of T associated to the separated spectral subsets spec(T) n B4(0) and 
spec(T) \ B4(0), respectively, and let P^ and P^ be the orthogonal projections onto the 
subspaces €^ = Ran(R^) and €? = Ran(R^). Then P^ and P^ are J-Lagrangian. 


Proof. This follows directly from Proposition 9.2.13. 


Next let us consider the set of all J-Lagrangian subspaces. Due to (9.7), the J-La- 
grangian Grassmannian P(X, J) on K can naturally be identified with the unitary group 
on X. 


Proposition 9.3.4. The stereographic projection II : P(K,J) — U(3€) defined by 


Hp)-u, P= 1 A 1 
2\U" 1 
is a bijective isometry. 
Proof. The stereographic projection is surjective because, for U € U(H), 


1 U 
»-5( 


go 1) ERED 
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is a Lagrangian projection and II(P) = U. Moreover, the stereographic projection is in- 
jective as, for P, P' € P(K,J) with U = II(P) and U' = II(P^, one has 


1 1 
Je -?']- tme - 0) = zu - UL 


Therefore II is injective. In conclusion, the stereographic projection is a bijection. The 
above identity also shows that it is bi-Lipshitz-continuous. 


The spectral theory in U(H) is of importance for the intersection of two Lagrangian 
subspaces, as shows the following result which is at the heart of intersection theory 
of J-Lagrangian subspaces and hence of crucial relevance for the Bott-Maslov index 
introduced and analyzed in the next section. 


Proposition 9.3.5. Let Py and P, be J-Lagrangian projections with stereographic projec- 
tions Uy = II(Pg) and U; = II(P,). One has 


dim(Ran(Py) n Ker(P,)) = dim(Ker(U; Up + 1)) 
= dim(Ker(U,U, +1)), 
or alternatively 
dim(Ran(P,) n Ran(JP,J)) = dim(Ker(U; Up + 1)). 
Proof. A vector à = D € K with $4, Ø, € H is in the range of P, if and only if 
1 +U, 
ra= Sosa.) (6) 


which is equivalent to Ug®, = $4. Then 


LET 


1 
us 2 E + $» 


if and only if -U; $4 = $;. In conclusion, @ € Ran(Po) n Ker(P) implies $; = -Uj Uo» 
and dim(Ran(Po) n Ker(P4)) < dim(Ker(U; Up + 1)). Conversely, for @, € Ker(U; Up + 1), 
one has Up¢, = —U49» and therefore @ = (m) € Ran(D9) n Ker(P4). This implies that 
dim(Ran(P)) n Ker(P,)) 2 dim(Ker(U; Uo + 1)) and thus the claim follows. 


A J-unitary operator T € U(K,J) sends a J-Lagrangian subspace € to a J-Lagrangian 
subspace T€. Indeed, for all vectors Yọ = Tóy € T€ and y; = Td, € TE, one deduces 
VoU, = $5T"JTÓ, = oJ, = 0. Analogously, for Yo = (T^) po € (TE)* = (T*) "E+ 
and p; = (T*) 19, € (T£), one has (W)*JW, so that Lemma 9.3.2 implies that T£ is 
J-Lagrangian. (Note that this also shows that the image of J-isotropic subspaces under 
a J-unitary is J-isotropic.) If P € P(X,/) is the range projection of €, then the range 
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projection of T€ is denoted by T - P, namely - : U(K,J) x P(K,J) > P(K,J) is a group 
action. This action is transitive. Actually, already the subgroup U(K, J) n U(X) does so 
as shows the following result. 


Proposition 9.3.6. The group U(K,J) n U(X) acts continuously and transitively on 
P(X,J). 


Proof. The action of U(K,J) n U(K) on P(K,J) is simply given by V - P = VPV* for 
V € U(X5]) n U(X) and P € P(K,J). One directly checks that VPV* is in P(K,J) and 
therefore the action is well defined. To show that the action is transitive, consider two 
J-Lagrangian projections 


1/1 U 1/1 U 
Py = 5 ( * i and P= 5( »* y 
2\U 1 2\U; 1 
where Up, U, € U(H) are unitaries. One directly checks that VPV * = P, for 


IUS o0 
v g, ) € Un veo, 


finishing the proof. 


Now the action (5.7) of invertibles on projections becomes an action of U(K, J) on 
P(K, J). Recall that for T € U(K,J) on P € P(K,J), itis given by 


T-P = (TPT*)\(TPT*\°(TPT*). 
The following elementary fact will be used later on. 
Proposition 9.3.7. For T € U(K,J) and P € P(K,J), one has 
T.P-J((T?) -(1-P)y. 
Proof. The computation 


JG -PJ = (TPT' J)JTPT]) TPT*J) 
= (TEY jor?) (T) jr?) (2) PIT), 


combined with JPJ = 1 — P, shows the claim. 


Under the stereographic projection, the action takes a simpler form. 


Proposition 9.3.8. The group U(X, J) acts continuously on the Siegel disc 
D(H) = {U € B(H) : IUI] < 1] 


and also on the unitary group U(H) by Möbius transformation denoted by a dot and de- 
fined by 
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ic 5) -U = (AU +B)\(CU +D), U € D(H). 


The Möbius action on U(H) implements the action - : U(X, J) xIP(G J) > P(K, J), namely 
T.IKP) = I(T - P). 


Proof. One first has to show that for U € IB()€) with |U| x 1and T € U(X, J) the inverse 
in the Mobius transformation T - U is well defined. By Proposition 9.1.3, one concludes 
that (CU + D) = D(D“'CU +1) is indeed invertible. Then the identities of Proposition 9.1.3 


imply 

(CU + D)' (CU + D) - (AU + B) (AU + B) =1-U*U. (9.8) 
Now multiplying (9.8) from the left by ((CU + D)*) and from the right by (CU + D) ! 
and using 1 — U*U > 0 for U € D(H) shows (T - U)*(T - U) < 1so that T - U € D(H). By 
the same argument, if U € U(H), then T- U € U(H). A short algebraic calculation also 


shows that (TT) -U = T -(T' - U). 
To prove the last formula, let us note that the range of P = 3(,1, Y) is 


Ran(P) = (9) :MeE x]. 


therefore 
o [( (AU € BO) . | 
Ran(T - P) = co a) DEH 
zd 
- lem m *) bea 
7 1 1 (AU + B(CU + D)! 
= Ran (5 OEN 1 H 


Proposition 9.3.4 implies the claim. 


9.4 Fredholm pairs of J-Lagrangian projections 


Recall from Section 5.2 the notion of Fredholm pairs (Pg, P4) of orthogonal projec- 
tions and their index given by the difference of the finite dimensions of the subspaces 
Ran(Po) n Ker(P,) = Ran(D9) n Ran(P,)* and Ran(P,) n Ker(D9) = Ran(P,) n Ran(P,)*. 
It is now natural to consider Fredholm pairs of J-Lagrangian projections and introduce 
the following notation: 


FPP(K,J) = ((Dg, P4) : Pg, P, € P(K, J) and (Pp, P4) Fredholm pair}. (9.9) 
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Again Oy (or more precisely, Oy x Oy) is the natural topology on this set. Noting that 
J-Lagrangian Fredholm pairs are always proper and recalling the notation for proper 
Fredholm pairs from (5.19), this can be rewritten as 


EPP(X,J) = (P(K,J), P(K,J)) n FPP(K). 


Let us provide a simple way to produce Fredholm pairs of J-Lagrangian projections. 
Proposition 9.4.1. Let P € P(K,J) and T € U^ (X, J). Then (P, T - P) € FPP(X, J). 


Proof. The hypothesis implies that T - P -P € K(X), e. g., by using the formula in Propo- 
sition 9.3.8. Therefore the Fredholm property of the pair (P, T - P) follows from Proposi- 
tion 5.2.4. 


The first aim will be to characterize the Fredholm property of pairs of J-Lagrangian 
projections (Pg,P4) in terms of the associated stereographic projections. That this 
should be possible is plausible due to Proposition 9.3.5 which shows that the above 
finite-dimensional intersections can precisely be determined from the spectral the- 
ory of the stereographic projections. For the formulation of the result, which goes 
back at least to [113], let us recall the relevant spectral notions from Section 3.4. 
The discrete spectrum specq;,(A) of a normal operator A € IB(24) consists of all iso- 
lated eigenvalues of finite multiplicity, and then the essential spectrum is defined by 
speC,,.(A) = spec(A) \ specy;,(A). Also recall form Section 3.7 that the set of unitaries 
U € U(H) such that -1 € spec,,,(U) is denoted by FU(H). 


Theorem 9.4.2. Let Py and P, be two J-Lagrangian projections with stereographic pro- 
jections Uy = II(P9) and U, = I(P,). Then 


(Po, P4) € FPP(K,J) Fredholm pair <=> — -1 € spec, (Ug Up) 
= UU) € FU(H) 
& UU; € FU(H). 


Proof. As above, Qo = 1 - 2P and Q, = 1 - 2P; are chiral symmetries. If (Po, P4) is a 
Fredholm pair, 


(Uo + U1)(Uo + Uj)* 0 ) 


2. 
(Qo + Q' = ( 0 (Up + U,)* (Uy + Uy) 


is Fredholm by Proposition 5.4.2 and therefore 0 € SPecess((Qo + Q,)”). Multiplying out 
shows that 


(Uo =k Uj)" (Ug zd Ui) = 21+ Ui Ug F U5 U1 


and 
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(Uo sh U4)Y(Ug HB U,)* = 21 ts UU% $ UU‘ 
are Fredholm. Let us define Uf U = U. Then 
21+ Ô+ ÔÛ* =(1+0)4+0)* = (1+ Ô)“ (1+ Ô) 


is Fredholm. Thus, by Corollary 3.4.4, 0 € SPeCess(21 + U + U*) and 1+ U is Fredholm by 
Theorem 3.4.1. Again by Corollary 3.4.4, one has —1 € spec,.,(U) = spec... (US Us). 
Conversely, if -1 € spec,,,(U; Up), then 1 + Uy Up is Fredholm by Corollary 3.44. 
Therefore U, +U, and (Up + U,)* are Fredholm. Thus Qọ + Q4 is Fredholm and, by Propo- 
sition 5.4.2, (Po, P4) is a Fredholm pair. 


Corollary 9.4.3. Let (Po, P4) be a pair of J-Lagrangian projections and let furthermore 
V € U(K,J) n UCX). Then 


(Py, P;) € FPP(K,J) e (V-Po,V-P,) € EPP(X, J). 


Proof. Recall from Proposition 9.1.6 that V = diag(V,, V.) with V, € U(X). By Proposi- 
tion 9.3.8, one hence has II(V - Pj) = V,IP)V* so that 


IV - P,)*II(V - Py) = V (P) TIQ)V". (9.10) 


Hence the claim follows from Theorem 9.4.2. 


Proposition 9.4.4. Let P € P(K,J) with U = II(P) and T € U(X, J). Then 
(PT.P)eFPP(X]) <= (2) i) e EB(4). 


Proof. By Theorem 9.4.2, the Fredholm property of (P, T - P) € FPP(X,/J) is equivalent 
to —1 not being in the essential spectrum of U* T - U, which is equivalent to 0 not being in 
the essential spectrum of the self-adjoint operator Re(U* T - U) +1. Now let A, B, C, D be 
the entries of T, e. g., as in Proposition 9.3.8. This proposition also shows that (CU + D) ! 
is invertible. Then 


Re(U*T-U)+1= JU T-U «(T -Uy'U)«1 


- SU T-U 1) (I T-U +1) 


- (CU «Dy (WEHINEMEHT (Dy! 


rE) 
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Due to Theorem 3.4.1, the stated Fredholm property implies a lower bound on the essen- 
tial spectrum of Re(U* T-U)41, and, conversely, the Fredholm property is a consequence 
of the lower bound on the essential spectrum. 


Example 9.4.5. There are P € IP(XG J) and T € U(X,J) such that (D, T - P) is not a Fred- 
holm pair. For example, take U = 1 (which corresponds to P being the reference projec- 
tion P et given in (9.11) below) and T = J. o 


The following result provides another natural situation in which Fredholm pairs of 
J-Lagrangian projections arise. It merely extends Proposition 9.3.3. 


Proposition 9.4.6. Let T € U(K, J) satisfy spec(T) n S. = Ø. Let R^ and R^ be the Riesz 
projections of T associated to the spectral subsets spec(T) n B4(0) and spec(T) \ B4(0), re- 
spectively, and let P^ and P^ be the orthogonal projections onto their ranges €^ = Ran(R*) 
and €? = Ran(R^). Then (D^,1 — P^) forms a Fredholm pair. 


Proof. In Proposition 9.3.3 it was already shown that P^ and P^ are J-Lagrangian so 
that also 1 — P^ is J-Lagrangian. It remains to check the conditions in Definition 5.3.2 
for P) = P^ and P, = 1- P". First of all, Ran(P)) + Ran(1 - P) = €^ + & = Kis 
closed. Secondly, Ran(Po) n Ker(D4) = €< n €? = {0} is finite dimensional, and finally, 
Ker(P))* + Ran(P,)* = Ran(P,) + Ker(P,) = €^ + €? = K so that Ker(Py) n Ran(4) = {0} 
is also finite dimensional. 


The next results states that for a Fredholm pair of J-Lagrangian projections the in- 
dex as defined in Section 5.2 is of little interest (for the finite-dimensional case, see al- 
ready Remark 5.2.3). 


Proposition 9.4.7. For all (Po, P4) € FPP(K,J), one has 
Ind(Pp, P4) = 0. 


Moreover, (FPP(X, J), Oy) is connected. 


Proof. Let (Pg, P4) be a Fredholm pair of J-Lagrangian projections. Then, by Theo- 
rem 9.4.2, -1 is not in the essential spectrum of II(P9)II(P4)" . By spectral calculus with 
a root for which the branch cut is chosen to be on the negative real axis, the paths 

€ [0,1]  (II(P9)II(P,)*)*5 lies entirely in FU(H). For U(s) = (IIP9)II(P,)*)! SH(P,), 
let us define a path of J-Lagrangian projections by 


1/1 U 
s € [0,1] + P(S) = TN T 


Again by Theorem 9.4.2, one checks that s € [0,1] + (P(s), P4) isa path of Fredholm pairs 
of J-Lagrangian projections. It connects (Po, P4) to (P4, P4). Therefore by Proposition 5.2.7, 


Ind(Pp, P) = Ind(P,, P,) = 0. 
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The second claim follows because the set U(H) of unitaries on H is connected and 
therefore there is a path s € [0,1] ++ U(s) of unitaries connecting II(P,) to 1. Then 
s € [0,1] > II !(Ü(s)) is a path of J-Lagrangian projections connecting P, to the refer- 
ence J-Lagrangian projection Pj, = i 1). Thus s € [0,1] > (IT! (D (s)), IT (Ü(s))) is 
a path of Fredholm pairs of J-Lagrangian projections connecting (P4, P4) to (Prefs Pref). 
In conclusion, there is a path of Fredholm pairs of J-Lagrangian projections connecting 
(Po, P4) to (Pres Prep) and therefore the set of Fredholm pairs of J-Lagrangian projections 
is connected. 


In many applications of the Fredholm pairs of J-Lagrangian projections, one of the 
projections, say Pp, is fixed and given by a reference J-Lagrangian projection which we 


choose to be 
1/1 1 
Pref = G i): (9.11) 


Thus let us introduce the Fredholm J-Lagrangian Grassmannian (with respect to P,.;) by 
FP(K,J) = (P € P(K,J) : (Prep P) € FPP(K,J)}. 

As II (Prep) = 1, Theorem 9.4.2 implies the following 

Corollary 9.4.8. The map II : (FP(K,J), Oy) > (FU(H), Oy) is a bijective isometry. 


Due to Corollary 8.1.2, this directly implies the next statement: 


Corollary 9.4.9. The homotopy groups of (FP(K,J), Oy) are 


Z, kodd, 
0, keven. 


ny (FIP(X, J)) = l 


The next result also allows accessing the homotopy groups of FPP(K, J). 


Proposition 9.4.10. The space (FP(K,J),Oy) is homotopy equivalent to the space 
(FPP(K,J), Oy). 


Proof. Let (Pg, P4) € FPP(K,/J) bea pair. Recall that there is a unitary Uy € U(H) (where 
X = KeK in the grading of J) such that 


Py = ( a 
2NU; 1 
Set V = diag(1, Up), which is an element in U(K, J) n U(K). Then 


(Po, P4) re V" (Pres, VP,V*)V. 


Due to the natural identification 
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EP(K,J) = (Pies, P) : P € P(K,J) and (P,e, P) € FPP(K,J)}, 


one hence has FPP(K,J) = FP(K,J) x U(H). Therefore the claim follows from the 
contractibility of U(H). 


Combining Corollary 9.4.9 with Proposition 9.4.10, one deduces 


Theorem 9.4.11. The homotopy groups of (FPP(X,J), Oy) are 


Z, kodd, 


0, keven. 


7 (IEIPIP(XC J)) = l 


9.5 Paths of Fredholm pairs of J-Lagrangian projections 


Proposition 9.4.7 shows that the index of a Fredholm pair (Py, P) € FPP(K,J) of 
J-Lagrangian projections always vanishes. As already stated in Theorem 9.4.11, there is 
interesting topological information contained in paths in FPP(X, J). As shown in Corol- 
lary 9.5.7 at the end of this section, this is captured by the Bott-Maslov index which will 
be introduced and studied in this section. For the definition, recall the characterization 
of Fredholm pairs of J-Lagrangian projections as given in Theorem 9.4.2. 


Definition 9.5.1. Let t € [0,1]  (Po(t), P(t)) € FIPIP(XG J) be a path of Fredholm pairs 
of J-Lagrangian projections and set U(t) = II(Po(t))*II(P,(t)) € FU(H). Then the Bott- 
Maslov index of the path is defined by 


BM(t € [0,1] + (Po(t), P4(0)) = Sf(t € [0,1] 5 U(t)). 


By Proposition 9.3.5, the Bott-Maslov index counts the number of finite-dimensional 
intersections of Ker(P)(t)) with Ran(P,(t)) along the path, with the orientation of the 
passage through the intersection as a weight. This two-sidedness will be further dis- 
cussed below, and we will also provide a crossing form formulation for the Bott-Maslov 
index. Let us first note a few obvious properties that the Bott-Maslov index directly 
inherits from the spectral flow. More precisely, the next Proposition 9.5.2 is a direct con- 
sequence of Theorem 4.5.6, and Proposition 9.5.3 further down follows from item (ii) of 
Theorem 4.5.5. 


Proposition 9.5.2. Lett € [0,1] + (Po(t), P(t) € IEIPIPCX, J) bea path of Fredholm pairs 
of J-Lagrangian projections. Then its Bott-Maslov index is a homotopy invariant under 
homotopies within the set of paths of Fredholm pairs of J-Lagrangian projections keeping 
the endpoints (Pg(0), P4(0)) and (Pg(1), P4(1)) fixed. 


In particular the Bott-Maslov index associates to every closed path of Fredholm 
pairs of J-Lagrangian projections an integer invariant. As will be shown in Corollary 9.5.7 
below, this characterizes the fundamental group of FPP(X,/). 
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Proposition 9.5.3. Lett € [0,1] — (Po(t),Py(t)) and t € [0,1] ^ (P(t), Py(t)) be two 
paths in FPP(K,J) such that P9(1) = Py(0) and P,(1) = P{(0). Then their concatenation 
(Po * Po, P, * Pi), defined by 


P,(2t), t € [0, 


nno - n 
PIOQF-T, tel 


has a Bott-Maslov index given by 


BM(t € [0,1] + (Po * Pot), P, * P1(0)) 
= BM(t € [0,1] + (P(t), P,(0))) + BM(t € [0,1] => (P(t), P(0)). 


The next result also follows directly from the definition and the identity (9.10). 


Proposition 9.5.4. Lett € [0,1]  (Po(t), P,(t)) € FPP(X,J) bea path of Fredholm pairs 
of J-Lagrangian projections and V € U(K,J) n U(X). Then 


BM(t € [0,1] > (V - Po(£), V - P4(0)) = BM(t € [0,1] + (Po(t), P4(0)). 


Next crossing forms for differentiable paths t € [0,1] + (Po(t), P4(t)) € FIPP(X,/) 
are introduced. Let us set U(t) = II(P,(t))* H(P4(t)) € FU(H) as in Definition 9.5.1. Then 
the crossing form at t as in Definition 4.5.7 is given by 


I, : Ker(U(t)+1) > R, T((9) = -1(@|U(t)*0,U(t)¢). 


A crossing is called regular if T, is nondegenerate. Now Proposition 4.5.9 immediately 
implies the following result. 


Proposition 9.5.5. Lett € [0,1] + (Po(t), Py(t)) € FIPP(K, J) be a continuously differen- 
tiable path having only regular crossings. Then 


1... i 1. 
BM(t = [0,1] [2 (Po(t), P4(t))) = 2 Sig(T) a x Sig(T;) E 2 Sig(T;). (9.12) 
te(0,1) 


As in the finite-dimensional case (Lemma 2.1.9), it is useful to have an explicit for- 
mula for the crossing form in terms of the projections. This can be deduced from the 
first part of the next statement. 


Lemma 9.5.6. Let t € [0,1] > (P(t), P4(t)) be a differentiable path of pairs of J-La- 
grangian projections with associated Ug(t) = II(Pg(t)) and U4(t) = II(P,(t)). Then for 
U(t) = Ug(t)' U(t) one has 


U(t)*a,U(t) = «(VOY roaro.) + a(S) PuoaPo(). 
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If, moreover, dP) (t) and 0,P,(t) are trace class, then U(t)*0,U(t) is trace class and given 
by 


Tr(U(t)*0,U(t)) = 2 Tr(JPo(t)0,Po(t)*) - 2Tr(JP,(O0P,O" ). 
Proof. By the formulas in Proposition 9.3.4, one has for j = 0,1, 


POPA = 1 ( 


U(DAU(D' JO ) 
4 


BUO UO UA 
AS 
U(t)*0,U(t) = U(t)“ (Up (t)d,Up(t)* )U,(t) + U,(t)*0, U4 (0), 
this implies the first formula. The summability in the second claim is now clear, and 


Tr(U(t)*0,U(t)) = —Tr(U(t)d,U(0)*) 


by taking the trace of the above formula for P;(t)d,P;(t) times J. 


Next let us state that the Bott-Maslov index restricted to closed paths identifies the 
fundamental group of FPP(X, J) given in Theorem 9.4.11. 


Corollary 9.5.7. The Bott-Maslov index defined in Definition 9.5.1 establishes an isomor- 
phism 
BM : z4(FFIPIP(X,])) > Z. 


For differentiable closed paths and under a trace class condition on 0,U(t), itis now 
possible to plug in the formula for Tr(U(t)" 0,U(t)) given in Lemma 9.5.6 into Proposi- 
tion 4.5.11. 


Corollary 9.5.8. Lett € [0,1] + (Po(t), P4(t)) € IFIPIP(XG J) be a continuously differen- 
tiable closed path. Suppose that 0,Pg(t) and 0,P;(t) are trace class. Then 


BM(t € [0,1] > (Po(t), P4(0)) 


0 

1 1 

S | dt(Tr(JPp(t)0,Po(t)* ) — Tr(JP,(t)0,P,(t)")). 
0 


Next let us note that one has an infinite-dimensional analogue of Proposition 2.2.14. 
Further down in Proposition 9.6.17 a link to the Conley-Zehnder index will be given. 


Proposition 9.5.9. Let t < [0,1] > T, € U (X) bea closed path. Then the Bott-Maslov 
index BM(t € [0,1] +> (P, T, - P)) is well defined and independent of P € P(K, J). 
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Proof. First of all, Proposition 9.4.1 indeed shows that (P, T, - P) € FPP(X,J) so that 
the Bott-Maslov index of the path is well defined. As the path is closed, it is given by a 
winding number in the sense of Proposition 4.5.10 and thus is homotopy invariant. Now 
given Po, P4 € P(K,/), there exists a unitary U € U(K,J) n U(K) such that P, = U - Po 
by Proposition 9.3.6. Then, because U(X, J) n U(K) is connected, one can choose a path 
s € [0,1] 5 U; € U(K,J) n U(X) such that P, = U, - Py connects Py to P, in P(X, J). 
Then s € [0,1] +> (P, T; - P;) is a homotopy of closed loops in IFIP(XG J), showing that the 
Bott-Maslov index of the stated path is independent of P. 


Based on Proposition 9.4.4, one can also deal with other situations than that in 
Proposition 9.5.9 in which t +> (P, T, - P) has a well-defined Bott-Maslov index that has 
stability properties in P. For example, suppose T, = T)(1+K;) for some fixed Ty and loop 
t € [0,1] > K; € K(X) in the Lie algebra such that (P, Ty - P) is a Fredholm pair. Then 
indeed (P, T, - P) is a Fredholm pair (by the same argument as in Proposition 9.4.1) and, 
furthermore, the Fredholm property is stable along this path under small perturbations 
of P due to Proposition 9.4.4. By homotopy invariance of the Bott-Maslov index, one 
then also deduces its stability as in Proposition 9.5.9. As to explicit formulas, of course, 
Corollary 9.5.8 applies to the case of differentiable closed paths (P, T, - P) and actually 
only one of the summands remains. Further formulas (such as an infinite-dimensional 
analogue of Proposition 2.2.14) will be given below. 

As already pointed out, often one of the two projections of a pair of J-Lagrangian 
projections is fixed. Also Proposition 9.5.9 considers such a situation. In the following, 
this reference projection is again chosen to be P, = P,,;, and then the Bott-Maslov index 
of the path t +> (Pye, P(t)) is considered for P(t) € FP(K, J). Moreover, it will be shown 
below (by essentially the same argument as in the proof of Proposition 9.4.10) that one 
can always arrange one of the J-Lagrangian projections to be moved into the reference 
J-Lagrangian projection P,, (or any other one). In this situation, the following is just a 
special case of Definition 9.5.1, simply because II (P ef) = 1. 


Definition 9.5.10. For a path t € [0,1] + P(t) € FP(X,/) in the Fredholm J-Lagrangian 
Grassmannian, the Bott-Maslov index is defined by 


BM(t € [0,1] > P(t)) = Sf(t e [0,1]  U(t)), 


where U(t) = II(P(t)) € FU(H). 


Proposition 9.5.11. Let t +» T, = (^P) be a differentiable closed path in U(K,J) 
fo 


and P € P(K,J). Suppose that (P, T, - P) € FIPP(X,J) and that 0,T,JT; is trace class. 
Then 


1 
BM(t € [0,1] > T, P) = fa Tr((1- T, - P)(0,T,JT;)). 
0 


1 
Ut 
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Due to Corollary 4.5.10, the proof of Proposition 9.5.11 is completed by the following 
algebraic lemma which generalizes Lemma 2.2.13 dealing with the finite-dimensional 
case. 


Lemma 9.5.12. Let t + T, = (4) be a differentiable path in U(K,J) and P € P(K,/). 
t C, D p 


Then U, = II(P,) associated to P, =T, - P satisfies 


* 


* U „/U 
U, au, = ( 4 Tare) ( 3, 
-1 -1 
Moreover, if 0,T,JT; is trace class, then also 9,U, is trace class and 
Tr(U; U+) = 2 Tr((1 - P,)(0,TJT; )). 


Proof. For sake of notational simplicity, let us suppress the index tand set W = II(P). 
First note that 


U*QU » IKT - P)*dll(T - P) = (T- W)*a(T- W), 


because II(T - P) = T -II(P) = T- W. Using (T- W)* = (T- wy? and the laws of operator 
differentiation, one finds 
(T- W)*a(T- W) 
= (T, - W)*(0(AW + B))(CW + D) ! - (0(CW + D))(CW + D) ! 
= ((CW + D) !)' [(AW + B)' (AW + B) - (CW +D)*0(CW + D)|(CW + D) ! 


W 


_ -1)* 
= (cw +Dy")"(4 


) rjer( A cw + Dy. 


But 


(1) (CW+D)'=T? S . 


Now 


(T7) (T'Jor)r^ = J(ƏTJT* Y 


concludes the proof of the first identity. Plugging it into the trace leads to the second 
one. 


It is always possible to recourse to the Bott-Maslov index with respect to a fixed 
reference plane as in Definition 9.5.10 by appealing to Proposition 9.3.6 to deform P(t) 
into P os. More precisely, given a path t € [0,1]  (Po(t), P4(t)) of J-Lagrangian projec- 
tions, set as in the proof of Proposition 9.4.10 
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1 0 
VO=(5 meen): 


Clearly, t € [0,1] + V(t) is a path in U(K, J) n U(H), and one checks that 
V(t)Po(t)V(t)* = Pref- 


In this manner, one obtains the path t € [0,1] +> (Pret V(t)P,(t)V(t)*) which consists of 
Fredholm pairs if (Po(t), P;(t)) are Fredholm pairs. The basis change can be suppressed 
in the following by setting P(t) = V(t)P,(t)V(t)*. Then U(t) = I(P(t)) lies in FU(H) by 
Theorem 9.4.2. 


Remark 9.5.13. Another alternative to attain a situation with a fixed reference frame 
is a doubling procedure, e. g., [90]. Suppose given t — (Po(t), P4(t)) € IFIPIP(X, J). Then 
one constructs a new Krein space (X, J) by setting K = XX e X andj = J e (-J). Then 
P(t) = Po(t) e (1— P,(t)) is clearly J-Lagrangian by construction. Moreover, the doubled 


reference frame 
z 1/1, 1 
Piet = 5 ( - 2 
2\h 1, 


is also J-Lagrangian. One can then check that 
dim(Ran(P9(t)) n Ker(P,(t))) = dim(Ran(P(t)) n Ker(P,.)) 
and, with Up(t) = II(P(t)) and U(t) = II(P4(t)), 
BM(t € [0,1] > (Po(t), Py(t))) = Sf(t € [0,1] 5 Ug(t)  Us(t)) 
sene. 19) 
= BM(t € [0,1] + (PW), Pret)); 


i. e., the latter expression is a Bott-Maslov index in the sense of Definition 9.5.10. This 
approach may be of some theoretical use, but has the disadvantage of doubling dimen- 
sion and consequently only producing a special type of J-Lagrangian subspaces, namely 
the diagonal ones P(t). o 


Combining Corollaries 9.4.9 and 9.4.8 with Corollary 8.1.3 now leads to 


Corollary 9.5.14. The Bott-Maslov index induces an isomorphism 


BM : z (EP(X,J)) > Z. 
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Let us also note that both Corollary 9.5.8 and Proposition 9.5.11 cover the situation 
of a fixed reference P,.¢. There is, however, an even more explicit formula extending 
Proposition 2.2.14 of the finite-dimensional case. 


Proposition 9.5.15. Lett € [0,1] > T, = (4 P) € U(K,J) bea closed differentiable path 
tt 
such that all four entries of 0,T, are trace class. Then 


BM(t € [0,1] > T, - Pees) 
1 
1 E : 
-> far Tr((A, + Bj) 20,(A, + Bj) - (C, + Dj) 20,(C; + DO). 


JU 
0 


Proof. Set U, = II(T, - Pres). Then, by Lemma 9.5.12, the hypothesis implies that U; 0,U, is 
trace class so that Corollary 4.5.10 can be applied to compute the Bott-Maslov index. As 


U, = T, (Prep) = T, -1 = (A; + B,(C, + Dj) 5, the usual derivative rule and the cyclicity 
of the trace then immediately lead to the claimed identity. 


In the remainder of this section, let us next discuss a geometric interpretation of 
the Bott-Maslov index that has been put forward by Arnold. Let us now consider a 
path t € [0,1] + P(t) € IFIP(X, J). By Proposition 9.3.5, the Bott-Maslov index counts 
the number of intersections of Ran(P(t)) with the fixed subspace Ran(JP,.g), with their 
multiplicity and with an orientation as a weight. The following definition, generalizing 
Arnold's definition [9], is hence natural. 


Definition 9.5.16. The singular cycle of J-Lagrangian subspaces with nontrivial inter- 
sections with JP ef) is 


SP(KJ) = SPD), 


i21 
where 
SIPí(J) = {P € FP(X,J) : dim(Ran(2) n Ker(P,,)) = 1]. 


First of all, let us note that the Fredholm property assures that the intersection of 
Ran(P) with Ran(JP,,g) = Ker(Pyes) is always finite dimensional. Note also that Proposi- 
tion 9.3.5 implies 


II(SIP,(X,])) = {U € FU(H) : dim(Ker(U +1)) = l}. 
Hence the codimension of SPP;(X, J) increases with l and this makes SP(X, J) into a strat- 


ified space with strata SP)(X, J). Finally, the singular cycle SP(X, J) is two-sided, namely 
a point close to SP(X, J) can either be on its right or its left, depending on whether the 
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eigenvalue ofits stereographic projection has a positive or negative imaginary part. Hav- 
ing in mind the image of the path under the stereographic projection, all these geometric 
properties become self-evident. 


9.6 Conley-Zehnder index 


Section 2.3 analyzed the Conley-Zehnder index in finite dimensions. It turned out 
that the Conley-Zehnder index is nothing but the Bott-Maslov index of the graphs of 
J-unitaries, considered as Lagrangian subspaces in a doubled Krein space. The same 
algebraic setup transposes to infinite-dimensional Krein spaces, provided that suitable 
Fredholm conditions are imposed. This is carried out in this section. Most of the alge- 
braic expressions and identities are identical to those in Section 2.3, but several are 
repeated to facilitate readability. 

Associated to a Krein space (X, J) and a given J-unitary T is another doubled Krein 
space (X e K, (-) e J) on which then acts 1 e T as ((-J) e J)-unitary. The range of the 
operator (16 T)(4) is the graph 9, of T. It is hence a ((-J) e J)-Lagrangian subspace. In 
order to use the stereographic projection in the form of Section 9.3, it is convenient to 
use the basis transformation F given in (2.24). Note that it actually is a symmetry. It then 
leads to a standard form for the doubled Krein space, 


(R.J) = (K@K,F((-J) @J)F), 


with J = diag(1, —1). The group of J-unitary operators is again denoted by U(K, J). A par- 
ticular operator therein is 


T =F(le@T)F € U(K,)), 
and an example of a J-Lagrangian subspace is the F-transformed graph 9; = P9. The 


stereographic projection from the space P(X, 7) of J-Lagrangian subspaces to U(X) de- 
fined as in Proposition 9.3.4 is denoted by II. As a reference J-Lagrangian projection, we 


will use 
P 1/1 1 
Prog = 5 ii ai (9.13) 


It satisfies T(P et) = 1 and FP, ¢F = Pryor. Its range is denoted by &,,4 = Ran(P, or). More- 
over, it allows writing the projection on $; as T-P ep. The algebraic proof of the following 
theorem is identical to that of Theorem 2.3.1 covering the finite-dimensional case. 


Theorem 9.6.1. To a given T € U(K,J) let us associate a unitary S(T) by 


S(T) = T(r) z IP.) A(T - Pree) € U(X). (9.14) 
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IfT = (23), then 


A-BD'C 2 E (i 25 


S(T) = 
(1) ( -DC D -D"C D! 


The map T € U(K,J) > S(T) € U(K) is a continuous embedding with image 


iG A €U(K):a,6€ invertible | f (9.15) 


Also the proof of the next structural result for S(T) is as in the finite-dimensional 
case, see Proposition 2.3.2. 


Proposition 9.6.2. Given T € U(X, J), one has 
S(-T) = -JS(T)J, 


and 


S(T)* esty = S(T") jar yp 


The following result justifies the above constructions. The algebraic proof is identi- 
cal to the proof of Theorem 2.3.3. 


Theorem 9.6.3. Let T and S(T) be as in Theorem 9.6.1. Then 
Ker(T - 1) = Ker(S(T)- 1), Ker(T +1) =J Ker(S(T) +1). 


Theorem 9.6.3, as well as the connection between eigenvectors, can easily be 
adapted to study other eigenvalues on the unit circle. Indeed, if Tọ = zó for z € $£, 
then also (ZT)ġ = @. But the operator zT is also J-unitary so that one can apply the 
above again to construct an associated unitary. This shows the following. 


Proposition 9.6.4. Let T = (48) bea J-unitary and set, for z € S', 

2 z(A*)! BD! 

S(zT) = : 9.16 

(zT) ener e) (9.16) 

Then the geometric multiplicity of z as eigenvalue of T is equal to the multiplicity of 1 as 
eigenvalue of S(ZT). 


Therefore, the unitaries S(ZT) are a tool to study eigenvalues of T which lie on the 
unit circle. Let us focus again on Z = +1. Theorem 9.6.3 concerns the kernel of S(T)-1. It is 
natural to analyze how much more spectrum S(T) has close to +1, or, what is equivalent, 
how much spectrum the self-adjoint operator Re(S(T)) = X(S(T) +S(T)*) has close to +1. 
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For this purpose, it is useful to have an explicit formula for Re(S(T)). Again the algebraic 
proof is identical to that in the finite-dimensional cases stated in Proposition 2.3.7. 


Proposition 9.6.5. Let T be a J-unitary and S(T) as above. Then 
Re(S(T)) = (1+ T)(1+ Pry a +T) -1. (9.17) 


The most robust compactness property of J-unitaries implies the following: 


Proposition 9.6.6. For T € U^ (XX, J), one has S(T) € U*(X). Furthermore, the image of 
the map S : T € U(K,J) > S(T) e U(K) is 


s(U(K J) = iG 2 € U(X) :a,6 € invertible} 


Proof. AST =1+K € U*(X, J), the claim directly follows from Theorem 9.6.1. 


Remark 9.6.7. Proposition 9.6.6 holds irrespective of the choice of the reference pro- 
jection. More precisely, if one uses some other reference plane Pye € P(K,Î) to define 
S(T) = IP, IC - Prep), then also S(T) € U*(X) for T € U* (X, J). o 


Let us now come to a Fredholm condition for the J-unitaries. 


Definition 9.6.8. A J-unitary T € U(X, ) is called Fredholm if S(T) € FU(K). The set of 
all J-unitaries T € U(X, J) with this Fredholm property is denoted by FU(X,/). 


Clearly, one has U*(X;, J) c FU(X, J). Let us now provide several characterizations 
of the Fredholm property of T € U(K, J), one of which shows that it is independent of 
the choice of P,,, (similar as in Remark 9.6.7). Another comment is that characterization 
(iv) below explains that operators in IFU(X, J) were called (—1)-Fredholm J-unitaries in 
[168] (and then the more restricted class of S'-Fredholm unitaries was considered there 
for which T - z1 is Fredholm for all z € $t, which is a strictly larger class than the 
essentially S!-gapped J-unitaries considered in Definition 9.2.12). 


Proposition 9.6.9. For T € U(K,J), the following are equivalent: 
(à T e FU(K,)J); 

Gi) (Preps T - Prep) € FPP(K,J); 

(iii) -1 € spec. (S(T)); 

(iv) T +1 € FB(X). 


Proof. (i) <=> (ii). This follows directly from Theorem 9.4.2 applied to the Krein space 
(K,J) and the Fredholm pair of J-Lagrangian projections (Prep T - Prep). 


(i) & (iii). This follows immediately from the definition because S(T) € FU(X) is equiv- 
alent to —1 € spec... (S(T)). 
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(iii) = (iv). For any unitary S, -1 € spec,,,(S) is equivalent to min spec,,,(Re(S)+1) > 0. 
Now Re(S(T)) + Lis given by Proposition 9.6.5 which can also be rewritten as 


Re(S(T)) «12 (14 T)(14+T°T) 4 T. 


Because (1+ T* T) ! is a bounded invertible operator and therefore Fredholm, (iv) im- 
plies by Corollary 3.3.2 that Re(S(T)) + 1is Fredholm which, by Corollary 3.4.4, is equiv- 
alent to (iii). Conversely, if Re(S(T)) + 1is Fredholm also 


J(Re(S(T)) +1) = (1+ T) 4 TT^) A « T) 


is Fredholm. Therefore dim(Ker(J(Re(S(T)) + 1)J)) < co and, because one moreover has 
Ker(1+ T) c Ker(J(Re(S(T)) + 1)/), this implies dim(Ker(1+ T)) < co. Furthermore, the 
range of Re(S(T)) + 1is closed. Thus 


Ran(1 + T) = Ran(Re(S(T)) +1) e (Ran(1 + T) e Ran(Re(S(T)) +1)) 
is closed because Ran(14 T)oRan(Re(S(T))41) c Ran(Re(S(T))+1)* is finite dimensional 


and therefore closed. As Ran(1+ T)* c Ran(Re(S(T)) + 1)* is finite dimensional, this 
implies that 1+ T is Fredholm. 


Combined with Theorem 9.6.1, more precisely (9.15), Proposition 9.6.9 implies the 
following: 


Corollary 9.6.10. The image of FU(K, J) under S : T € U(K,J) > S(T) € U(K) is 


s(FU(X,J)) = 16 ^) € FU(K): 4,6 € invertible} ; 


Corollary 9.6.10 suggests that U°(K, J) is a deformation retract of FU(K, J) because 
U‘(K) is a deformation retract of FU(X) by Proposition 3.7.2. This is, however, not 
clear because the retract in the proof of Proposition 3.7.2 may not stay within the im- 
age S(IFU(X, J)) of the map S given in Corollary 9.6.10. 

Now all preparations for the following definition are carried out. 


Definition 9.6.11. The Conley-Zehnder index of a path t € [0,1] 5 T, € FU(K,/) is 
defined as 


CZ(t € [0,1] + T;) = Sf(t e [0,1] + S(T,)). 


Note that, indeed, Proposition 9.6.9 implies that the spectral flow of unitaries on 
the right-hand side is well defined (as the spectral flow through -1 in the sense of Sec- 
tion 4.5). As such, the Conley-Zehnder index inherits several properties of the spectral 
flow which are not spelled out in detail: concatenation, homotopy invariance (with fixed 
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endpoints), integrality, and additivity. From these properties, one directly deduces the 
following statement: 


Proposition 9.6.12. The Conley-Zehnder index applied to closed paths induces group ho- 
momorphisms CZ : 1,(FU(K,J)) > Z and CZ : r(U*(36])) > Z. 


Remark 9.6.13. Proposition 9.1.8 shows that 7,(U*(X, J)) = Ze Z. Hence the Conley- 
Zehnder index extracts one of these Z. o 


In many applications, one deals with differentiable paths t +> T, of J-unitaries. Then 
it is useful to be able to compute the derivatives of the eigenvalues of S(T,) when they 
cross —1, namely those points which can contribute to the Conley-Zehnder index. The 
following proposition then leads to a crossing form formulation of the Conley-Zehnder 
index. This is not spelled out in detail as it is essentially the same as in Section 4.3. The 
formulas below also allow to analyze the transversality of the path. 


Proposition 9.6.14. Let t ^ T, = (^ ) bea differentiable path in U(X, J). Then 
[OVE 


1 B 1 0 
S(T,)*0,S(T,) = T; Jo,T, , 
VAST =h Vis pa) TAM ( pie ga) 


For a vector $, € K satisfying T,9, = —$,, one has S(T)J9, = -]ó, and 


PSST STY t = $t T; STOT t 


Proof. The proof is essentially the same as that of Lemma 2.3.9. 


Let us now provide an integral formula for the Conley-Zehnder index of differen- 
tiable closed paths. It is an infinite-dimensional version of Proposition 2.3.11 with an 
identical proof, provided supplementary trace class properties are imposed. In particu- 
lar the algebraic Lemma 2.3.10 transposes directly. 


Proposition 9.6.15. Let t > T, = (S ») be a continuously differentiable closed path in 
U(K, J) such that all four entries of à; i are trace class. Then 


1 
1 E , 
CZ(t € [0,1] > T) = z— [aTa AAA OLDE): 
0 


Also the statement and proof of Corollary 2.3.12 transpose to the infinite-dimensional 
setting. It provides a connection between the Bott-Maslov and Conley-Zehnder indices. 


Corollary 9.6.16. Let t > T, =(¢ pi) be a continuously differentiable closed path in 
UC (3C J) such that all four entries of 0,T, are trace class. Then for any P € P(K,]), 


CZ(t € [0,1] > T,) = BM(t € [0,1] > (P, T, - P)). 
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Based on Corollary 9.6.16, as well as Propositions 9.5.9 and 9.5.15, one can now prove 
an infinite-dimensional version of Corollary 2.3.13, simply by realizing that the finite- 
dimensional arguments transpose to a trace class situation. While it is certainly possible 
to weaken the hypothesis, this is not further studied here. 


Proposition 9.6.17. Lett € [0,1] + P, € FIP(K,J) andt € [0,1] > T, € U*(x;J) be two 
continuously differentiable closed paths such that all four entries of 0,T, are trace class. 
Then 


BM(t € [0,1] T, - P,) = BM(t € [0,1] + P,) + CZ(t € [0,1]  T,). 


9.7 Oscillation theory for bound states of scattering systems 


This section provides an application of the Bott-Maslov index and spectral flow in the 
infinite-dimensional setting as described in this chapter. It is about oscillation theory 
for bound states of a higher-dimensional quantum scattering system (within a single- 
particle framework). This basically consists of transposing the setup and results of Sec- 
tion 2.6 to a situation where the fibers are infinite dimensional and the locality of the 
scattering perturbation directly leads to the required Fredholm property. Therefore it is 
possible to simply refer to Section 2.6 for most of the algebraic arguments, and merely 
add the required functional analytic elements to the proofs. Let us also note that we are 
not aware of other results on oscillation theory with infinite dimensional fibers except 
for [101] where, however, the Fredholm property rather holds in a Breuer-Fredholm 
sense and the spectral flow is with respect to a semifinite trace so that it determines the 
density of states. 

Let us begin by describing the Hamiltonian. It acts on the Hilbert space ez’, c") 
over a d-dimensional lattice with N internal degrees of freedom over every site and is 
of the next-neighbor form 


(Hi), 2 Y ak + VmPme (9.18) 


Im-K|-1 


where V = (Wn)meza With Ym € C^, the sum runs over all sites neighboring n (the 
distance |n - m| is meant in the maximum norm on Z®, and Amk = akm and v, are 
N x N matrices that are invertible and self-adjoint. As in Section 2.6, we will suppose 
to be in a scattering situation where the coefficient matrices am, and vn are all equal 
to a and v except for a finite number of sites. Let L > 0 be such that all these sites lie 
in a strip Z^! x {1,...,L}. Hence H is a finite-rank perturbation of a periodic Hamilto- 
nian 


(HyerU)m i Y ap, zd VUm. 


|m-k|=1 
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By discrete Fourier transform, one can show that Hper has purely absolutely continuous 
spectrum spec(Hper) = spec, (Hy,,) consisting of at most N intervals. This section is 
about computing discrete eigenvalues of H not lying in spec(Hper), thus so-called bound 
states, by a formula similar as in Theorem 2.6.5. The dimension is throughout assumed 
to satisfy d > 2. 

For this purpose, the Hamiltonian is rewritten as a (two-sided) infinite block Jacobi 
operator. The fiber Hilbert space will be H = £?(Z4-1, C"). Then (Z$, CY) = &(Z, H). 
Under this identification, the Hamiltonian (9.18) can be rewritten as 


(HU), = Anns t Anna F Vn; 


where now n € Zand (Aj)scz, (Vn)nez are both sequences of invertible and self-adjoint 
operators on K, respectively. We do not write out explicit formulas for A, and V, in 
terms of the a, and Vm, but stress that the coefficient operators are such that 


A,=4, V,-V, né{l...,L} (9.19) 


just as in Section 2.6. The Schrodinger equation HY? = Ey" will be considered for all 
sequences Y” = (YË)nez of vectors YË € 3, and not only square-integrable states from 
(Z, H). Explicitly written out, it becomes 


E E E E 
Annat + VnYn + Ab, 4 = Ey. (9.20) 


Regrouping two neighboring vectors into 


E 
yt i ee 
n E > 
Un 
one can then rewrite (9.20) as 
we euMiy , (9.21) 


where the J-unitary transfer matrices ME on the Krein space (K,I) = (9€ e H,/) are 
defined by 


(9.22) 


n 


mon -= VA, ps 
Aj 0/ 


Let us stress that (9.21) looks exactly as the corresponding equation (2.50) in the setting 
with finite-dimensional fibers. Indeed, all structural algebraic facts transpose directly. 
In particular, we will use (9.21) also as an equation for frames yr :96 9 XX 2 9€ e 9C. Tf 
one of the yr spans an J-Lagrangian subspace, then all others do as well because all ME 
are I-unitary. Let us note that due to (9.19) the ME are for all n € (1,..., N} equal to one 
fixed I-unitary 
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-1 
ME = a uA 2 


The matrix entries of this transfer matrix specify Hper, and therefore MF is also closely 
linked to the spectral properties of Hyer. The following result extends Propositions 2.6.1 
and 2.6.2. 


Proposition 9.7.1. The following statements hold: 

(i) Eeo(Hy4) = o(MP)ns! + 0. 

(i) ForrealE € o(Hper), the subspaces £^* and &*” given by the range of the Riesz pro- 
jection of MF on spec(MP)nB(0) and spec(M“)\B,(0), respectively are I-Lagrangian. 

(iii) For real E € o(Hper), the subspaces €^^ and (&**)* form a Fredholm pair of 
I-Lagrangian subspaces. 


Proof. The first claim follows by a Weyl sequence argument, just as in the proof of Propo- 
sition 2.6.1. The second and third claims follow from Proposition 9.4.6, after a Cayley 
transform. 


As in Section 2.6 now follows the analysis of the energy dependence of the unitaries 
wre SIGE"); OW? = (Ce), 


using the half-space restrictions of Hyer. Let Has and Her be the (Dirichlet) restrictions 
of Hye, to the subspaces P(N, H) and £/(IN', H), respectively, where N = {1,2,...} and 
IN = {...,—1,0}. In the situation of Section 2.6, the fiber Hilbert space + is finite di- 
mensional, and this implies that the new spectrum spec(Hper) \ spec(Hper) only consists 
of a finite number of eigenvalues (bound states) of finite multiplicity. In the present 
situation, it is possible that spec(H»,.) acquires new essential spectrum resulting from 
surface states along the boundary. This spectrum is typically topologically protected. 
It can be studied via K-theoretic methods [152] or via transfer matrix methods along 
the boundary [17, 174]. We believe that the computation of the density of states of this 
boundary spectrum is possible by adapting Corollary 2.6.4 to a semifinite setting (either 
by using the Fourier decomposition along the boundary or, more generally, by transpos- 
ing the techniques from [101]), but this is not carried out here. Irrespective of this, one 
can prove the following analogue of Proposition 2.6.3. 


Proposition 9.7.2. One has, for E € R \ spec(Hper), 


1 * 1 " 
-(wP*)'ogWP*«o, -(wPy'agw*" > 0. 
1 1 
Proof. The whole setup is translation invariant with respect to shifts along the bound- 
ary. Hence it is possible to carry out a (d —1)-dimensional discrete Fourier decomposition 


of all objects involved. In particular, 
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IR 


@ 
Hi. | dk Hz. (o. 
d- 


where k € T4 > Hyer(k) is a real-analytic family of half-space block Jacobi matrices 
with a finite-dimensional fiber. Furthermore, also the transfer operators admit such a 


Fourier decomposition 
[2 

ME = | dk M"(k), 
d— 


with finite-dimensional J-unitaries depending real analytically on k € 14. Thus also 
£P* and £^, as well as W^* and WF”, can be decomposed. For each k € T“1, one can 
now apply Proposition 2.6.3, and integrating over T4! concludes the proof. 


To continue the analysis ofthe scattering Hamiltonian H, let us now set 
mË = multiplicity of E as eigenvalue of H. 


Each eigenstate U^ € PZ? CN) = &(Z, H) decays both at -co and +oo. To construct 
such an eigenstate, one can again proceed as in Section 2.6. Outside of [1, L] n Z, the 
decaying solution satisfies (9.21) with ME = MF. Hence neighboring sites must produce 
vectors lying in £^? on (-co, 0] n Z and lying in €^? on [L +1, oo) n Z. Matching of the 
solutions thus shows 


m” = dim(M*(L, JEF? n £F), (9.23) 


where M*(L,1) = MF... MË. 


Proposition 9.7.3. For E € R \ spec(Hper), the multiplicity mf is finite and given by 
m” = dim(Ker(It(G£^*) (CM? (L, NE?) — 1)). (9.24) 


Proof. By Proposition 9.7.1, the right-hand side of (9.23) is an intersection between the 
two I-Lagrangian subspaces M*(L,1)£^ and £F. This intersection can thus be com- 
puted by (9.24) due to Proposition 9.3.5. It remains to show that this intersection is finite. 
For that purpose, let us first note that by Proposition 9.7.1 one has €^* n € = {0}, and 
therefore 1 is not in the spectrum of II(G£ *)*II(e£.7) = (WP*)* W*", again by Propo- 
sition 9.3.5. Furthermore, let us note that £P? is M?-invariant by construction. Therefore 
(MË) EE? = £^. Due to the assumption (9.19), MË — MF is of finite rank and therefore 
ME(MPy = 1+ F, where F, is of finite rank (and such that 1 + F, is J-unitary). Iter- 
ating one concludes that M*(L,1)(MP) * = 1+ F where F is of finite rank. Finally, by 
Proposition 9.3.8, 
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II(eM*(. DEF?) = 1(eCM*(L,1)(M") ^F") 
= (ea + F)e*) .w* 
= (1+ ere*). W°? 
= W° +K, 
where K is some compact operator (such that W^" + K is unitary). In conclusion, 


I(CEP<)*I(CMË(L,1)EE>) is a compact perturbation of (W®<)* WË? and therefore 
has no essential spectrum in a neighborhood of 1. 


Note that the above proof combined with Theorem 9.4.2 also shows that the sub- 
spaces M*(L, 1)£? and (£^*)* form a Fredholm pair of I-Lagrangians. As in Section 2.6, 
let us now set 

U” = -m(ee^*)' (CM? L, 1e) 
= -(w**)' (CMF (L, 1)e*) - W°. 


Theorem 9.7.4. One has 


l(g£y' a, yF » 0. (9.25) 
1 


Suppose that [Ey E1] N spec(Hyer) = 0 and that Ey and E, are not eigenvalues of H. Then 
the number of bound states of H in |Eg, E4] is given by 


it [eigenvalues of H in [Eg, E,]] = Sf(E € [Ey, E1] > U” through -1). 


Proof. Given the preparations in Propositions 9.7.2 and 9.7.3, the proof is identical to 
that of Theorem 2.6.5. 


10 Index pairings and spectral localizer 


Index theory in the classical setting of the Atiyah-Singer index theorem pairs a Dirac 
operator on a compact spin manifold with a homotopy class of vector bundles, and con- 
structs a Fredholm operator and its associated index [98, 32, 28]. The Dirac operator 
provides cohomological information via a certain de Rham differential form, while the 
vector bundle is thought of as homological data. Already Atiyah [12] interpreted this as 
a pairing of K-theory with what would become K-homology. The first and most elemen- 
tary example of this type is Noether’s index theorem [140] which expresses the winding 
number of an invertible complex function as the index of a Fredholm operator. Later on 
and based on Atiyah's ideas came far-fetching noncommutative generalizations, going 
back to the work of Connes and Kasparov [63, 111, 104, 92]. These noncommutative index 
theorems have numerous applications, in particular in the theory of disordered topo- 
logical insulators [25, 19, 152]. For such solid state systems, it is of great interest to have 
local formulas for the index that can be implemented numerically. Such local expres- 
sions were provided in [128, 129] in terms of the so-called spectral localizer, which was 
motivated by earlier work of Kitaev [114, Appendix C] and Hastings and Loring [102]. 
This spectral localizer is a quite universal tool for the computation of index pairings 
and can be formulated in the purely functional-analytic framework of the earlier chap- 
ters. The main mathematical tool connecting the spectral localizer to index pairings is 
the spectral flow [130, 131, 170, 75], making this chapter a nice application of the theory 
developed above. 


10.1 Fredholm modules and index pairings 


Fredholm modules can be even or odd, reflecting whether the underlying (possibly non- 
commutative) manifold is even or odd dimensional. Let us start out with the even case. 


Definition 10.1.1. An even unbounded Fredholm module for an invertible bounded op- 
erator H = H* on 2€ consists of a self-adjoint, invertible operator D*" on HeH satisfying 
the following conditions: 

(i) D*"has a compact resolvent; 

(ii) D® is odd with respect to the symmetry 


1 0 
T= G 2 e U(9t e H), 


namely 
TDT = -p7 


(iii) the domain 'D(D*") of D® is left invariant by H e H; 
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(iv) the commutator [H e H, D*"] extends to a bounded operator. 


The operator D is of the form 
D” = ( g m (10.1) 


with an invertible unbounded operator Dy on KH. One then extracts a unitary operator 
F on 3, 


F = DyID| ^. 


The operator D*" is then called the Dirac operator and F the Dirac phase. The identity 
TD®T = —D*" is also referred to as the chirality of D*". 


In the literature [63, 92], unbounded Fredholm modules are also called spectral 
triples or unbounded K-cycles. Furthermore, a Fredholm module usually involves rep- 
resentations of some C*-algebra A and requires the bounded commutator property to 
hold for all elements of A. Then H is supposed to be a representative of A, or a ma- 
trix algebra over A, and then specifies a class in the Ky-group Kọ(A) via the projection 
Pos ia - H|H| )). Here in Definition 10.11 we rather work with a hands-on purely 
operator-theoretic approach in which A is simply the enveloping commutative algebra 
of H. Let us also stress, following Carey and Phillips [55], that the condition (iii) does not 
imply that (ii) holds, see Remark 10.1.5 below. An extension to Definition 10.1.1 is the so- 
called nonunital case in which H = H* is allowed to be unbounded (e. g., [54, 171]). Let 
us also note that it is not necessary to require that D*" is invertible, as this can always 
be achieved by a standard doubling trick and adding a mass term. 


Remark 10.1.2. If D*" is not invertible, then replace H by H e H and 


L DY aA ~- HOA ce MO 
DY = ( Ji H = ( Jj T = ( Ji 
ul -D% 0 1 0 -T 


for some u > 0. Then Õ® is invertible and an even Fredholm module for H. This leads 
to the same index pairings; see, e. g., [51] or [171]. o 


Let us next provide a standard example of an even Fredholm module stemming 
from a flat manifold with a trivial spin bundle. It also indicates why the notation T is 
used for the symmetry in Definition 10.1.1, rather than / as in Chapter 9 on Krein spaces. 


Example 10.1.3. Let d be even and y,, ..., ya be an irreducible self-adjoint representa- 
tion of the Clifford algebra with d generators, namely one has 


Yiyj + ViVi = 26; 
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The representation space is C^ with d' = 27. As dis even, there exists a symmetry I (of- 
ten also denoted by y, ,) anticommuting with y4, .. ., yg. Now choose HeH = L^(1, c^ ) 
and set 


d 
D” -iY yg, (10.2) 
j=l 


where 9; denotes the partial derivative on L?^(1^) in the jth direction. The operator D*" is 
self-adjoint and fulfills ID*'T = —D*" as required. It has a d'-dimensional kernel spanned 
by the constant functions, but this is not of relevance as explained above. If H is a mul- 
tiplication operator by a continuously differentiable function x € T^ + H, € R, indeed 
D® is an unbounded Fredholm module for H. By replacing 0; by covariant derivatives 
and the constant y; by a varying representation, this example can readily be generalized 
to arbitrary Riemannian manifolds equipped with a spin structure, e. g., [122]. o 


The following result is well known (e. g., [63, 55, 92]), and it is crucial for the later 
sections. 


Theorem 10.1.4. Let D*" provide an even unbounded Fredholm module for a self-adjoint 
invertible H and let F be the associated Dirac phase. If P = x(H < 0) is the spectral 
projection of H on the negative spectrum, then 


T = PFP +1-P, (10.3) 


is a bounded Fredholm operator on KH. 


Proof. (Following Section 2 of [55].) Set H, = H@H and drop the upper index on D*" = D 
for the sake of notational simplicity. The proof consists in showing that both summands 
on the right-hand side of 


[DIDI Hy] = [D, H5]ID| + D[IDI, Hy] 


are compact. For the first summand, this is immediately clear from assumptions (i) and 
(iv) of Definition 10.1.1. For the second summand, one uses the following spectral calculus 
for the square root: 


Thus 
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The computation of the commutator has to be carried out with great care because it is 
not assumed that H, leaves the domain of D? invariant, but merely that D(D) is invariant. 
Let us start from 

[(A1+ DA", Hy] = (A1 + D^) ij + D*)(A1 + D?) ! - Hj + D?) | 
((A1 D^) ! Q4 + D^) - Hj)01 + D^) | 


( 
= (Q1 D^) HD? + (Q4 + D^) AH; - H5) & D?) | 
= ((A1 + Dy p+ ASP OLED’) ug --morepy 
= -Qa + D) H,D'Q1 + D) | + D + D). H,U4 + D?) |. 

Now D*(A1 + D?y! = D(A1 + D?) 1 D on D(D). Moreover, Ran((41 4 D?) 3) = D(D?) c D(D) 
so that, because H, leaves D(D) invariant by (ii) of Definition 10.1.1, one has on all of KH 
the identity 

D'(a + DP) H(A + D^) = D(A1 + D^) DH, + D?) |. 
In the same way, one shows that on all K, 

D(A1 + D) ‘H,D(A1+ D?) ! = (1 D?) ‘DH,D(A1 + D?) |. 


Replacing in the above, one finds that on all K, 


[01 + D^) ^. H3] 
= -(à1 + D?) Hisp + D(A1 + DY DH, (A1 + D°)” 
= -(à1 + D) HD? (A1 D^) + (A1 + D) DH,D(A1+D’) | 
- D(à1 + D^) H,D(A1 + D^) + DUA + D^) DH (A1 + D?) | 
= (A1 + D^) !ID, H,]D(A1 + D^) | + DA + D^) ID, H5] + DA“. 


Replacing shows 


dì 


D[ID[., Hy] = [D(A1 + D^) ! ID, H,]D(A1 + D^) | 


og 
3 


+ D'(1 + D^) ![D, Hj] + D) |]. 


Now (A + pyi is compact as the square root of a compact positive operator; because 
D(A +D?! =D(A «Di (A «Di is the product of a bounded with a compact operator, 
it is also compact. This shows that both summands under the integral are compact. AII 
integrals are absolutely convergent in norm, so that one concludes that D[|D| 5, H;], and 
hence also [D|D| ^, H,], is compact. But 
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pior, m) = (T oo Sie EY 


Hence [F,H] is compact. Writing P as a Riesz projection with a contour y around the 
negative spectrum, one concludes that 


[F,P] - d z [F, (z1 - H)"] = d Za -H)"[F,H]z1- H)’ 


is also compact. This implies that PF*PFP + 1 — P and PFPF*P + 1 - P are Fredholm 
operators, and this implies the claim by Theorem 34.1. 


Remark 10.1.5. It is not possible to remove the hypothesis (iii) from Definition 10.1.1 
because otherwise the operator T defined in (10.3) may not be Fredholm. In [88] one 
finds several examples of Dirac operators (actually, odd ones in the sense of the Defini- 
tion 10.1.7 below) satisfying (i) and (iv) of Definition 10.1.1 for which the operator T is not 
Fredholm. o 


Definition 10.1.6. Given an even unbounded Fredholm module for an invertible 
H =H’, the associated Fredholm operator T given in (10.3) and its index Ind(T) are 
referred to as the even index pairing. 


Using the notion ofthe index of a pair of projection discussed at length in Chapter 5, 
the index pairing can be expressed as 


Ind(T) = Ind(P, F* PF), 


see Proposition 5.5.3 for the explicit statement. In the literature on K-theory and K-ho- 
mology (in particular, [63, 104, 92]), the index pairing is also denoted by ([D*"]o, [H]p) 
expressing that the pairing does not change when the unbounded Fredholm module 
and gapped self-adjoint are changed within their class in K-homology and K-theory (by 
suitable continuous homotopies). 

Let us now turn to odd unbounded Fredholm modules for invertible bounded opera- 
tors. In a K-theoretic formulation, these latter represent K4-group elements of a suitable 
algebra, and the odd Fredholm modules specify odd K-homology classes. The definition 
of odd Fredholm modules is as that of even ones. 


Definition 10.1.7. An odd unbounded Fredholm module for an invertible bounded op- 
erator A on HX is a self-adjoint, invertible operator D, on H with compact resolvent such 
that A leaves the domain D(D,) invariant and [Do, A] extends to a bounded operator. 
Then the spectral projection E = (Do > 0) is called the associated Hardy projection. 


In slight deviation of standard terminology, the odd Dirac operator is not Dp, but 
rather 
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D” = a o 0 ) 10.4) 
0 -Do 


acting on Ke H. This will allow treating the even and odd case in an analogous manner, 
if one associates an invertible self-adjoint operator H on H e H to A by 


0 A 
H- ps jJ (105) 


The operator is odd with respect to J = diag(1, —1), namely satisfies JHJ = —H, which is 
also called a chiral symmetry. Let us provide a standard example of an odd Fredholm 
module. 


Example 10.1.8. This example completely parallels Example 10.1.3 of even Fredholm 
modules on an even-dimensional torus. Let now d be odd and y4, ..., y; be an irreducible 
representation ofthe Clifford algebra with d generators. The representation space is ct 
with d' = 2. Then set 


d 
D, - 1. yjo;. (10.6) 
j=1 


If A is now a multiplication operator by a differentiable function x € TÊ es A, € R, 
indeed D, specifies an unbounded odd Fredholm module for A. o 


The next result is proved in a similar manner as Theorem 10.14. 


Theorem 10.1.9. Let Dy specify an odd unbounded Fredholm module for an invertible 
bounded operator A and let E = x(Dy > 0) be the associated Hardy projection. If now 
U = A|A[ ! denotes the unitary phase of A, then 


T  EUE «1- E (10.7) 


is a bounded Fredholm operator on 3. 


Definition 10.1.10. Given an odd unbounded Fredholm module for an invertible A, the 
associated Fredholm operator T given in (10.7) and its index Ind(T) are referred to as 
the odd index pairing. 


Let us stress that both index pairings (10.3) and (10.7) result from a Fredholm pair 
of unitarily conjugate orthogonal projections as in Section 5.5, namely (P, F* PF) and 
(E, U* EU), respectively. However, in the even index pairing the projection P stems from 
H and is hence the cohomological (K-theoretic) input to the pairing, while in the odd 
index pairing the projection E rather stems from the homological input D?2. 
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10.2 Spectral flow formulas for index pairings 


In the last section, it was shown that an odd unbounded Fredholm module for either 
a projection or an invertible operator leads to an index pairing. Section 5.5 shows that 
such index pairings are connected to a spectral flow. This leads directly to the following 
result. 


Theorem 10.2.1. Let D specify an odd unbounded Fredholm module for a unitary oper- 
ator U and let E = Y(Dg > 0) be the associated Hardy projection. Then the linear path 
t € [0,1] 5 D, = (1- t)Do + tU* DU is Riesz-continuous and lies entirely in TC (30). Its 
spectral flow is equal to the index pairing, 


Ind(EUE +1- E) = — Sf(t € [0,1] > D,). (10.8) 


Proof. First of all, note that D, = Dg + tU* [D9, U] is a bounded perturbation of an op- 
erator Dy with compact resolvent. Hence the domain D(D,) is constant by the Kato- 
Rellich theorem. The path is continuous in the Riesz topology by Proposition 7.1.5 and 
indeed in IC (30) so that its spectral flow is well defined as the spectral flow of t  3(F;) 
where 3 is the bounded transform. Next let ô = IDs! be the invertibility gap of Do. 
Then D, only has discrete spectrum in (-6,6). Let s € [0,1] + g, be the linear ho- 
motopy of nondecreasing smooth functions g, : IR — IR between some nondecreasing 
continuous function gy satisfying gg(A) = sgn(A) for |A| > 6 and g,(A) = F(A). Then 
(s,t) > g.(D,) € FB,4O€) is norm-continuous. By homotopy invariance of the spectral 
flow, one now has 


Sf(t € [0,1] = D,) = Sf(t € [0,1] + g,(D,)) = Sf(t € [0,1] = go(D,)). 


But go(Dp) = 2E - 1 and gp(D,) = U* (2E - 1)U. Furthermore, the linear path between 
&o(Do) and g9(D4) is homotopic to t € [0,1] + go(D,) within FB,, (JC). Therefore 


Sf(t € [0,1] 5 D+) = Sf(t € [0,1] 5 (1— t)(2E - 1) + tU' QE - 1)U), 
so that, by Corollary 5.6.2, 


Sf(t e [0,1] => D,) = Ind((1 - E)U(1 - E) + E) 
= — Ind(EUE +1- E), 


concluding the proof. 


Given that Theorem 10.2.1 connects the index pairing to the spectral flow of a path 
of self-adjoint Fredholm operators with compact resolvent, one can now use the results 
of Section 7.2 to provide an integral formula for the index pairing. For this purpose, the 
following supplementary property will be required. 
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Definition 10.2.2. Let D be the Dirac operator of a Fredholm module, hence D = D*" as 
2 

in (10.1) or D = D% asin (10.4). Then D is said to be 0-summable if Tre? ) < oo for any 

t>0. 


Theorem 10.2.3. Let D, specify a 0-summable, odd, unbounded Fredholm module for a 
unitary operator U and let E = x(Dy > 0) be the associated Hardy projection. Then the 
spectral flow of t € [0,1] > D, = (1-t)Dy + tU*DgU satisfies, for any € > 0, 


Sf(t € [0,1] 


7 Nie 


1 
= 5 [am (0,D,e * D = —Ind(EUE +1- E). 
0 


It appears that this formula was first found by Wojciechowski (see the discussion 
in Section 8 of [26]) and then it is stated in Getzler’s work [96]. It is dubbed the easy 
adiabatic formula in [26] and is the starting point for the proof of the Connes—Moscovici 
index formula [64]. The reference [26] also provides a semifinite version of this formula. 


Proof of Theorem 10.2.3. In the final part of the proof of Theorem 7.2.2, it is shown that 


Sjo Nie 


1 
1 1 
Sf(t € [0,1] > D) = 24D) - 5Ne(Do) + ^ [amt dD, ?*), 
0 


where 17,(D,) and ne(Do) are the regularized n-invariants defined in (7.5). Due to the 
unitary invariance of the trace, one directly deduces n,(D,) = Ne(Do) and therefore due 
to Theorem 10.2.1 the claim. 


Also even index pairings can be computed in terms of the heat semigroup of the 
Dirac operator. This is the celebrated McKean-Singer formula, see Section 3 in [54]. 


10.3 Spectral localizer for even index pairings 


This section provides an alternative expression for an even index pairing as the signa- 
ture of a suitable finite dimensional self-adjoint matrix called the finite volume even 
spectral localizer. This matrix will essentially be given by suitable matrix elements of 
D*" and H, and it therefore provides a very efficient numerical algorithm for the com- 
putation of the index pairing. The corresponding result for odd index pairings will be 
given in Section 10.4 below. 

Let us construct the even spectral localizer, directly following [129, 131, 170]. There- 
fore, let H = H* € B(H) be invertible and D*" a self-adjoint, invertible Dirac operator 
specifying an unbounded even Fredholm module for H. The even spectral localizer is 
defined as the operator 


-H xD} 
iS ( 2! (10.9) 
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acting on KH e K, where k > 0 is a tuning parameter. To construct finite volume restric- 
tions of the spectral localizer, let us now set (H e H), = Ran(y(|D*"| < p)), for a radius 
p > 0. Recall that D*" has compact resolvent so that each (H e H) p İS finite dimensional. 
Let 2, : He H > (H H), denote the surjective partial isometry onto (H e H), with 
Ker(zp) = (26930) and such that Toles), 18 the identity on (HeH),. Let 1, = 700 
denote the identity on (H e H),. For any operator B on He K, we set B, = TBT; which 
is an operator on (Hẹ H) p: With these notations, the finite volume spectrallocalizer on 
(C e H), is 


e FO 
"^ kD H), 


The following connection of the index pairing to the half-signature of the spectral local- 
izer was first shown in [129]. 


Theorem 10.3.1. Let g = |H | ! be the gap of the invertible self-adjoint operator H. 
Suppose that 


3 


& 2g 
iis : <P. 10.10 
DIHWIDHeHW x ^ (10.10) 


Then ( x 2 £1 In particular, Lg is invertible and thus has a well-defined signature 
Sig(L,.) which is independent of x and p satisfying (10.10), and 


p 
Ind(PFP + 1- P) = 3 Sig(Ly,). (10.11) 


The proof of Theorem 10.3.1 given in [129] is of K-theoretic nature (and thus also 
provides a stronger K-theoretic result). Here, however, we rather provide a proof based 
on spectral flow and, more precisely, on Theorem 5.7.3 which gives a spectral flow for- 
mula for Ind(PFP + 1 — P). Such a spectral flow proof was first put forward in the odd 
case in [130], and then for the even case in [131, 170]. The proof presented below is a 
further improvement requiring neither the normality of D, (as in [131]) nor the Lipshitz 
property (as in [170]). 


Proof. For sake of notation simplicity, let us denote D = D*". To show that the signa- 
ture of Deo is independent of x and p provided that (10.10) holds, we closely follow the 
argument in Section 3 of [129]. The proof will use an even and differentiable tapering 
function G, : R [0,1] with three properties: 

G) GG) =1 for |x| < 5; 

(ii) G(x) = 0 for |x| » p; 

(iii) The Fourier transform Gi, :-ROR, G (p) = x (ine eG (x)dx of the derivative 

G, has an L'-norm bounded by m 
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Such a function can be constructed as follows, see also Lemma 4 in [128]. For p = 0, the 
function 


0, x«1 

1 2 

z(ü-xY, x € [-1, 0], 
£:R—R g0)- e 2 ae 

f=) (=) > x € [0,1], 

1 x»1 


is defined. The Fourier transform of the derivative is g'(p) = 2 with L'-norm 


llg"l Lp) = 1. Then one introduces G; : R > R by 
Gi(X) = g(4x + 3) - g(4x - 3). 


It satisfies |G} lz) < 8. Finally, G, : R — R defined by G,(x) = G,(X) has the desired 
properties. By Theorem 3.2.32 in [39], see also Lemma 10.15 in [92], 


l[G, (D), H e H]| < A [DH e H] ||. (10.12) 


To connect the radii p and p’ > p, let us consider the operator 
Ly pp! (A) = KT DI jy F To Ga.p((—H) e H)G) ppr 
acting on (H e 290)y where 0 <A < 1and 
Grp = (1 x AT Tp F AG, (D). 


Also (10.10) is supposed to hold for the pair x, p and thus also for the pair x, p’. Notice 


that Ly.p,p'(0) = Loy. The first goal is to show that L, , (4) is invertible for all A € [0,1] 


and that its square is bounded from below by £1, when A = 0. The square of Ly, (4) 
is 
gr De Die V 
Lepp O =K Ag D Ty + (ty Gi (C-H) e H)G) yn) 


- ty G) p[D, H © H]TG; yr, 


where Mp DT Tp! = TD was used andT = diag(1, —1). The second summand is bounded 


from below as follows: 


(n, Ga (H e (-H))G m»). 
= Ty G) (H © H)G; H ® H)G, pm, 
> 2,G, p(H e H)G (D) (H e H)G, py 
= 1G; pGp(D)(H e Hy G,(D)G; jr, 
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+ Ty G )[G, (DH e H), [G (D), H e H]]G; 705 
> 8° My G3 ,G(D) Ty + Ty G) plG (DH e H), [Gp(D),H e H]]G; jr; 
> 8n, G (D TY 1,6, ,[G,(D(H e H), [G,(D),H e H]]G; yn. 


where the first step holds because [Gaps T] 20and (96620 e (He 230p e Ker(G; p), 
while the first, as well as the last, inequality follows from G, (Dy < G; For the special 
case of A = 0, one has Gop = 7771, and therefore a better estimate 


402 
(715 Go pHGo pry ) 
> 8° My Gp(D) My + ny [G (D)H © H), [G,(D),H e H]]n. 
Furthermore, by spectral calculus of D, one has the bound 
2 VINE 2 PAE 
K TD Ta 2 g Ty(1- GO), 


because the bound holds for spectral parameters in [30, p'] due to (10.10) and because 
1- G,(D) < 1, while it holds trivially on [0, 2p]. Since 


2 4 
1-G,(D)" + G,(D) = 71, 


3 
4 
it thus follows 
2.232 " 
Lepp (Y 2 78 1y + To Gap[Gp(D)(H e H), [G,(D),H eH]]G; n 
- Kty G) plD, H e H]TG; 7, 


and in the special case A = 0, 


Lepp A)” = g^ + 156; [G4 DH 6 E), [G,(D), H © H]]G py 
- Ky Gi [D, H  H]TG; pity. 


Finally, the error term is bounded using the tapering estimate (10.12): 
|[G,(D)(H e H),[G,(D),H e H]] - x[D,(H e H)]|T| 
16 
< ( zeu e H)|| + «JI [D, H e H]]| 
8 
< (Sun «1)so s e ini 
9 


< =||H||x|[D, H e H]| 
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where the second step used the second inequality in (10.10), as well as IG,(D)ll < 1, the 

third one took advantage of ||H|| > g, and the last inequality came from the first inequal- 

ity in (10.10). Putting all together, one infers L, , (4)? > 0 and L, , (0)? = 1g Ay. 
Next, let us show that 


K,p,p K,p,p 


Sig(L,) = Sig(Ly y). 


for pairs x, p and x’, p’ in the permitted range of parameters. Without loss of generality, 
let p < p'. As Ly, is continuous in x, it is sufficient to consider the case x = x’. Thus one 
needs to show 


Sig(Lx,p,p(0)) = Sig(Lx,pp'(0)), 


when p < p’ and (10.10) is true for x and p. Clearly, L 
shown above that L 


x,p,p' (A) is continuous in A and it was 
xpp' (A) is also invertible for all A € [0,1], so it suffices to prove 

Sig(L,. , 5 (1) = Sig(L, y (1)). (10.13) 
Consider 

Leo 0) = KT Dy + Tp Gp(D)((-H) e H)G,()7. 
Now D commutes with 75,71, so that Ly, (1) decomposes into a direct sum. Let next 
Jl p = Mp! 9 Tp be the surjective partial isometry onto (H e H) pe (9€ e H) p Then 
Lypp! (1) = Lepp) e Ty oKD7ty p- 


The signature of Tp! o DIO. f vanishes so that (10.13) follows. 

It remains to show (10.11), for which x > 0 can be chosen as small as needed and p as 
large as needed. Let us consider the odd increasing differentiable function F, : R 2 R 
given by 


-2, X «-2, 

cx cay ede xp ost 
F(x) = 1x, x € [-1,1], 

sx wax -4x +2, x€ [1,2], 

2, X »2. 


The Fourier transform F of the derivative Fj can be computed explicitly to be 


—4 cos(2p) R -2cos(p) E 6 sin(2p) n —6 sin(p) ) 


= 1 
Fi(p) = -( p. p p p 
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Hence one has an L'-norm bound IF} l < 2, Let us scale to F,:R>R given by 


F,(x) = pFi(*), (10.14) 


Hence F, is an odd increasing differentiable function with F,(x) = x for x < p and 
F(x) =2p = —F,(-x) for |x| 2 2p. Furthermore, the L'-norm of the Fourier transform 
of the derivative is still bounded by 2 Again by either Theorem 3.2.32 in [39] or Lemma 
10.15 in [92], one has the bounds 


28 
|F)(D), H e H]| < - |[D, H e H)|. (10.15) 
Moreover, F, (D) anticommutes with T, hence is of the form 


0 Es! 


Ep) (o. 0 


By Theorem 5.7.3, 


Ind(PFP +1- P) = Sf(t < [0,1] > 1— OH + tF' HP) 
= Sf(t e [0,1] = (1- t)FHF* + tH), 


where item (vi) of Theorem 4.2.1 was used. For self-adjoint bounded Fredholm operators 
Hy and H; such that the linear path t € [0,1] > (1- t)Ho + tH, connecting them is within 
the bounded Fredholm operators, the spectral flow of this path is from now on denoted 


by 
Sf(Ho, H;) = Sf(t € [0, 1] Lr (1 = t)Ho sk tH). 


Using (v) of Theorem 4.2.1, one obtains 


mar? «1- p) = st(( Jm ale p 2)) 


One has 


ui + (tp) tk[H, Do]* ) 
tk[H, D] H? + (te)?\(Dh)* 
> (g^ - t||[F,(D), H e H]|)1, 


(-H oT + tkF,(D))- 


for t € [0, 1]. By (10.15), the linear path connecting the operator -H eT to -H eT + KP,(D) 
is within the invertibles for x sufficiently small. As [H, F] is compact, the linear path 
connecting 
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1 0 1 0 
ic p)cHen (g RA to -H eT + tkF,(D) 


is within the Fredholm operators for all t € [0, 1]. The homotopy invariance of the spec- 
tral flow, see Theorem 4.22, implies 


mar? «1- p) = s(( xo. Hi ae ae i3 
0 F/\o HJVO FAND) H 


Next one directly checks that 


Ser (; dE: 2e D, E m 
WwW = 

P> o BIAS HNO E sF FHF* 
is a path of invertibles. Let us also show that 


Westie ls | es E ae 
KD H SF FHF 


B ( -H tk(Dp)* + (1- 2) 
~ \tkD)+(1-OsF H- (0 - O[H,F]E" 


is Fredholm for all (s,t) € [0, xp] x [0,1]. Because [H, F] is compact, it is sufficient to 
show that 


-H tK(D)* + (1- um 


BSS ani t (1- OsF H 


is Fredholm. One can replace D|D| ! by z; Fo (D) as 
1 A 
Ran( zp PM) — D|D| ) c(He KH) ap 


is finite dimensional, so that arp) - DID| ! is compact. Therefore it is sufficient to 
show that 


C(s, t) = -H 8T + tkF,(D) + (1- ts F,(D) 
2p 
is Fredholm. Now 
1 2 
C(s, t) = (HeTY + (mr, +(1- 05; F)) 
2p 


E [e o) +(1- 5; ED) em 


> G 2 (x +(1- osz JI [F, (D). H eH] 
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> (e $ (x+ * lir. 0) 


42 
> G z — |[D.H emp. 


where the last step follows form (10.15). Therefore C(s, t) is invertible and A(s, t) is Fred- 
holm for all (s, t) € [0, xp] x [0,1] and x sufficiently small. This implies by the homotopy 
invariance of the spectral flow 


* ES 
mar? «1- p) = st((-7 x nae K(Dp) )) 
kpF FHE*)’\xD,, H 


a(R) 
KpF FHF 


for 


jo - (# ed 
KD) H 


For (H e H) pe =(HeHje(He 205p, we denote the surjective partial isometry onto 

(H e 30 by mpc, and for any operator B on H e H set Bye = 7t: B(t,:)'. Then one has 
= = K,p rev 

F,(D) = F,(D), e FD). and F,(D), = Dp- Moreover, (L )p - Lep Next we show that 

the linear path t € [0,1] = L'^(t) for 


roin (L) 0 ) 0 UE 
d o-( o (159), ) * rs CH e Hy)" ER D 


is within the invertibles. First, (L^?) pc can be bounded from below using (10.10): 
2 
((-H eT + kF5(D)),.) 


= (CH & Dj.) + K (F (D)e) - K[Fy(D) pes H 8 V) pe [Pe 
> (ap? - k|[F5 D) (H 8 V)pe ]])15- 


28K 
> (ev E —| [D, H atl ts 
1 
2 aK P Ape, 
where the third step follows from (10.15). Now L"^(t) is given by 


i 0 B 1 
KP 4) _ Kp Kp Kp K,p 
1*0 - 2*9, a (eee. 5) IE) pe Eyl? 


where G is a diagonal unitary with respect to the direct sum HSH = (HOH) e (36630) 
and 
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1 
2 


RE : 
B = (L^) al iT (-H e Hyg) (L^) pl 
The off-diagonal entries satisfy 


V8IHII 


Bll < > 
vKpg 


thus their norm is smaller than 1 for p sufficiently large. Because L'? — ((L"?) 99 (LP) p? 
is finite dimensional and therefore compact, the homotopy invariance of the spectral 
flow then implies 


-H  xpF* 


Ind(PFP +1- P) = st(( : 
KpF FHF 


K,p K,p 
J ), e (L y) 
The path 


s € [0,1] > A(s) = a AES ) 


KpF sFHF* 


is within the invertibles for p sufficiently large. As tA(s),: + (1 — t)(L^^),. is invertible 
for all (s,t) € [0,1] x [0,1] and p sufficiently large, 


tA(s) + (1 - Q((L^), e (L^) pe) 


is Fredholm for all (s, t) € [0,1] x [0,1], so that again by the homotopy invariance of the 
spectral flow 


Ind(PFP + 1- P) = Sf(KpDIDI™, (L), e (L^) .)) 
- Sf(kp(DID| ^), (L^^),) 
+ S(xp(DID[ ^), (L^), ), 


where item (v) of Theorem 4.2.1 was used. The second summand vanishes because the 
linear path 


t € [0,1] > (1 - OKp(DID[) (L^), 


lies in the invertibles for p sufficiently large. As (L^), = Ly’, 


Ind(PFP +1- P) = Sf(kp(D|D| ?) p Iko) = (Siga) - Sig(D,)), 


and because IDT = —D, the signature of D, vanishes and the claim follows. 
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10.4 Spectral localizer for odd index pairings 


This section states and proves the equivalent to Theorem 10.3.1 for the odd index pair- 
ings described in Section 10.1. Hence let A be an invertible operator on + and associate 
to it the invertible chiral operator H on H e K as in (10.5). Further, let Dy be an odd 
unbounded Fredholm module for A and associated to it is the odd Dirac operator Ja 
see (10.4). The aim is to provide a finite-volume expression for the index pairing given 
in Theorem 10.1.9. The odd spectral localizer is now defined as the operator 


TS A ) (10.16) 
A' -KDg 


acting on HeH where k > 0 is a tuning parameter. For the definition of the finite-volume 
approximations, let us set H, = Ran(y(|Dol < p)) and (H ® 30), = Ran(y(|D™| < p)) for 
p > 0. Note that (HeH), Z 3593t,. As D has compact resolvent, each Hp and (HeH), 
is finite dimensional. Let 7, : H — H, denote the surjective partial isometry onto H, 
with Ker(Zp) = (Hp) and such that Tp | 9t, is the identity on Hp. By abuse of notation, the 
surjective partial isometry onto (HeH), is also denoted by 7, : HAH > (HeH), Asin 
Section 10.3, for any operator B on H or H € K, we set B, = TBI, which is an operator 
on H, or (He H)p. With these notations, the finite-volume odd spectral localizer on 


Hp ® Hp is defined by 
pee: oe), 
: A) -KDop 


The following theorem goes back to [128] (at least with slightly stronger assumptions on 
the constants x and p). For the proof by spectral flow, we will essentially follow [130], 
with some improvements stemming from [75] 


Theorem 10.4.1. Let g = ||A !|| ? be the gap of the invertible operator A. Suppose that 
3 


5. 2g 
K< 3 « p. (10.17) 
AND AW K ^^ 


Then the matrix I satisfies the bound (Exo) > £1, In particular, D is invertible and 
thus has a well-defined signature Sig(Le). It is independent of xK and p satisfying (10.17), 
and 


Ind(EUE +1-E) = ; Sig(Ls5). (10.18) 


Proof. For sake of notation simplicity, let us denote D = D The proofthat the signature 
of D. is independent of x and p satisfying (10.17) is essentially the same as in the proof 
of Theorem 10.3.1. In particular, using the same function G, one now has 


330 —— 10 Index pairings and spectral localizer 


8 
EE 


With D and H as in (10.4) and (10.5), respectively, one has 


= 0 a) 
DH e HD - ( o oir 0 
and, due to Gp(-Do) = G,(Do), also 
8 
IGD] < Ito». Al (10119) 


Even though essentially the same as in the proof of Theorem 10.3.1, let us spell out in 
details how to connect the radii p and p' > p. Let us introduce 


Lepp A) = Kp Dityy + ty Ga 5HGj jt, 
acting on Hy ® Hy where 0 <A < 1and 
Grp = (1 = A) Tp F AG, (D). 


Also (10.17) is supposed to hold for the pair x, p and for the pair x, p'. Notice that 
Lepp (0) = Ley The first goal is to show that L, pp (A) is always invertible and that 


(A) is 


K,p,p 


its square is bounded from below by ls when A = 0. The square of L, , 


2 
EE 
= KÓnyD' + (Ty G, HG; ym). + Kay Ga p(DH + HD)G) pT, 


where Tp DI Tp = TD was used. The second summand is bounded from below as 
follows: 


(y Gr HG, s). 
= ny G) 4HG; ,HG; pT 
> My G) pHGp(D) HG, ymo; 
= 1G; ,Gy(D)H ^ G,(D)G, ym + My G) [G5 (D)H, [Gp (D), H]]G; p 
> 81,5; pGp(D) m + My G) [G5 (DH, [Gp(D), H]]G; pry 
> gn, G (D T) + Ty G) plG (DH, [Gp(D), H]]G; p75, 
where the first step holds because (3€ e H) e (3€ ® KH), c Ker(G; p), while the first, as 


well as the last, inequality follows from G,(D) < Gi For the special case of A = 0, one 


has Gop = Toy Tp) and therefore a better estimate 
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x \2 2 2, * 
(7t Go, pHGo py ) > g Ny GDY T5 + ty [G,(D)H, [G,(D),H]]7,). 
Furthermore, by spectral calculus of D, one has the bound 
2 2 2 VATER 
KnyD'my 2 g Ty(1- GO), 


because the bound holds for spectral parameters in [30. p'] due to (10.17) using that 
1- G,(O) < 1, while it holds trivially on [0, 5p]. Since 


1-G,(D)’ + G,(D)} > 74, 


* 
4 
it thus follows 
3 " 
Ly pp! (Ay = 78 de + Tp Gi ([G5(D)H, [G5(D), H]] + K(DH + HD))G; ort, 
and in the special case A = 0, 
Lepp (0)? > gy + ty Gi ([G5(D)H, [G5(D), H]] + K(DH + HD))G, yn. 


Finally, the error term is bounded using the tapering estimate (10.19): 


IG; D). [G,(D), H]] + K(DH + HD)| 


16 
« (Ale, it 7 «JI [A, Doll 


where the second step used the second inequality in (10.17), as well as ||G,(D)|| < 1, the 

third one took advantage of |A|| = g, and finally the last inequality came from the first 

inequality in (10.17). Putting all together, one infers Ly , y (å)? > 0 and Ly „ y (0)? = igay. 
Next, let us show that 


K,p,p K,p,p 


z d " d 
Sig(Lyip) = Sig(L py) 


for pairs x, p and x’, p' in the permitted range of parameters. Without loss of generality, 
let p < p'. As L, , is continuous in x, it is sufficient to consider the case x = x’. Thus one 
needs to show 


Sig(L, p p(0)) = Sig(Lx,pp'(0)), 
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when p < p’ and (10.17) is true for x and p. Clearly, L 
suffices to prove 


Kp. (A) is continuous in A, so it 


Sig(L, pp) = Sig(L, pp (D). 
Consider 
Lepp (1) = KT DT + 7t Gp(D)HG,(D) my. 


Now D commutes with 7771 so that L, (1) decomposes into a direct sum. Further let 
Tp p = Mp © Tp be the surjective partial isometry onto (H e 20 e (H e H)p. Then 
Lyp,p! (1) = Lipp) e Ty pKDT p- 


: * : 
The signature of Tp! pDT py, i vanishes so that 


Sig(Ly. (0) = Sig(L, p p(1)). 


It remains to show (10.18), for which x > 0 can be chosen as small as needed and p 
as large as needed. Let again F, and F, be as in the proof of Theorem 10.3.1. Then one 
has, again similar to (10.15), 


28 28 
lir; AY < Pto... MEDU] « = too. U1 


; (10.20) 


where [Do, U] is bounded by Theorem 3.3.6 in [163]. Because F,(Do) — 2p(2E - 1) is finite 
dimensional and [E, U] is compact, it follows that U *F(Do)U - Fy(D) is compact. By 
construction, XC'5(29) > 0) = E, thus by Theorem 5.7.3, 


Ind(EUE +1- E) = - Sf(t € [0,1] > (1 OF, (Do) + tU" F (Dg)U) 
= Sf(t € [0,1] > (1 - QU*F,(D)U + tF,(Do)), 


where items (iii) and (iv) of Theorem 4.2.1 were used. As in the proof of Theorem 10.3.1, 
for self-adjoint bounded Fredholm operators Hy and H; such that the straight-line path 
t € [0,1] + (1- Hg + tH, connecting them is within the bounded Fredholm operators, 
the spectral flow of this path is denoted by 


Sf(Ho, Hy) = Sf(t € [0,1] Lr (1 = t)Hg t tH). 
Using (v) and (vi) of Theorem 4.2.1, one has 


Ind(EUE +1- E) 


= se( (Fat Pn T ED) (0 :) } 
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The homotopy invariance of the spectral flow, see Theorem 4.2.4, implies 


Ind(EUE +1- E) 


Z KF (Do) 0 i 0 |. (Dy) 1 (e (V 
-s(( "i eot 0 A p E 5 A , (10.21) 


because 


s € [0,1] > Wu i ) 


S1 — -KF,(Dy) 
is a norm-continuous path of invertibles and the linear path connecting 
Ca 0 ) » (7 °) ee s1 ) ~ 2 
0 — -kFj0X) 0 1/\ sl = -KF,(Dy)/\O 1 
is within the Fredholm operators for all s € [0,1] as [F,(D), U] is compact. Multiplying 
out (10.21) shows 


Ind(EUE +1- E) = st (PW ? MU Um y y 


0 -KF (Do) U* -KF (Do) 
For x sufficiently small, the linear path from 


eo U M uu U 
U* -kF, (Do) U' — -KF, (Dp) 


is within the invertibles because of the bound (10.20). As [Fp (Do), U] is compact, the ho- 
motopy invariance of the spectral flow implies 


KF,(Do) 0 @ (Do) U 
Ind(EUE +1-£) = st( (“" (ere 
NEUE don) (( 0 o] U* apos) 


For x sufficiently small, 


S 
s € [0,1] > pe PIA] ) 
(UIAP)*  -KE,(Do) 
is a norm-continuous path of invertibles. Using that [F,(Do), U |A|] is compact for all 
s € [0,1], one directly checks that 


KF (Do) AF Y 


etae (ro. -kF,(D) 


is a norm-continuous paths of bounded Fredholm operators for all s € [0, 1]. Then again 
by the homotopy invariance of the spectral flow, 
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Ind(EUE +1- E) = Seem 0 ) re A )) 
0 -KF (Do) A -KF,(D9) 
= Sf(kF,(D), L^) 
for 
LK? = (ge A 
A* -KF, (Do) . 


For Hp = H © Hp, we denote the surjective partial isometry onto Hp: and Hy ® Hye 
by 7,:. For any operator B on K or H e K, let us define By. = eB(7,-)". One clearly 


has F,(Do) = F,(Do)p e F,(Do) p¢ and F,(Do)p 

(L^, = n. Next we show that the linear path 
Kp 

(L^), 
0 


0 
t e [0,1] > L(t H 
[0,1] > L"^t) qn», 
is within the invertibles. Let us first check that 
KP, (Do) io! 


(5, - ( 
p Ay 


is invertible. One has 


(LX). = ( KF (Dope + Apc (Ape) 
p K(F(Dp) Age -Ap F5(Do)) 


> (i! p? - x|[F5 (29). A] ig: 


28 
Kp- K [Do A] D 


by 


)+ 


(Do) and similarly for D. Moreover, 


d ) 


0 
Jt H (Tp) i 


MoH (1c) t 
0 


Ap: 


-kF, (Do). 


) 


K(F,(Do)Ap: - ApeFp(Do)) 
KF (Dope + (Ape) "Ape 


) 


where G is a diagonal unitary with respect to the direct sum HSH = (J(e3()5e(306e30 5 


and 


Y. 
B = (L^),| 77H (rp) 


ol 


The off-diagonal entries satisfy 


Jav) 


1 
2 


Pa 
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V8 IIH | 
JKpg ' 
thus their norm is smaller than 1 for p sufficiently large. Because L^? — (L^) pe (LP?) pe? 


is finite dimensional and therefore compact, the homotopy invariance of the spectral 
flow implies 


IBI < 


Ind(EUE + 1 - E) = SÉKF,(D), (L^), e (LP) pe) 
= Sf(KF,(D),, (^^) p) + SKKF, (D). (LPF) p) 


Now (KF,(D),c)” = x^p" so that the path t € [0,1] = tKF,(D), + (1 — 0(L"^),. con- 
sists of invertibles for p sufficiently large and its spectral flow vanishes by item (i) of 
Theorem 4.2.1. Therefore, using F,(D), = D, and (LP), = L, one concludes 
dy. lye. rod ; 
Ind(EUE + 1- E) = SÉ(KF,(D),, Ly) = 5 Sisko) - Sig(D,)) 


by Definition 1.1.3. As D, = diag(Do p» —Dop) fulfills (7 )D5( 5 


10 = -D, its signature 
vanishes. This implies the claim. 


10.5 The j-invariant of the spectral localizer 


Section 7.2 provided the definition of the n-invariant, as well as the motivation behind it, 
as a measure ofthe spectral asymmetry of an invertible self-adjoint operator, see Defini- 
tion 7.2.1. Here the latter operator will be the spectral localizer L, associated to an index 
pairing. It is the first aim of this section to show that the n-invariant of the spectral lo- 
calizer is well defined under suitable supplementary assumptions and that it can be 
computed as the finite-volume half-signature, as expected. Furthermore, a connection 
between -invariant and spectral flow will be established and this provides yet another 
spectral flow approach to index theory. 

In the following, it will be necessary to associate a spatial dimension to a Fredholm 
module. This will first be done via trace class property of the resolvent of the Dirac oper- 
ator which, as shown in Lemma 10.5.3 below, is tightly connected to a short time asymp- 
totics of the associated heat kernel. Later on we will also consider a spinorial dimension 
of the Dirac operator. 


Definition 10.5.1. Let D be the Dirac operator of a Fredholm module, hence D = D*" as 
in (10.1) or D = D% as in (10.4). Then D is said to be (at least) of dimension d if, for every 
€ » 0, 


Tr(ID| ^*) < oo. 


Then D and the associated Fredholm module is also called (d + €)-summable. 
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Note that every (d+e)-summable Fredholm module is also 6-summable in the sense 
of Definition 10.2.2. Indeed, 0-summability is a considerably weaker condition. 


Example 10.5.2. Let D be the Dirac operator on the torus TÎ given in Examples 10.1.3 
and 10.1.8. Then D? = — m à is the Laplacian. By Fourier transform, one sees that the 
eigenvalues of D? are |n|? = Fi n for n = (n,,..., nj). Eliminating n = 0 (by going to 
2 x 2 matrices and adding a mass as in Remark 10.1.2), one then readily checks that D is 
of dimension d in the sense of Definition 10.5.1. 


Lemma 10.5.3. Let D be the Dirac operator of a Fredholm module satisfying 
-tp? za 
Tr(e™ )<ct?. (10.22) 
Then D is of dimension d, namely (d + €)-summable for alle > 0. 


Proof. Let us first use functional calculus to rewrite 


1 


r(£75) 


d va 
dttz te 


Ipi = 


TPA StD = tp? -tp? A 2 2 ioe 
Hence splitting e =e 2” e 2” and using that D^ > g^ for some positive g, one de- 


duces from the hypothesis 


o 
zd: G de (ft -i 
Tr(ID| ^) < Jac (5) ei, 
0 


and thus the integral is finite. 


If (10.22) holds, then Lemma 7.2.3 applied to Hy = D and V = 0 implies that 
Tr(IDI*e 7) « Ct 7, a0. (10.23) 
Let us now first note that Dirac operators have well-defined, albeit uninteresting 


n-invariants. 


Proposition 10.5.4. Let D be an even or odd Dirac operator given by (10.1) or (10.4) satis- 
fying (10.22). Then the n-invariant exists and vanishes, n(D) = 0. 


Proof. We will use (10.23) for a = 1. For both an even and odd Dirac operator D, one has 
v 2 *j2 2 *|2 
Tr(DJe ? ) = Tr(Dgle Pv" + [De je!) < oo so that Doe 0!’ and Doe "Po! are trace 

class. Hence one can compute, for the odd Dirac operator, 


Tr(De’) = Tr(Dye™ - Dye?) = 0, 
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and, for even Dirac operator given by (10.1), the diagonal vanishes, so that the trace also 
vanishes. Consequently, also the n-invariant given by (7.4) vanishes. 


For the proof of Proposition 10.5.4, merely the particular structure of the Dirac op- 
erator given as a 2 x 2 matrix in (10.1) and (10.4) was of importance. If D is the Dirac 
operator of a spin manifold, one has further expressions in D and its heat kernel that 
have a vanishing trace. Let us show this explicitly for the example of a Dirac operator 
on a torus already analyzed in Examples 10.1.3 and 10.1.8. 


Example 10.5.5. Let Dp on E, c”) be given in terms of the irreducible Clifford al- 
gebra representation y4,..., yq just as in (10.2) and (10.6). Recall that y,,...,yq are con- 
structed iteratively using 2x2 Pauli matrices and therefore, in particular, have vanishing 
trace. Hence for a bounded operator A acting as the identity on c7, one has 


d 
Tr(Dge 0" A) = : V Tr(yjaje "P A) EE 
jal 


because already the partial trace of C^ vanishes. Using further algebraic properties of 
the Clifford algebra representation, it is possible to show that also other traces involving 
several heat kernels as factors vanish, but this is not further developed here. © 


The aim in the following is to show that the n-invariant of the spectral localizer 
exists, at least for low-dimensional Fredholm modules. We will deal with both the even 
and odd case simultaneously and simply write Lẹ instead of L5" and L°¢, and similarly 
D for D” and D™. 


Theorem 10.5.6. Let d = 1,2,3 and suppose that the Dirac operator satisfies (10.22). Fur- 

ther, suppose that the first condition in (10.10) or (10.17) holds. Then the spectral localizer 

L, defined in (10.9) and (10.16) has a well-defined n-invariant in the following cases: 

D d=1; 

(ii) d = 2 and Dy normal; 

(iii) d = 3 and Tr(Dye A) = 0 for any t > 0 and bounded operator A acting as the 
identity on the spinorial part £^ of the Hilbert space. 


The first task of the proof will be to deduce heat kernel estimates for L, from those 
for D. 


Lemma 10.5.7. Suppose that (10.22) holds. Set V = Lẹ — KD. Then there are C}, > 0 such 
that 


[zoe], « cIe I. a2 o. (10.24) 


Moreover, for r > 1, there are e > 0 such that 


lente. «cue rint, aso. 
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Proof. This follows directly from Lemma 7.2.3 applied to Hy = KD and V = L, — KD, 
combined with the bound (10.22). 


For the remainder of the proof, the square of the localizer will be used. Let us write 


2 
Li =A+V, 
where A = x?D? and in the even, respectively odd, case 


v=( H? E -( AA* pw 
~ AK[H, Do] H^ J* UC XWDSA]. AA 


Then A » 0 and, by the hypothesis in Theorem 10.5.6, Y is a bounded operator. Let us 
note that A is even with respect to 04 = m) in the grading of V, namely Ao; = 03A. Due 
to the boundedness of Y, DuHamel’s formula holds [163]: 


1 
E A | dre tbe hy (10.25) 
0 


Proof of Theorem 10.5.6. We will use the representation (7.3) of the n-function ,(L,,) in 
terms of the heat kernel of I? and split it into three summands 


ns) = — (n'le * n" Gg) +" ap) 
VES 


with 


It will be shown below that it is relatively straightforward to bound n” (Lẹ) by using 
that L, is invertible. It turns out to be more challenging to bound the two other terms 
because the bounds on the heat kernel given in Lemma 10.5.7 are insufficient due to the 
nonintegrable singularity at t = 0. Beneath these two terms, n'(L,.) seems to be more 
singular due to the presence of the unbounded operator D. 

Let us start out with n’ (Lẹ). Replacing DuHamel’s formula (10.25) leads to 


1 1 
n (Ly) =K | dtt? (roes +t | dr npe ctu it 
0 0 
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1 1 
-=K | dtt? | dr Tr(De- 0th grt) (10.26) 
0 0 


because 
Tr(De“*) = Tr(De* P) = 


For d odd, this holds due to the symmetry of the spectrum of D = Dg & 03, or because 
D and A are odd and even with respect to o4, respectively. For d even, it follows directly 
from the fact that D is off-diagonal and e ^^ diagonal. 

For d - 1, one can bound (10.26) directly by using the Cauchy-Schwarz inequality 
as follows: 


|Tr(kDe- tye] «Tr(Ag ^7 LOL Tr(Y* Ve" uy 
< [V] Tr(Ae 20-0? m 
« C(d - Xt) ro, (10.27) 
due to Lemma 10.5.7, so that 
1 1 
nEs [à e? farca- r) ir^ < oo, 
D 0 


as long as s > —1, so in particular for s = 0. 
For d > 1, one has to further expand the heat kernel of L, using the DuHamel's 
formula. Hence let us again substitute (10.25) into (10.26): 


1 1 
n (Ly) = -K | dtt? | dr Tr(De C ^ yg Tt^) 
D 
1 


1 
-K [att dtt? Í dr (rt) | dr! Tr(De Oye Q-Torthyg-r'r tL) 
0 


0 
1 

-K =-x | dtt? Tr(De ^^v) 
0 


1 1 1 
-K | dtt? | arr | dr' Tr(De 7 tAr rty oTr thy). (10.28) 
0 0 0 


The lowest-order term has to be dealt with separately for an even and odd Fredholm 
module. For d even, one finds using the normality of Dy that 
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Tr(De y) = x Tr((Dze PP tH, Dy] + Dye PP: [pz H])), 
which vanishes due to the normality of Do. For odd d, one finds 
Tr(De-*^y) = Tr(Dge * P (A* A — AA*)), 


which vanishes because the spinorial degrees of freedom of D, have a vanishing trace 
due to the hypothesis for d = 3. Hence remains to bound the double integral in (10.28). 
This will be possible for dimension d - 2 and d - 3, but not for d » 3 for which again 
DuHamel's formula has to be replaced. For d = 1, it was sufficient to bound the integrand 
of the remainder by the Cauchy-Schwarz inequality, see (10.27). Here one rather has to 
use the multiple Hélder inequality and then the bound of Lemma 10.5.7: 


[Tr(De Oye 0 raye- tE] 
x Tre pA tate Oye Array) 


< Jaz 267775 | P ate C? R Je ^l " Iv? 
4 Q %3 


—~(4q,41- -(4 a 
Erro) oett (ata er nt)? 


= ct! t 2) pC (+d) H(5-@) (1- ry Gata (ry Gat i -a) (4 E py ie 
where q + q; + q; = 1. Note that the bound in t is sufficient to bound the integral over t 
in (10.28) as long as d < 3. Now to insure integrability in r at 0 and 1, as well as in r' at 0 
and 1, one needs respectively 


d 
suits 


d 
- lo - 1. 
2 5 4* ; 6 < 


d 3 d 
24h *d9-a «5, jb ras 


2 


One can hence choose a = 1 and qı = q = i so that q3 = 1 to obtain 


d 


|Tr( De (thy g Cr rtan eT rus ) 
1 — ae 
8(1— ry *. 


d 
4 


d,1 3d+2 = 
«cc Gt»p E (a -rry E 


Replacing this into (10.28) shows that all integrals converge for d < 3 and s = 0. 
Next turning to n” (Lẹ), one starts out as in (10.26) to find 


1 1 
n" (Lx) = | dtt (ma, - xD)e ^^) - t | dr Tr( (Ly - KD)e yen) ) 
0 0 


The first summand vanishes. For odd d, this results from the fact that Lẹ — KD is off- 
diagonal while e ^^ is diagonal. For even d, (Lẹ — kD)e ^^ is diagonal, but, due to the 
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normality of Do, one diagonal entry is minus the second one so that the trace vanishes. 
Hence 


1 1 
n" (Lx) =- | dtt? | dr Tr((L, — kD)e ye TH), (10.29) 
0 0 


Now set H' = L,— kD which for odd d means H = H' and for even d rather H' = -H &0;. 
For dimension d - 2, it is sufficient to bound the integrand with the Cauchy-Schwarz 
inequality and Lemma 10.5.7: 


_d 

[Tr(H'e Myers)! < urtica. - rye) * 
because replacing in (10.29) shows that 1j" (L,.) is finite for s = 0. For d > 3, it is again 
necessary to replace DuHamel's formula 


1 1 
n" (Ly) =- | dtt? | dr Tr(H'e 0 ^ yg Tt^) 
0 D 
1 


1 1 
= | dtt? | dr (rt) | dr’ Tr(H' e OM ye Ar tayor riL, 
0 0 0 


For d = 3, the integrand in the leading term vanishes because 
Tr(He ^ ve ^) = Tr(A* e Pip, Aje P + Aet P A", p, e P) 


and the trace vanishes due to the spinorial degrees of freedom of Dy. Then the second 
summand can be bounded as the term in (10.28) (actually it is less singular here). 
For n” (Lx) and hence large t, the estimate (10.24) is of little help. It has to be boosted 


by using the gap of Lẹ. Suppose that Le > €, a lower bound that holds for e = " Then, 
for any a € (0,1), by Cauchy-Schwarz inequality, 


Tr(L,e "sy? < Tr(L2g 2 ) Tr(g 1-904) 


2 2 2 
< Qat)! Tr(e *!)| e 22a) tL, | Tr(e etl ), 
where the bound xe™ < tle"? for x,t > 0 was used. Hence with (10.24), 


Tr(L,e ^) < (2at) 3e 0-29 Tye athe) 


< (2at) i e Ote otl V eto - 5 


Choosing a < 4 min(1, we one infers that, for some constant C’” depending on e, 
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Tr(L,e ^) < Ce 4. 


Hence also n” (Lp) is bounded, actually for all s. 


Remark 10.5.8. Let us briefly indicate how to address the existence of the n-invariant 
for the spectral localizer of pairings with a Dirac operator that satisfies (10.23) for some 
d > 3, namely to extend Theorem 10.5.6 to this case. First of all, the contribution n” (L,) 
in the proof of Theorem 10.5.6 can be dealt with in the same manner, but the expressions 
n'(L,) and n" (L,) require more care. Let us focus on rj (L,). Starting from (10.28) it is 
then necessary to replace once again DuHamel’s formula to obtain 


1 1 
n (L) = | datt? | drr | dr! kTr(De FTE Aye Q-rorthyy) 
0 


1 
[at Jar je r i 
0 
1- HV 


r Aye -ü- r rt^ -(1-r" )rrtha -rr 


[m 


© 


-KTr(De™ rt) 

Again the first summand has to be shown to vanish for d even and d odd separately, by 
imposing supplementary conditions on Dp. Such conditions should, in particular, hold 
for the example of the Dirac operator on the torus, see Example 10.5.5. When this is 
achieved, a multiple Hólder inequality then allows us to control the term with the triple 
integral in dimension d < 5. For d > 5, yet another iteration is needed. The term n" (Ly) 
can then be handled in a similar manner. Just as in Example 10.5.5, no further algebraic 
details are provided here. o 


Next the general connection between the n-invariants and spectral flow as de- 
Scribed in Section 7.2 will be applied to the particular case of a spectral localizer. This 
shows that the spectral asymmetry of the spectral localizers is acquired by a spectral 
flow while the Hamiltonian (namely K-theoretic part of the index pairing) is added to 
the free spectral localizer which is essentially given by the Dirac operator. For d = 1, this 
connection was first proved in [128]. 


Theorem 10.5.9. Suppose that all hypothesis of Theorem 10.5.6 hold. Consider the path 
A € [0,1] L(A) = (1  A)KD + AL, of self-adjoint operators with compact resolvents. 
Then 


n(L,) = 2Sf(A € [0,1] > L,(A)). 


Proof. Because n(L,(0)) = n(D) = 0, the claim follows from Theorem 7.2.2 once it is 
shown that 
ei 1 


lim Š + | OTOL, (aye hx") = 0, (10.30) 
e|0 m 3 
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One hence needs to control Tr(3,L,(A)e“* ). This can be done exactly as the bound 


on the term n” (Ly) in the proof of Theorem 10.5.6, the only difference being the supple- 
mentary integral in n” (Lẹ). Further details are not spelled out. 


The previous result implies that the n-invariant of the spectral localizer is an integer, 
provided the conditions of Theorem 10.5.6 hold. Finally, let us note that it is actually 
equal to the finite-volume signature and hence the value of the index pairing. 


Proposition 10.5.10. Suppose that all hypothesis of Theorem 10.5.6 hold. If, moreover, p 
is as in (10.10) or (10.17), then 


nag) = Sig(L,p)- 


Proof. By the definition of the finite-dimensional spectral flow, see Definition 1.1.3, one 
has 


Sig(L, 5) = Sig(Lk p) - Sig(Dp) = 2Sf(A € [0,1] + (1-A)KD, + AL, ;). 
Comparing this to Theorem 10.5.9 shows that it is sufficient to prove 
SFA € [0,1] > (1- KD, + AL) = SÉ(A € [0,1] > (1 - A)KD + AL;). 


Let us first show that (1 — A)KD pe + AL, pc e L((9€ e 30g) is invertible for all A e [0,1] 
and p sufficiently large. For the even spectral localizer, one directly checks 


((1-A)KDge AL, ye). 


Bebe a 0 Di H - HD; 
=K Dy +A (Ly pc = KD) +ax( 


HD, - DoH 0 
> Kp - K||[Do, HI]. 


Thus for p sufficiently large, one has 
((1—A)KDye + AL nye) > ee. (10.31) 


A similar argument shows that (10.31) holds for the odd spectral localizer if p is suffi- 
ciently large. Then (1 — A)KDp + AL, c is invertible for all A € [0,1], and therefore 


Sf(A € [0,1]  (1-A)KDpe + AL. pe) = 0. 
Hence the additivity of the spectral flow, see item (v) of Theorem 7.1.7, implies 


SÉ(A € [0,1] + (1-A)KDp + AL, p) 
= Sf(A € [0.1]  (1-A)K(Dy © Dye) + AlL p ® Ly ox). 
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The linear homotopy A : [0,1] x [0,1] > L(H e H) defined by 
h(A s) = (1 - AKD + A(Ly, ® Ly c) + SA(pe (Ly = KD)Ut5)" + Mp (Ly — KD) (Ipc) ) 
connects 
A € [0,1] 5 AA, 0) = 1 -A)K(D, © Doe) + A(Lcs ® Lip) 
to the path 
À € [0,1] > A(4,0) = (1- A)KD + AL,. 


Moreover, A(0, s) = D is invertible and an argument similar to that in the proofs of The- 
orems 10.3.1 and 10.4.1 shows that 


h(,s) = (Lep 6 Loy) + St (Ly = KD)(7p)" xL. - KD)Gt:)') 


is invertible for all s € [0,1] for p sufficiently large. Thus the claim follows from the 
homotopy invariance of the spectral flow, see Theorem 7.1.8, provided it is shown that h 
is gap-continuous. To show the gap-continuity, note that 


(A, s) € [0,1] x [0,1] 5 H(A, s) = h(A, s) - KD 


is bounded and norm-continuous. By Theorem 6.3.12, the gap metric on L,,(H e H) is 
equivalent to the metric dz defined in (6.19). For (A, s), (4^, s") € [0,1] x [0,1], one has 


d (h(, s) - h(a’, s")) = 2/(hQ, s) 1) ^ - (R( s) +11) | 
= (hA, s) +11) (h(a, s") - hA, S) (R^, s") + 11) | 


E 


due to the resolvent identity. Because ||(A(A, s) + 11) !| < 1 for (A, s) € [0,1] x [0,1] by the 
spectral radius theorem, one concludes that h is gap-continuous. 


11 Spectral flow in semifinite von Neumann algebras 


In this chapter the theory of Fredholm operators in a von Neumann algebra N with re- 
spect to a semifinite, normal, faithful trace J is developed and then used to introduce 
a spectral flow for paths of self-adjoint J-Fredholm operators, generalizing the more 
conventional spectral flow studied in prior chapters. This semifinite spectral flow is, in 
general, not integer-valued and measures, e. g., how much possibly absolutely continu- 
ous spectral density flows through 0 from left to right. The notion of semifinite spectral 
flow goes back to the work of Perera [144] and Phillips [148], and there are numerous 
later contributions [26, 197, 110, 93]. In Section 11.1, some basic facts about von Neu- 
mann algebras and traces thereon are reviewed. All of these facts can be found in the 
textbooks [72, 189]. Following the Appendix of [149] and [40, 41], J-Fredholm operators 
(often also called Breuer-Fredholm operators) are introduced and then the generaliza- 
tion of Atkinson's theorem is proved. In Section 11.2, this is generalized to skew-corner 
Fredholm operators (also called (P - Q)-Fredholm operators for orthogonal projections 
P,Q € N), following [54]. Sections 11.1 and 11.2 both provide considerably more detailed 
arguments than the references [149, 54] which at several places are sketchy or incom- 
plete. Section 11.3 discusses semifinite Fredholm pairs of projections and generalizes 
many of the results of Chapter 5. The spectral flow for paths of self-adjoint J-Fredholm 
operators is then defined in Section 11.4 by closely following [26]. Several basic prop- 
erties of the semifinite spectral flow are shown. They are all generalizations of results 
from Chapter 4. Finally, Section 11.5 is about index formulas for the semifinite spectral 
flow, and Section 11.6 generalizes the concept and results on the spectral localizer from 
Chapter 10. This is based on [170]. 


11.1 Fredholm operators in semifinite von Neumann algebras 
Let N be a subset of B(H). Its commutant N’ is the algebra 
N' = (B € B(90 : AB = BA VA € N}. 
If N is self-adjoint (namely invariant under taking adjoints), this also holds for N’. The 


bicommutant N” = (N')' of N is the commutant of N’. 


Definition 11.1.1. A unital self-adjoint subalgebra N c IB(2€) is called a von Neumann 
algebra if it coincides with its bicommutant, namely N = N”. 


Let us recall that the weak operator topology on B(H) is the coarsest topology for 
which all functions 


foy: BOO >C, Ar (HAY) yeH, 
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are continuous. Moreover, the strong operator topology on B(H) is the topology of point- 
wise convergence, namely the coarsest topology for which all maps 


fo : BCH) > K, ArAg, QEK, 


are continuous. The von Neumann bicommutant theorem, see [72, 189], states the fol- 
lowing: 


Theorem 11.1.2. Let N c B(H) be a unital self-adjoint subalgebra, then the closure of N 
in the weak and strong operator topology both coincide with N". 


In particular, every von Neumann algebra is closed with respect to the weak and 
strong operator topology. For a von Neumann algebra N c B(H), let 


N, ={AeN:A>0} 


denote the set of positive semidefinite elements in N. Also recall that the set P(N) of 
all projections in N is a complete lattice, namely given a family (Pj)j.; of orthogonal 
projections in XN, also inf;.; Pj is an orthogonal projection in N onto the closed subspace 
Mier Ran(P;). Then sup; P; = 1 — inf; ; (1 - Pj) is also in N. Now all notions needed for 
the definition of semifinite, faithful, and normal traces are available. 


Definition 11.1.3. Let N c B(H) be a von Neumann algebra. A map J : N, — [0,00] is 
called a trace if it is positive additive and unitarily invariant, namely satisfies 


J(GgAo + 441) = a9J(Ag) + a, T(Aj), 
for all Ap, A, € N, and ag, a, € R}, and 
J(U*AU) = 9(A) 


for all unitary elements U € N and all positive elements A € N,. 

(i) Atrace 7 : N, — [0,00] is called semifinite if for every orthogonal projection 
P e N there exists an increasing net of orthogonal projections (Pj);.; in N such that 
J(P;) < co and such that P = supi.; Pi- 

(ii) Atrace J : N,  [0,co] is said to be faithful if 7(A) = 0 implies A = 0 for all A € N,. 

(iii) A semifinite trace 7 : N, — [0, co] is called normal if for any increasing net (A;)ier 
with A; € N, with supremum A = supj.; A; € N}, one has 


J(A) = sup 7(A)). 


ieI 


If A € N can be decomposed as A = P a, A, for some N € N with a, € C and 
Ag € N, such that J(A,) < co for all n =1,...,N, then A is called J-finite and its trace is 
defined as 
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N 
T(A) = Y a,3(A,). 


n=1 


One directly checks that this is independent of the decomposition of A. Moreover, the set 
of J-finite elements of N is a two-sided ideal in N and (see Chapter 6 of Part 1 in [72], or 
Section V2 in [189]) the trace is cyclic in the sense that 


J(AB) = 7(BA), 


whenever A, B € N and A is 7-finite. One can readily check that the canonical trace on 
K is a semifinite, faithful, and normal trace on the von Neumann algebra B(H). 

From now on let N be a von Neumann algebra with a semifinite faithful normal 
trace 7. We introduce the notion of compact operators and of Fredholm operators with 
respect to J. Let K denote the norm-closure of the smallest algebraic ideal in N contain- 
ing the 7-finite projections. This is called the ideal of J-compact operators in N (in part 
of the literature, this is denoted by Ky to stress the dependence on 7). It is known that 
any projection in K is 7-finite. Associated to K is a short exact sequence 


0>K>N> N/K 50. 


The quotient Q = N/K is called the Calkin algebra and the quotient map is denoted by zz. 

In this chapter a lot of orthogonal projections appear. They are denoted by P, Q, R, 
and F. Thus, in this chapter Q is an orthogonal projection and not a symmetry, and F is 
an orthogonal projection and not an arbitrary element of IB(J(). Moreover the following 
notation will be used: 


Notation. For any subspace € of K, the orthogonal projection onto the closure of € is 
denoted by Pe. 


Hence Ran(P-) = €. For example, with this notation one has, for any orthogonal 


projection P, 


P = Pranp) = Pker(ps = 1 — Prerp;. 


Asinthis chapter all projections are orthogonal, we drop the specification *orthogonal" 
and simply speak of projections. 


Definition 11.1.4. An operator T € N is J-Fredholm (or Breuer-Fredholm relative to 7) 
if Pxeyr) is 7-finite and there is a 7-finite projection P € N such that Ran(1- P) c Ran(T). 
Its J-index is defined by 


J-Ind(T) = J(Pyerr)) — T (Perry) 


The set of J-Fredholm operators will be denoted by F(N, 7). 


348 —— 11 Spectral flow in semifinite von Neumann algebras 


Note that Ran(1— P) c Ran(T) implies Ker(T*) = Ran(T)- c Ran(P) and therefore 
J(Ker(T*)) is 7-finite and the J-index of T is a real number. 


Remark 11.1.5. If N = B(H) is equipped with the canonical trace Tr, which is a semifi- 
nite, faithful, normal trace, then the condition in Definition 11.1.4 implies that Ran(T) is 
a subspace of finite codimension and hence, in particular, a closed subspace. Therefore 
F(N, 7) is precisely the set FB(H) of bounded Fredholm operators studied in Section 3.2. 
Let us stress that in general Fredholm operators in the sense of Definition 11.1.4 need not 
have a closed range. o 


The following result generalizes Atkinson's theorem, which is made up of parts of 
Theorem 3.2.4, Corollary 3.3.2, and Theorem 3.3.4. 


Theorem 11.1.6. Let N c B(H) bea von Neumann algebra with a semifinite faithful nor- 
mal trace J. 
(i) Let K e X bea J-compact operator in N. Then 1 - K is J-Fredholm and 


J-Ind(1 - K) = 0. 


(ii) T € Nis a J-Fredholm operator if and only if the image m(T) of T in Q is invertible. 
(iii) If T and S are J-Fredholm operators in N, then so are T* and ST. Their J-indices fulfill 


TInd(T')- -J-Ind(T) and J-Ind(ST) = T-Ind(S) + 7-Ind(T). 


The proof is based on several lemmas and will take up the remainder of this section, 
except for Corollary 11.1.13 below that contains important supplementary information 
on semifinite Fredholm operators. 


Lemma 11.1.7. For A € N, the range projection Prana) is in N, and one has 


T(Pran(ay) = T(Pran(a*y): 


Proof. Let A = V|A| be the polar decomposition of A in the sense of von Neumann. Let us 
first check that V is an element of N” and therefore also of N. First of all, as A, A* € N, 
also A*A € N and, by writing the square root as a series, also |A| € XN. Thus for any 
B € N', one has 0 = [B,A] = [B,V]|A| + V[B, |A|] so that [B, V]|A| = 0. As B leaves 
Ker(A) = Ker(V) invariant, this implies that [B, V] = 0, namely V € N”. One then also 
has VV" = Prana) € Nand V^V = Pranas) € N.IfT(VV") < oo, then also V = VV*V 
is J-finite and therefore J(V* V) < oo. Hence one can assume that both 7 (Pg4,(4) and 
J (Pnan(a:)) are J-finite because otherwise the claim is trivial. If the trace class condition 
holds, then the cyclicity of the trace implies 


J(Pnana*)) = (V V) = J(VV*) = J(Pnanza)). 


concluding the proof. 
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The following is also known as the semifinite parallelogram law, see Proposi- 
tion V.1.6 in [189]. 


Lemma 11.1.8. For projections P,Q € N, one has inf(P, Q) € N and 
J(P - infP,1 - Q)) = T(Q - inf(Q,1- P)). 
Proof. As Ker(PQ) = Ker(Q) e (Ran(Q) n Ker(P)), one has 
Pran(Qp) = PKer(PQy* 
= 1- Pker(Pọ) 


=1- Pyer(Q) = Pnan(gynKer(P) 
-Q-inf(Q,1- P). 


Because Pranon) is in N by Lemma 11.1.7, this implies that inf(Q, 1—P) is in N. Replacing P 
by 1- P shows inf(P, Q) € N for all projections P, Q € N. Similarly, as one has Ker(QP) = 
Ker(P) e (Ran(P) n Ker(Q)), it follows that 


Pnan(pQ) = Pyer(Qpy- = P = inf(P, 1 = Q). 


The claim now follows from Lemma 11.1.7. 


Lemma 11.1.9. For every T € N, there is a nondecreasing sequence (Pn) nen of projections 
in N such that 

(i) Ran(P,) c Ran(T) for all n € N, 

(i) sup, P, = Prancr): 


Proof. Because Ran(T) > Ran(TT") and Ran(T) = Ker(T*)- = Ker(TT")* = Ran(TT*), 
it is sufficient to prove the lemma for T > 0. Then let the projection-valued spectral 
resolution of T be denoted by (Ej); ., namely 


T= | AdE;. 
0 


One has E; € N for all A € [0, co) by Appendix 1 of [72]. Moreover, 


Pxer(r) = Eo Praner) = 1- Eo = Sup(1 - Ee). 
e>0 
For € > 0, the restriction of T to the range of 1— E, is denoted by T,. Then the operator 
T, : Ran(1- E)  Ran(1 - E£,) is invertible with inverse 


"m 
TE | qE 
€ 
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Therefore Ran(1 - E,) c Ran(T). Setting P, = 1- E1, the sequence (P,,)ncyy satisfied the 
properties stated in the lemma. 


Corollary 11.1.10. For every J-Fredholm operator T € F(N, T), there is a nondecreasing 
sequence (Pp) nen Of projections in N such that 

(i) Ran(P,,) c Ran(T) for all n € N, 

Gi) sup, P, =P. Ran(T) 

(iii) 7(1 - Py) < co. 


Proof. Because T is J-Fredholm, there exists a J-finite projection P € XN such that 
Ran(1- P) c Ran(T). Applying Lemma 11.1.9 to PT, one gets a nondecreasing se- 
quence (P;),cw of projections with Ran(P;) c Ran(PT) and sup, P; = Praner) AS 
T = (1-P)T+PT and Ran((1- P)T) c Ran(T) by hypothesis, one has Ran(PT) c Ran(T). 
Therefore setting P, = (1- P) + P. one has Ran(P,) c Ran(T) for all n € N and 
Sup, P, = (1— P) + Pranwpry = Prancry: Moreover, 7(1— P4) < J(P) < oo. 


Lemma 11.1.11. Let (Pa)newn be a nondecreasing sequence of projections in N and Qa 
projection in N. If J (sup, Pn) < co, then 


J(inf(sup P, Q)) = T(sup(inf(P,, Q))). 


Proof. The supremum of the sequence is denoted by Poo = sup, Pn. For $ € 96 the limit 
lim Paoli = sup, ||P, || exists so that P, = s-lim P, € N. By Lemma 11.1.8, 


7(1- Q - inf(1- Q,1- D,)) = T(P, — inf(P,, Q)) (11.1) 
for all n € IN and 
7(1- Q - inf(1— Q,1—- P,,)) = T(P,, — inf(P,,, Q)). (11.2) 


As P, < Pœ for all n € N, 


1- Q- inf - Q,1- P,) x1- Q- inf(1 - Q,1- P). 


Thus, by (11.1) and (11.2), 
T(P, —inf(P,,, Q)) < T(P,, — inf(P,,, Q)). 
Using the additivity (and thus monotonicity) of the trace, one gets 
0 < T(inf(P,,, Q) — inf(P,, Q)) < 7(P,, — Py). 


By the normality ofthe trace, 
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lim TP - Pn) = 0, 
and therefore 
Jim T(inf(P,o, Q) - inf(P,, Q)) = 0. 
Hence 


J(inf(P,,, Q)) = lim Tint, Q)) 
= sup 7 (inf(P,, Q)) 


2 7(sup(inf(P,, Q))), 


where the last step follows form the normality of the trace. 


Lemma 11.1.12. For J-Fredholm operators S, T € F(N, 7), one has 


T(Pxer(sr) 7 Pxercr)) = T(inf(Prancr)> Prers)))- 
Proof. One has, with e and o being orthogonal direct sums and differences, 
Ker(TPyer(sr — TPrerçr)) = Ker(TPxersr)) 


= Ker(ST)* e Ker(T) 
= (Ker(ST) o Ker(T)) , 
where in the second equality we used Ker(AP) = Ker(P) e (Ran(P) n Ker(A)) for any 


operator A € B(H) and any orthogonal projection P € B(H), here applied to A = T and 
P = Pger(sr) $0 that Ker(P) = Ker(ST)* and Ran(P) - Ker(ST) » Ker(T). Therefore 


Ran((P Kersr) ` P kercr))T *) = Ker(TPxersr) - TP ker) 
= Ker(ST) e Ker(T). 


This implies 
PRan((Prersr -Pren )T*) = PKer(ST) ~ PKer(T)- (11.3) 
On the other hand, using 
Ran(TPxersr)) = {Tb : ST = 0} = Ran(T) n Ker(S), 


one has 


Ran(TPxer(st) - TPxercry) = Ran(TPxer sry) 
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= Ran(T) n Ker(S) 
c Ran(T) n Ker(S), 


and therefore 


PRan(TPrensn-Prern)) © M PRancr) Pker(s))- (11.4) 


Let (P,)ne~ be a nondecreasing sequence of projections in N as in Corollary 11.1.10, 
namely such that Ran(P,) c Ran(T) for all n € N and such that sup, P, = Prancr) and 
such that the trace of 1 — P, is finite. Then 


Ran(P,) n Ker(S) c Ran(T) n Ker(S) c Ran(TPyersr) — TPer(r)) 
for all n € N and therefore 
inf(P,, Piers) < Pnantr(biu ss - Pio) (11.5) 
Setting Po = inf(P,, 1 — Pxeys)), one has 


T-P) = 7(1 - inf(P,,1- Pyers))) 
= J(Pyers + 1- Pers) — inf(P, 1- Pxers))) 
= T(Pxers)) + J(1— Py - inf(Prer(s) 1 - Py) 
= T(Pxer(s)) + JA - P1) 


< OO, 


where in the third step Lemma 11.1.8 was used. Moreover, PoPxer(s) = 0 and Po < P, for 
all n € N. It follows that 


inf(P,, Pers) = inf(Py — Po, Pyer(s)) 
for all n € IN and, as Ran(Py) c Ran(T), 
inf(PRan(r)> PKer(s)) = inf(Ppan(y) — Po; PKers))- 


As J (sup, (P, — Po)) < J(1 - Po) < co, Lemma 11.1.11 applies and one gets, together with 
the above, 


T(sup(intP,, Prercs)))) = 7( 
=a 


sup(inf(P, — Po, Press) 


T(inf(sup(P, - Po), Preis )) 
n 
= T(inf(P Ran(T) — Po» Pxer(s) )) 
= T(inf(Pran(r)> Prers)))- 
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Using the normality of the trace, (11.4) and (11.5), this implies 


T(infPran(r»Prer(s))) = TP rant Prersn-Prern))) 
Finally, using first (11.3) and then Lemma 11.1.7 implies 
T(Pxer(sr) ~ Prercr)) = ÜPnantty ir - Pr) 7")? 


3 T(Prancr(p Ker(sT) P. ion) 
= T(inf(Pran(r)> Prer(s)))- 


This concludes the proof. 


Proof of Theorem 11.1.6. Let us first suppose that the range projection Prang) of K is 
J-finite. By Lemma 11.1.7, one then has 


T (Pranks) = T(Pran(k)) < COO. 
For 
Q = sup(Pran(x)» Pranx*)) € N, 


one has Q < Pranxy + Prang) and therefore J(Q) € T(Prancxy) + J(Pnangc)) < 00. As 
Ran(K) c Ran(Q) and Ran(K*) c Ran(Q), 


(1-Q)-K)=1-Q, (1-Q)(4-K")=1-Q. 


As Ker(Q) c Ker(K) and Ker(Q) c Ker(K*) (or alternatively by taking adjoints), one also 
has 


(1-K)1-Q)=1-Q, (-K")1-Q)-1-Q. 
This implies, in particular, 
P&era-K) <Q, Pxer(1-K*) <Q. 


Therefore Pxerq_x) and Pro. y; are J-finite. On the other hand, Ran(1-Q) c Ran(1-K) 
and 7(Q) is finite by assumption. Putting all together, this shows that 1-K is J-Fredholm. 
It remains to show that its J-index vanishes. By Lemma 11.1.7, 


T(Pran(g-k)) = J G'han(g-k*))- (11.6) 
Again using Ran(K*) c Ran(Q) and Ker(Q) c Ker(K*), one has 


L l 


Ran(Q- K) -Ker(Q- K") -(Ker(Q eKer(1- K7)) , 
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and therefore 
Pran(g-k) = 1- (Pxer(gy + Prera-x*)) = Q 7 Prerta-x*): 
Analogously, 
Pran(g-K*) = Q — Prera-xK)- 
Using the linearity of 7 on J-finite operators and (11.6), this implies 
JGgera-g) = T(Pkera-x*))- (11.7) 


One concludes that the J-index of 1 - K vanishes. 

For a J-compact operator K € K with infinite range projection, there exists by def- 
inition an operator Kọ € K such that ||K — Kj|| < 1 and such that the range projection 
Pran(K,) Of Ko is 7-finite. Then 


S -1-(K-K) 
is invertible. As (S - Ko)Pkers y; = 0 and therefore 
(1- K,S SP gj = 0: 
one has 
Ran(SPxer(s-x,)) c Ker(1 - KS’). 


AS T(PRan(sP cer, ) ) = T(P Ran Prens- s" » — T(Pxer(s-K,)) by Lemma 11.1.7, this implies 


$-Kg) 
T(Pxer(s—K,)) S J Pera i,s-)- 
Similarly, (1 - Ko$ SS !Pyo« y c3) = 0 implies 
Ran(S Pkaq ys) c Ker(S - Ky) 
and therefore, using again Lemma 11.1.7, 
J (Pkera-x,s-5) € TPxer(s-x,))- 
Putting all together, one can conclude that 
T(Pxer(s-K,)) = T(Prer(a-K,s-2)) € ©- 


As Ker(S* - Kj) = Ker(1- (S*) KY ) and the range projection of KS! is J-finite, one 
can use (11.7) to conclude 
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T(Pkera-x)) = JPkers-i) 
= T(P. Ker(1-KyS-!)) 
= (P Ker(1-(S-1)*Ke )) 
= T(Pxers*-K*)) 


= J(Pker(1-K*)) < 00. 


Moreover, Pran((s*y1x+) 15 J-finite and 


(1 - 08 0.- Pran(s+)-1K5)) = (S - Ko)S 0. Pans) 
=(1- Ko Press 
= Peer st) 
=1-P Ran((S*) KS): 


This shows that Ran(1 — PRan((s*)1K*)) c Ran(1 - K), showing that indeed 1 - K is 
J-Fredholm because Py, y) is J-finite. By the above equality, its J-index indeed van- 
ishes. 

To show (ii), let us first suppose that z'(T) is invertible. Then there is S € N such that 


n(S)n(T) = n(T)n(S) = n(1), 
or equivalently 
ST-1-K, TS-1-K, (11.8) 


for J-compact operators K4, K, € K. Thus Ker(T) c Ker(1 — K4) by the first equation in 
(11.8) and therefore Prer(r) € Piera). AS 1- K; is 7-Fredholm by the first part of this 
theorem and therefore J(Pkera-x,)) < co, one can conclude that J(Pxer(r)) is finite. The 
second equation in (11.8) implies that Ran(1 — K,) is a subset of Ran(T). Since 1 - K, is 
J-Fredholm, there is a 7-finite projection P € N such that the range of 1 — P is a subset 
of the range of 1 — K,. Consequently, 


Ran(1- P) c Ran(T) 


and T is J-Fredholm. For the converse, assume that T is J-Fredholm. Then there is a 
J-finite projection P € N such that Ran(1- P) c Ran(T). By Lemma 11.1.12, 


J (Peerta-pyr)) 7 T(Pxerry) = T(inf(PRranry»P)). 
In particular, Py. ry is T-finite. As Ran(1- P) c Ker(T*)^, one has 


Ker(T* (1— P)) = Ker(1- P) 
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and, due to Ran(1- P) c Ran(T), one has 
Ran((1- P)T) = Ran(1- P). 
Therefore Ran(T* (1— P)) = Ran(T*(1- P)) = Ker((1— P)T)* and 
(4 - P)TT* (1 - D) 
maps Ran(1 - P) bijectively onto Ran(1— P). Thus there is T’ € N such that 


(4- D)TT" (1 - D)T' -1- P, 


and thus 
n(T)R(T* T) = n(d- P)TT'(3 - P)T’)  1- P) = r(1). 
On the other hand, 
Ker((1 - P)T(1 - Pea pr) = Ker(1 - Pera pr) 
and 
Ran((1- Pya(a pjr)T (1- P)) = Ran(1 - Prata pr). 
so that 


(1 — Prera-pyr) T" (1 - P)T (A - Presa. pjr) 


maps Ran(1 - Py. pjr)) bijectively onto Ran(1 — Pra. pr). Hence there is T" € N 
such that 


T"(1- Pyeapyr)T (1 — P)T(3 - Presa. pyr)) = 1- Prera-pyr)- 
As above, 


n(T"T*)n(T) = n(T"Q - Presa-pr)T" (1 - P)T A - Prera-pr)) 


= (1 - Piera pyr)) 
= 7(1). 


One concludes that z(T) is invertible. 

The fact that for 7-Fredholm operators T,S € N also T* and TS are J-Fredholm 
directly follows from (ii). Also the first equation in (iii) is obvious. To prove the second 
equation, let us note that, by Lemma 11.1.12, 
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T(Pxer(sr) n Pyer(r)) = T(inf(Prancr)» Prer(s))) (11.9) 
and 
T(Pxer((sr)*) E Pyerg:)) - T(inf(Prancs*)>Per(r*)))- (11.10) 
By Lemma 11.1.8, 
T(Pxer(s)) = 7 (inf(1 HE Pyercr: Piers) x JGgercr-)) ~ J(nf( E Pyercsy PKer(r*)))> 
or equivalently 
J (Pers) = T(inf(Prancr) Prers))) = T(Per(r*)) > T(inf(PRans*)>PKer(r")))- (11.11) 
Equations (11.9), (11.10), and (11.11) imply 
T(Pxer(sy) — J (Pkersr) 7 Pkertr)) = T(Pxercr+)) 7 J G'kertsry) 7 Pxer(s*))> 
which shows that 


J-Ind(TS) = T(Pxersr)) — J (Pier(sry:)) 
= TPxer(sy) + TPxer(r)) = T(Pxer(s*)) z^ T(Pxer(r*y) 
= J-Ind(T) + J-Ind(S), 


concluding the argument. 


Theorem 11.1.6 implies the following generalization of item (i) and (ii) of Theo- 
rem 3.3.4. 


Corollary 11.1.13. (i) With respect to the norm topology, the set F(N, 7) is open in N and 
the index map T +> J-Ind(T) is locally constant. 

(i) If T € Nis J-Fredholm and K € K is J-compact, then T + K is also J-Fredholm and 
7-Ind(T + K) = J-Ind(T). 


Proof: As the set of invertible elements in the Calkin algebra Q is open with respect to 
the norm topology and the Calkin quotient map z : N — Q is continuous, item (ii) of 
Theorem 11.1.6 implies that F(N, 7) is open in N with respect to the norm topology. For 
T € F(N, 7) and S e N such that 

ST=1+K, TS=1+K, 
with J-compact operators K4, K, € X, let A € N be such that ||A|| < IIS]. Then 


S(T +A)=1+SA+K, (T+A)S=1+AS+ Ky, 
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and 1+SA and 1+AS are invertible with inverse given by a Neumann series and therefore 
(1+ SA), (1+ AS) ! € N. Then 


(1 SA) 1S(T +A) =1+ (14 SA) ! Ki 
and 
(T € AJS(d - AS) ! 2 134 K,(1+ AS) |, 


where (1 SA) 1K, and K,(1 + AS)! are J-compact. By item (ii) of Theorem 11.1.6, one 
concludes that T + A € F(N, 7) is J-Fredholm, and item (i) of the same theorem implies 


0 = 7-Ind(ST) = J-Ind(S) + 7-Ind(T) 
and 


0 = T-Ind((1+ SA) ‘S(T + A)) 
= J-Ind((1 + SA) !) + T-Ind(S) + 7-Ind(T + A). 


As (1 + SA) ! is invertible and therefore 7-Ind((1 + SA) !) = 0, one can conclude that 
J-Ind(T) = -J-Ind(S) = J-Ind(T + A). This shows that the index map T — J-Ind(T) 
is locally constant. The first part of claim (ii), namely that T + K is J-Fredholm for all 
T € F(N,7) and K e€ X, directly follows from item (ii) of Theorem 11.1.6. Moreover, 
because t € [0,1] + T + tK isa norm-continuous path of J-Fredholm operators, one has 
by the first part of this corollary that t € [0,1] > J-Ind(T + tK) is constant and therefore 
J-Ind(T + K) = 7-Ind(T). 


11.2 (P - Q)-Fredholm operators 


For the definition of the semifinite spectral flow in Section 11.4 below, an extension of 
the concepts and results of Section 11.1 to skew-corners is needed and will be described 
in this section. 


Definition 11.2.1. Associated to projections P,Q € N, the skew-corner PNQ consists of 
operators in N vanishing on Ran(Q)* and mapping Ran(Q) to Ran(P). Moreover, PKQ 
denotes the set of J-compact operators from PNQ. 


Let us point out that T* € QNP if and only if T € PNQ. Note also that PNQ is an 
algebra only if P = Q. The most basic example is PQ € PNQ and this special case will be 
further discussed in Section 11.3. 


Definition 11.2.2. Let P,Q € N be projections and T € PNQ. Then T is called (P - Q)- 
Fredholm if inf(Pker(r) Q) and inf(Pker(r*) P) are J-finite projections and there exists 
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a J-finite projection F € N such that F < P and Ran(P - F) c Ran(T). Its (semifinite 
Skew-corner) index is then defined as 


If P = Q = 1, this reduces to the J-index of Definition 11.1.4. The following is a 
generalization of Theorem 11.1.6 and Corollary 11.1.13. 


Theorem 11.2.3. Let P,Q, R € N be projections and T € PNQ. 

(i) T is (P - Q)-Fredholm if and only if there exists S € QNP with TS - P € PKP and 
ST-QeQXQ. 

(ii) IfT is (P - Q)-Fredholm and S € RNP is (R - P)-Fredholm, then ST is (R - Q)-Fredholm 
with index 


(iii) The set of (P-Q)-Fredholm operators is open in PNQ with respect to the norm topology 
and the index map T +> J-Ind(p.o)(T) is locally constant. 

(iv) If T is (P - Q)-Fredholm, then T + K is (P - Q)-Fredholm for all K € PKQ and one has 
J-Indi. o (T + K) = J-Ind(p.g)(T). 


The following proposition is the first preparation for the proof of Theorem 11.2.3, 
and it is of independent interest. 


Proposition 11.2.4. Let P,Q € N be projections and let T € PNQ be (P - Q)-Fredholm. 
Then T* is (Q - P)-Fredholm with index 


7Jnd(op(T") = —T-Ind(p.g)(T). 


Let T = V|T| be the polar decomposition of T in the sense of von Neumann, then V is 
(P - Q)-Fredholm with index given by 


Moreover, |T| is (Q - Q)-Fredholm with vanishing index 7-Ind(o.o,(|T]) = 0. 


Proof. Let us first recall that VV" = Pray) and V*V = Prayr+y. Furthermore, 
Ran(V) -Ran(T) Ran(V*) = Ran(T*), 

and 
Ker(V) = Ker(T), Ker(V^) = Ker(T"). 


Since T is (P - Q)-Fredholm, 
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T(inf(Pxercr)> Q)) = T(inf(Pxer(v)> Q)) 
and 
T(inf(Pxer(r+)»P)) = 3 (infPgaqy-). P) 


are finite. Moreover, there is as J-finite projection F € N such that F < P and such that 
Ran(P - F) c Ran(T) c Ran(V). Altogether, this shows that V is (P - Q)-Fredholm with 
index 7-Ind(p.o(V) = 7-Ind(p.o)(T). 

Furthermore, as T* € QNP and Ran(V) c Ran(P) so that V*V = V* PV, 


Q = Pran(tT*) + inf(Pyercry, Q) = V*FV + V*(P = PV ae inf(Pker(T) Q), 


where J(V*FV) = J(FVV*) < J(F) is finite and inf(Pkerçr) Q) is 7-finite by assumption. 
Therefore F = V*FV + inf(Pķer(r)» Q) < Q is a 7-finite projection. One has 


Ran(Q— F) c Ran(V* (P - F)) c Ran(V*T) = Ran({T/) = Ran(T"), 


where in the second step Ran (P-F) c Ran(T) was used. Asinf(Pkerrp Q) = INf(Pxer(r), Q) 
is J-finite by assumption and |T| € QNQ is self-adjoint, this implies that |T| is (Q - Q)- 
Fredholm with vanishing index. Finally, the existence of F, combined with the fact that 
J (inf(Pyer(r- , P)) and T(inf(Pkerr*)*)» Q)) are finite because T is (P - Q)-Fredholm, im- 
plies that T* is indeed (Q - P)-Fredholm with index as stated. 


The following generalization of Lemma 11.1.12 is the key element for the proof of 
item (ii) of Theorem 11.2.3. 


Lemma 11.2.5. Let P,Q,R € N be projections and let T € PNQ be (P - Q)-Fredholm and 
S € RNP be (R - P)-Fredholm. Then 


T(inf(PKer(sr)» Q) - inf(Prercry Q)) = T(inf(Prancr)inf(Pxers)»P))). 


Proof. The proof implements the properties of skew-corner operators in the proof 
of Lemma 11.1.12. First, let us note that inf(Pker(sr) Q) = Pxer(srynran(g) as Well as 
inf(Pker(T)» Q) = Pxer(TynRan(Q)> and inf(Pxers)P) = Pxer(synRan(P): One has, by the same 
argument as in the proof of Lemma 11.1.12, 


Ker(TPxer(srynran(g) ~ TPker(r)oRan(Q) 
= Ker(TPker(ST)nRan(Q)) 
= (Ker(ST) n Ran(Q))" e (Ker(T) n Ran(Q)) 
= ((Ker(ST) n Ran(Q)) o (Ker(T) n Ran(Q))) 
= (Ker(ST) o Ker(T)) 
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and therefore 


Ran((Pxer(srynran(Q) 7 PKer(rynran(Q)) T ) 
= Ker(TPyersrynan()) 7 TPKer(rynran(g)) = Ker(ST) © Ker(T). 


As Ran(T*) c Ran(Q), one thus has 


PRan((Prerisr)—Pxenn 1) = PKer(sr) ~ Pkertr) 


= Pxer(sTynRan(Q) Pxer(TynRan(Q): (11.12) 


Furthermore, 


Ran(TPxer(sr)nran(Q) 7 TP Ker(TynRan(g)) = Ran(TPker(ST)nRan(o)) 
= Ran(T) n Ker(S) 
c Ran(T) n Ker(S) 


and therefore 


Pnan(r(? Ker(ST)nRan(Q) ~PKer(T)nRan(Q) )) ES inf(PRan(r)» Pker (s)) 


= inf(Pran(r)ynRan(P)» Pker(synRan(P))- (11.13) 


Let (P), «y be a nondecreasing sequence of projections in N such that Ran(P,,) c Ran(T) 
for all n € N, sup, Pn = Prancry, and the trace of P — P, is finite. Such a sequence can be 
constructed as in Corollary 11.1.10 as will be shown next. Because T is (P, Q)-Fredholm, 
there is a J-finite projection F < P such that Ran(P - F) c Ran(T). By Lemma 11.1.9, 
there is a nondecreasing sequence (D SEN of projections such that Ran(P/) c Ran(FT) 
and sup, P; = Praner). In particular, P; is orthogonal to P — F. Then P, = (P - F) + P; is 
a nondecreasing sequence of projections in N such that Ran(P,) c Ran(T) for all n € N, 
Sup, P, = Pranr), and J(P — P4) < J(F) is finite. Now, using the sequence (P,),ey, one 
has 


Ran(P,) N Ker(S) [e Ran(T) N Ker(S) [e Ran(TPker(ST)nRan(Q) osi TPker(T)nRan(Q)) 
for all n € N, and therefore 


inf(P,, Pxers)) = Inf(Py, Prer(s)nranp)) 
< PRan(T Prersryarano —Pxer(rynRan(Q)))* (11.14) 
Setting Po 5 inf(P,, P os Pxer(synRan(P) J one has 
J1 - Po) = T(P - inf(P,,P - P Ker(S)nRan(P))) 
= J(P - P, + P, - inf(P,, P - Pxex(s)nRan(P))) 


362 —— 11 Spectral flow in semifinite von Neumann algebras 


= T(P - Py) + T(Pxer(s)aran(p) 7 iNf(Pxer(synran(p)»P - P1)) 
< T(P — Py) + T(Pxer(synran(p)) 


< OO, 


where in the third step Lemma 11.1.8 was used. As Py x P, for all n € N and 
PoPxer(synRan(P) = 0, one concludes that 


inf(P,, PKer(synran(p)) = NEP, — Po, Pxer(synran(P)) 
for all n € N, and 
inf(PRan(r)> PKer(s)) = inf(Ppan(r) — Po; PKers))- 
As J (sup, (P, - Po)) x J(P — Po) < co, Lemma 11.1.11 applies and one gets 
v (sup(inf(Ps, Pkerisyrranr))) - T(sup(inflP, - Po, P. xer(synRan(?))) ) 
- T(int(supc? n - Po), P. Ker(S)nRan() ) ) 
= T(inf(PRancr)> Prer(synRan(P))) 
Combining this with the normality of J, as well as (11.13) and (11.14), implies 
T(inf(PRan(r)» Pxer(synRan(P))) = TP Rant TP sis iano Pese aq" 
Finally, using first (11.12) and then Lemma 11.1.7 shows 
T(Pxer(srynran(Q) 7 Pker(r)oRanqQ)) = J (PRan((Prenisrnranqy—Pxercnnrang))T*)) 


= J(Pnan(r(p Ker(ST)nRan(Q) - PKer(T)nRan(Q) )) ) 


= T(inf(P Ran (T) P) Ker(S)nRan(»)) )» 


concluding the proof. 


Proof of Theorem 11.23. For the proof of (i), let us first assume that there is S € QNP 
such that TS = P + K; with K; € PKP and ST = Q + K, with K, € QKQ. Then by item (i) of 
Theorem 11.1.6, TS +1- P - 1- Ki and ST 1- Q- 1+ K, are J-Fredholm as K4, K, € K 
are J-compact. Thus Pker(sr+1-ọ) = Inf(Pyor(sr), Q) is 7-finite and as Ker(T) c Ker(ST) 
also J(inf(Pxer(r), Q)) < J(inf(Pyersr), Q)) is finite. As TS + 1— P is 7-Fredholm, there is 
a J-finite projection F € N such that Ran(1 - F) c Ran(TS + 1- P). Then F = inf(P, F) is 
J-finite and F < P, as well as Ran(P - F) c Ran(TS) c Ran(T). Moreover, the projection 
inf(Pxeyr+),P) = inf(1 — Praner P) = P - Praner) € F is J-finite. This shows that T is 
(P - Q)-Fredholm. 

Conversely, assume that T is (P - Q)-Fredholm. Then there is a J-finite projection 
F < P such that Ran(P - F) c Ran(T). Therefore 
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(P - F)Tlxerp- pr): : Ker((P - F)T)' — Ran((P - F)T) = Ran(P - F) 
is invertible with bounded inverse 
((P - F)Tlesqp- rry). : Ran? - F) > Ker((? - E)T). 
The trivial extension of ((P—F)T|xer((p_ryr)+ ) 1 to an operator from QNP is then denoted 


by S € QNP. Moreover, P - F is (P - P)-Fredholm as inf(Pxer(p_p), P) = F is J-finite and 
P -F is a projection (with closed range). Thus by Lemma 11.2.5, 


T(inf(Pxer(p-ryr)> Q)) = T(infPxer(ry> Q)) + T(inf(Prancry> inf(Prerp p). P))) 
ES J (inf(Pear, Q)) + (P), 


which is finite by assumption. Then, due to SF = 0 and ST = SPT, 


ST = S(P - F)T 


- Pyer(p-ryr)- 
= Q - inf(Pkerp pry Q) 
= Q =, Kı, 


where K; = inf(PkerP-r)r) Q) € QKQ because it is a 7-finite projection. Also 
TS = (P - F)TS + FTS = P - F + FTS = P- K,, 


where K, = F - FTS € PKP because F < P is 7-finite. This shows (i). 
To show (ii), note that by assumptions and (i) there is Tọ € QNP with 


ToT =Q+K,, TT) =P+kKy, 
where K; € QKQ and K, € PKP are J-compact. Similarly, there is Sy € PNR such that 
SoS =P +K3, SSo =R +K}, 
where K, € PKP and K, € RKR are J-compact. Then 
ToSoST = To(P + K3)T = ToT + ToK3T = Q + Kı + ToK3T, 
where K, + ToK3T € QKQ is J-compact, and 
STT So = S(P + K3)So = SSo + SKS = R + K4 + SK3S0, 


where K, + SKjSy € RKR is J-compact. Item (i) implies that ST is (R - Q)-Fredholm. By 
Proposition 11.2.4, one, moreover, concludes that S* € PNR is (P-R)-Fredholm, T* € QNP 
is (Q - P)-Fredholm, and thus (ST)* = T*S* € QNR is (Q - R)-Fredholm. By Lemma 11.2.5, 
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T(inf(Prercsr) Q) - inf(Pxer(r» Q)) = T(inf(PRancr)> iNf(Pxer(s)»P))) (11.15) 
and 
T(inf(Pxer(sr)*)» R) — inf(Pxer(s+)>R)) = T(inf(Pranis*)>inf(Pxerr+)»P)))- ^ (1116) 
Next by Lemma 11.1.8 (in the second step), 


T(in£(Pxers), P)) - T(inf(inf(Pxer(s), P), P — inf(Pxerr+),P))) 
= T(inf(Pxer(s),P)) - T(inf(inf(Pxer(s) P), 1- inf(Pxer(r+),P))) 
= T(inf(Pxer(r+)> P)) - 2 (inf(inf(Pgorr-, P), 1 — inf(Pxex(s)> P))) 
= T(inf(Pxerr+),P)) — T(inf(inf(Pxerr*), P), P — inf(Pya(s P))). 


Substituting the identities P — inf(Pxeyr+),P) = Prancry and P — inf(Pxer(s),P) = Pranis*)s 
one concludes that 


T(inf(Pxer(s) P)) - T(inf(infPxer(s), P), Prancr))) 
= T(infPrerr+)»P)) - 7 (inf(infPgar-), P), Pranis*y))- 


Using equations (11.15) and (11.16), this implies 


T(inf(Pxer(s) P)) - T(inf(Pxer(sr)> Q) — inf(Pxerr), Q)) 
= J (inf(Pkerr-), P)) - 7 (infPasr)-), R) 7 inf(Pxer(s+)»R))» 


which leads to 


7-Indj o (ST) 
= T(inf(Prersr) Q)) — T(inf(Pxer(sr)+)>R)) 
= T(inf(Pxer(s)»P)) + T(infPxer7> Q)) - T(infPxercr+)»P)) - 7 (infPyors-), R)) 
= T-Indep(S) + TIndp.g (T), 


concluding the argument for (ii). 
To show (iii), item (i) is used. If T € PNQ is (P - Q)-Fredholm, there is S € QNP such 
that 


ST=Q+K, TS=P+Ky, 


for J-compact operators K; € QKQ and K, € PKP. Let next A € PNQ be such that 
|All < ISI. Then 


S(T-A)2Q«SA«*K, (T+A)S=P+AS+K, 
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and Q+SA : Ran(Q) — Ran(Q) and P+AS : Ran(P) — Ran(P) are invertible with inverse 
given by a Neumann series, and therefore (Q + SA) ! € QNQ and also (P +.AS) ! € PNP. 
Then 


(Q-- SA) !S(T +A) = Q + (Q+ SA) ! Ki 
and 
(T + AJS(P + AS) ! = P + K,(P + AS)", 


where (Q + SA) !K, € Q'XQ and K,(P + AS) ! € PKP are 7-compact. By item (i), T + A is 
(P - Q)-Fredholm and the set of (P - Q)-Fredholm operators is open in PNQ with respect 
to the norm topology. Then 


7-Indio o (Q + (Q + SA) 'K,) = 7-Ind(1 + (Q + SA) !Ki) = 0 
by item (i) of Theorem 11.1.6, and analogously 
7-Ind.p (P  K(P + ASY) = T-Ind(1+ K,(P + AS) ) = 0. 
Item (ii) implies 
0 = 7-Ind(o (ST) = 7-Ind(o (S) + 7-Indi. o (T) 
and 


0 = TIndig.g((Q + SA) ‘S(T + A)) 
= T-Indig.g((1+ SA) !) + 7-Ind(o (S) + T-Indip.g (T + A). 


Because (Q + SA) ' is invertible and therefore 7-Ind(oo,((1 + SA) !) = 0, one concludes 
that T- Indis. (T) = —TJ- -Ind(o.p) (S) = T- Indi. (T * A). This shows that the index map 
T +> J-Ind,p.g)(T) is locally constant. 

Finally, let us show (iv). That T + K is (P- Q)-Fredholm if T € PNQ is (P- Q)-Fredholm 
and K € PKQ is J-compact directly follows from item (i). Ast € [0,1] —^ T - tK isa 
norm-continuous path of (P - Q)-Fredholm operators, t € [0,1] = T: -Indp.g)(T + tK) is 
constant by item (iii) and therefore 7- Ind P-Q) (T + K) =T- -Ind(p.g)(T). 


11.3 Semifinite Fredholm pairs of projections 


In this section, the most prominent (P - Q)-Fredholm operators are considered, namely 
the semifinite generalization of Fredholm pairs of projections as introduced in Defini- 
tion 5.2.1 and studied abundantly in Chapter 5. Recall that in this chapter all projections 
are orthogonal. 
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Definition 11.3.1. Two projections P, Q € N form a semifinite Fredholm pair in (N, 7) if 
and only if QP € QNP is a (Q - P)-Fredholm operator. The (semifinite) index of the pair 
of projections is denoted by 


In many works [148, 54, 26], the semifinite index of a Fredholm pair of projections 
is called the essential codimension. This terminology seems to go back to the work of 
Brown, Douglas, and Filmore [42] (in the case J = Tr, however), who apparently were 
unaware of Kato's earlier work [112] which used the term index of a Fredholm pair. As 
Definition 11.3.1is a direct generalization of the concept introduced in Definition 5.2.1 we 
stick with Kato's terminology, thus deviating from [148, 54, 26]. Let us also comment that 
there is a difference of sign with respect to the works [54, 26]. Spelling out the definition 
of the index, one obtains 


J-Ind(P, Q) = J(Pnana.gynnantp)) 7 J(PRrana—Pynran(Qy) 
= T(Pxer(gynran(p)) — J (Pker(pyoant o) (11.17) 


which is again in complete analogy with Proposition 5.3.2. Most of the results of Chap- 
ter 5 directly transpose to the semifinite context. Here we first focus on those which are 
relevant for the definition and analysis of the semifinite spectral flow in the next section 
and give detailed proofs of them. First of all, from (11.17) one obviously concludes 


7-Ind(2, Q) = —7-Ind(Q, P). 


Moreover, the following criterion is the generalization of Corollary 5.3.13, and it is crucial 
for the definition of the spectral flow in the next section. 


Proposition 11.3.2. If P,Q € N are projections, then QP is (Q - P)-Fredholm if and only if 
IQ —- P) < 1. 


Proof. Let us first suppose that ||77(Q — P)|| < 1. Then 


Ino) - x(oPQ)| < [n(Q - P)| < 1. 


Therefore there is a J-compact operator K € QNQ such that ||Q — QPQ + K|| < 1and 
therefore Q - (Q - QPQ + K) = QPQ- K : Ran(Q)  Ran(Q) is invertible. Thus 
QPQ -K is (Q- Q)-Fredholm, and item (iv) of Theorem 11.2.3 implies that QPQ is (Q - Q)- 
Fredholm. Thus inf(Pxer(gpq), Q) is 7-finite and as Ker(PQ) c Ker(QPQ) this implies that 
inf(Qkeropy:), Q) = inf(Pye(po, Q) € inf(Pycr(opoj, Q) is 7-finite. Exchanging the roles of 
P and Q implies that also Jí (inf(Pxergp)>P)) is finite. Moreover, Ran(QPQ) c Ran(QP) 
and because QPQ is (Q - Q)-Fredholm there is a J-finite projection F < Q such that 
Ran(Q - F) c Ran(QPQ) c Ran(QP). This shows that QP is (Q - P)-Fredholm. 
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Conversely, assume that QP is (Q- P)-Fredholm. Then by Proposition 11.2.4 and item 
(ii) of Theorem 11.2.3, QPQ is (Q- Q)-Fredholm with vanishing index. Thus 7(Q)7(P)7(Q) 
is an invertible element of 7(Q)97(Q). Hence ez(Q) < z(Q)r(P)r(Q) < z(Q) fore > 0 
sufficiently small, and one concludes ||77(Q) - z(Q)r(P)z(Q)|| < 1. As (QP)* = PQ is (P- Q)- 
Fredholm, exchanging the roles of P and Q shows that |t(P) — z(P)ztt(Q)z(P)| < 1. As 


(ACQ) - m(P))” = (ACQ) - (Q)R(G)8(Q)) - (T(P) - Q)n(Q)n(Q)) 
and as zt(Q) — zt(Q)rt(P)r(Q) and z(P) — z(Pyrt(Q)r(P) are positive semidefinite, 

-(n(P) - n(P)n(Q)n(P)) < (AQ) - n(P) < n(Q) - n(Q)n(P)n(Q). 
This shows that 


|CO) — 22) | < max(||ztP) — z (P), CQ) -AOPA 


«1 


2 | 


and, as zt(Q) — 7(P) is self-adjoint, one can conclude that 


le) -AP = (Q -rP | <1. 


Thus the claim is shown. 


Moreover, a concatenation property similar to that for the index of Fredholm pairs 
of orthogonal projections holds; compare with Proposition 5.3.15. 


Proposition 11.3.3. Let P4, P», P4 € N be projections such that one has ||t(P, — P)|| < 1 
and | (P - P3)|| < 5. Then 
7-Ind(5,, P3) = 7-Ind(5,, P5) t 7-Ind(P5, P4). 


Proof. Let us first note that |z(P, — P3)| < Iz (P, — P2)|| + llt (P5 - P3)|| < 1. Therefore P;P; 
is (Pj : P;)-Fredholm for all ij € (1,2, 3). Then by item (ii) of Theorem 11.2.3, 


J-Ind(P;, P) + 7-Ind(P5, P3) = J-Indp,.p,) (PP) st J-Indp,.p,) (P3P>) 
= J-Ind,»..p ; (P3P2P4). 


As 7-Ind,», p. (P5P4) = -T-Ind(p,.p,) ((P3P1)") by Proposition 11.24, one concludes, invok- 
ing again Theorem 11.2.3(ii), 


7-Ind(P,, P5) + 7-Ind(P;, P3) — 7-Ind(P,, P3) 
= J-Ind;p,.p,) (P3P2P1) ote T-Ind(p,.p,)((P3P,)" ) 
= J-Ind(p,.p,)(P. 3P P1 (P3P1)*) 
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= J-Ind(p,.p,) (P3P2P;P3). 
Therefore it is sufficient to show J-Ind(p,.p,)(P3P,P;P3) = 0. As 


||7(P3P,P,P3) - m(P3)|| < |(P2P;) - 7(P3)| 
< |P) - aP) + || (Pz) - 2(P)|| 
< |n (3) - 205)| + (25) - 1(P4)|| < 1, 


there is a J-compact operator K € PKP, such that 
\|P3P,P,P3 + K — P4l| < 1. 


This implies that PP,P,P3 + K — P; + P4 : Ran(P3) — Ran(P3) is invertible and therefore 
T-Ind(p,.p,) (P3P,P,P3) d JT-Ind;p,.p,)(P3P2P1P3 + K) zzi 0. 


As already mentioned above, most of the results of Chapter 5 directly transpose to 
the semifinite context. Let us conclude this section by pointing out the most important 
ones, leaving it to the interested reader to extend the list. Most proofs transpose directly 
and are thus not spelled out here. First of all, one has the following generalization of 
Proposition 5.2.7. 


Proposition 11.3.4. Lett € [0,1] + P(t) e Nand t € [0,1] => Q(t) € N be norm- 
continuous paths of projections such that (P(t), Q(t)) is a semifinite Fredholm pair for 
every t € [0,1]. Then t € [0,1] + T-Ind(P(t), Q(t)) is constant. 


The proof is the same as the one of Proposition 5.2.7 and therefore omitted. The 
arguments leading to Proposition 5.2.10 and Theorem 5.2.11 transpose to the semifinite 
setting and one gets the following result. Let us note that there are further (slight) gen- 
eralizations of these results in [56]. 


Proposition 11.3.5. Let P,Q € N be projections and n € IN such that 
(P-PQP) and (Q-QPQ) 
are J-finite. Then (P, Q) is a semifinite Fredholm pair in (N, J) and, for all m = n, one has 
T-Ind(P, Q) = T((P - PQP)") - T((Q - QPQ)"). 


Proposition 11.3.6. Let (P, Q) be a semifinite Fredholm pair of projections in N. If then 
(P - Q?! c N is 7-finite for some integer n > 0, then for all k > n, 


T-Ind(P, Q) = T(P - Qy/*!, 


Proposition 5.3.1 generalizes in the sense that projections P, Q € N form a semifinite 
Fredholm pair (P, Q) if and only if 
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PQP+1-P and QPQ+1-Q 
are J-Fredholm operators. Then 


J-Ind(P, Q) = T(Pxer(pop+1—p)) 7 T(Pxer(apo+1-)): 


For the following generalization of Theorem 5.3.8, we provided a simpler proof. 


Theorem 11.3.7. Two projections P,Q € N form a semifinite Fredholm pair if and only if 
P-Q-1 and P-Q«1 
are J-Fredholm. Then 
J-Ind(P, Q) = T(Pxerp-g-1)) 7 J PRer(p-Q«1)- 


Proof. By Proposition 11.3.2, (P, Q) is a semifinite Fredholm pair if and only if | t(P—Q)|| < 
1. Then z(P - Q - 1) and zi(P - Q + 1) are invertible with inverse given by a Neumann 
series. Therefore P - Q - 1and P - Q +1 are J-Fredholm by item (ii) of Theorem 11.1.6. 
Conversely, assume that P - Q - 1and P — Q + 1 are J-Fredholm. Then z(P - Q - 1) and 
7 (P — Q1) are invertible and therefore spec(zt(P — Q)) c (—1,1). Then the spectral radius 
theorem in the C*-algebra Q implies ||7(P — Q)|| < 1. 

For the computation of the index, let us note that, because the kernel of a sum of 
two nonnegative operators is given by the intersection of their kernels, 


Ker(P - Q - 1) = Ker(Q + (1- P)) 
= Ker(Q) n Ker(1 - P) 
= Ker(Q) n Ran(2). 


Similarly, Ker(P — Q +1) = Ker(P) n Ran(Q). Comparing this to (11.17) implies the last 
claim. 


Proposition 5.3.19 transposes as follows to the semifinite setting: 


Proposition 11.3.8. Let (P,Q) be a pair of orthogonal projections in N satisfying the 
bound ||P — Q|| < 1. Then there exists a path t € [0,1] — P, of orthogonal projections 
connecting Py = P with P4 = Q such that (P,P,) is a semifinite Fredholm pair for all 
t € [0,1]. 


As the proof is the same as that leading to Proposition 5.3.19, it is not spelled out 
again. Then the argument leading to Proposition 5.3.18 shows the following: 


Proposition 11.3.9. Let (P,Q) be a semifinite Fredholm pair of projections in N. Then 
there exists a path t € [0,1] — Q(t) of orthogonal projections such that (P,Q(t)) is a 
semifinite Fredholm pair for allt € [0,1] with Q(1) = Q and such that P—Q(0) is J-compact. 
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In view of the last two propositions, one may expect that also a generalization of 
Proposition 5.3.23 holds in the semifinite setting. This is, however, not true as the follow- 
ing example shows. 


Example 11.3.10. This example shows that the set of semifinite Fredholm pairs with 
vanishing index is, in general, not connected. Let N = L?*(IR) and 7 be the Lebesgue 
integral. Set 


1 x<0, 
P(x) = 
0, x>0, 


and 


1 0, x <0, 
P(x) = 
1, x>0. 


Then, clearly, P,P’ € N are projections and (P, P) and (P’, P^) are Fredholm pairs with 
vanishing semifinite indices. As N is commutative and therefore ||P — Q|| = 1 for all 
projections Q € N with Q + P, there is no norm-continuous path of projections in N 
connecting P to P’. Thus there is no continuous path of Fredholm pairs of projections 
connecting (P, P) and (P', P^). o 


11.4 Definition and basic properties of the spectral flow 


Denote by IF,40N, 7) c N the space of self-adjoint 7-Fredholm operators in N. Then let 
t € [0,1] + H, € F,40N, J) be a norm-continuous path. Hence z'(H,) is invertible in Q for 
all t € [0,1]. Thus the path t € [0,1] + Y (x (Hj) = 0) is norm-continuous in Q. Therefore 
there is a partition 0 = ty < tı < --- < ty =1such that for m e {1,..., M}, 


IXH») = 0) - x(nü1,) = 0)| < ; for all t,t! € [tj t]. (11.18) 


It is now natural to consider the associated projections P, = Y(H, = 0) and interpret the 
bound in (11.18) as a Fredholm property in the sense of Proposition 11.3.2. This is possible 
due to the following technical fact. 


Lemma 11.4.1. For a self-adjoint operator H = H* € N such that m(H) is invertible, one 
has n(Y(H = 0)) = x(1(H = 0)). 


Proof. First recall that von Neumann algebras are invariant under measurable func- 
tional calculus so that y(H = 0) € N. As zt(H) is invertible, Y(/t(H) > 0) is a well-defined 
element of the C*-algebra Q and there is an e > 0 such that [-e, e] n spec(7(H)) = 0. Let 
fof : IR 5 R be defined as follows: 
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0 forx <0, 0, for x < -e, 
Reo = ix, for x e (0,e) fo(x) = 41+ ix, for x € (—e, 0), 
1 for x » e, 1, for x > 0. 


AS fi € Xio,œ) < f2 on R and all three functions are equal on spec(7(H)), 


X(xG = 0)) = fi) = n(f HD) < n(Y(H = 0) 
< n(f,(H)) = f(n()) = xH = 0)), 


and therefore z(y(H = 0)) = x(a (H = 0)). 


Now the definition of the semifinite spectral flow is a generalization that uses the 
formulation of the spectral flow in terms of a sum of indices of Fredholm pairs as given 
in Proposition 5.8.2. Let us stress that this approach uses infinite-dimensional projec- 
tions and does not proceed as the definition of the spectral flow in Section 4.1 where 
merely compact (and hence finite-dimensional) projections are used. Actually, it is not 
clear whether it is in general possible to give a formulation of the semifinite spectral 
flow in terms of J-compact projections. In the following definition, we again include the 
boundary terms so that the definition slightly deviates from [148, 26, 110]. As before, this 
assures that the semifinite spectral flow is antisymmetric under sign change. 


Definition 11.4.2. Let t € [0,1] > H, be a norm-continuous path in IF,4CN, J) and fur- 
thermore let 0 = tọ < t < --- < ty = 1be a partition such that (11.18) holds. Set- 
ting Pm = P, = Xy(H, = 0) for m = 0,..., M, the semifinite spectral flow of the path 
t € [0,1] + H; is defined as the real number 


1 M 1 
Sf(t € [0,1] 5 H;) = 27 Pera) + Y TJnd(P, P, 1) - 5 7 Perit) 


m=1 


Let us note that 7-Ind(P,,, Pm-1) is indeed well defined by Proposition 11.3.2 and the 
above lemma. As in Chapter 4, the first task is prove that the semifinite spectral flow is 
well defined. 


Proposition 11.4.3. Lett € [0,1] — Hj; be norm-continuous paths in F,,(N, 7). The defi- 
nition of the spectral flow Sf(t € [0,1] +» Hj) is independent of the choice of the partition 
satisfying (11.18). 


Proof. As the boundary terms in Definition 11.4.2 are independent of the choice of the 
partition, they can and will be neglected in the remainder of the argument. Now let 
0 = to < tı <--- < ty = 1bea partition such that ||y(7(H,) = 0) - Y(r(Hy) = O)| < 1 for 
all m e {1,...,M} and for all t,t’ € [tmi tm] and let 0 = s; < $ < +++ < Sy, =1bea 
second partition such that there is an m ec {1,...,M}such that s; = t; fori € (0,..., m- 1], 
Sm = tœ and s; = t; 4 fori e {m +1,..., M +1}. Then 
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M+1 m-1 
> Tnd(P,,Ps,) = 9. 7-Ind(P,, P, .) + 7-Ind(P, P...) 
ja jl 
M41 
+T-Ind(P,,,..Ps,)+ 5 TInd(P,,P, ) 
jJ=m+2 
m-1 


= Y TJnd(P,, P, ) + 7-Ind(P, ,P,...) 
i=1 


M 
+J-Ind(P, ,P,.)+ Y. J-Ind(P,P, ). 


i=m+1 
As [n(P,..) - (P, )| < 5 and ||7(P,,) — (P, )| < 5, one has, by Proposition 11.3.3, 


7-Ind(P, ,P,...) + T-Ind(P, , P, ) = 7-Ind(P, ,P,,_,)- 


Therefore 
Md M 
Y T-Ind(P,, P, ,) = p 7-Ind(P,., P, .). 
j=l i=1 


Iterating this procedure shows that the definition of the spectral flow is independent of 
the choice of the partition. 


Example 11.4.4. This example provides an example of nontrivial semifinite spectral 
flow. Let N = L® (R) and 7 be the Lebesgue integral. Set 


-1, x<-t, 
Ao(x)= 4x, xe [-1,1], 
1, x21. 


For anys > 0, t > 0, and x € R, set 
H,(r) = Hg(x + ts). 


Then t € [0,1] > H,isanorm-continuous path of self-adjoint elements from N = L” (R). 
Moreover, y(H, = 0) = X-1s,09) is a projection that is not finite. However, the pair of pro- 
jections (y(H; = 0), Y(Ho = 0)) = Q{-ts,c0)>X{0,00)) is J-Fredholm because the difference 
is a finite projection y. ;, o, with J(Yp (,9)) = ts. Therefore 


Sf(t € [0,1] > H;) = 7-Ind(y(H, 2 0), Y (Hg = 0)) = s. 


Note that 7(H,) is constant and has spectrum {-1,1} in this example, while spec(H;) = 
[-1, 1] for all t. However, the spectrum of H, in (—1, 1) is continuous and thin. It moves 
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through 0 and this flow of continuous spectrum is measured by the semifinite spectral 
flow. o 


Next let us state and prove the main properties ofthe spectral flow. This generalizes 
the most important results of Section 4.2. 


Theorem 11.4.5. Lett € [0,1] > H, € F,,(N, 7) bea continuous path. 
(i) Ift € [0,1]  x(H, = 0) is norm-continuous, then 


1 1 
Sf(t € [0, 1] Lad Hi) = 5^ Pera) a 7 7 Prera)- 


(ii) Ift € [0,1] => H, and t € [0,1] > H; € F,a(N, 7) have the same endpoints and are 
connected by a norm-continuous homotopy within F,,(N, J), then 


Sf(t € [0,1] > H;) = Sf(t € [0,1] + Hf). 


(iii) The spectral flow has a concatenation property, namely ift € [1,2] = H; € QN, 7) 
is a second continuous path, composable to the first one in the sense that the endpoint 
of the first path is the initial point of the second path, then 


Sf(t e [0,2] + H,) = Sf(t e [0,1] > H;) + Sf(t e [1,2] > Hj). 


Proof. (i) As t € [0,1] — x(H; = 0) is norm-continuous and [0,1] is compact, there is 
6 > 0 such that |y(H, 2 0) — x(H, = O)| < 1for t,t’ € [0,1] such that |t — t| < 6. 
Then y(H, 2 0)y(Hy = 0): Ran(y(Hy = 0)  Ran(y(H, = 0)) is invertible, thus 
J-Ind(y(H, = 0),~(H; 2 0)) = 0. Choosing a partition 0 = tọ < t4 < --- < ty =1such 
that |y (a (H, = 0)) -y(t(Hy = 0))I < 1 forme (1,..., M] and t,t' € [tm-1 tm] and such 
that |t,, 4 — tml < 6 for all m e {1,...,M} shows the first claim. The proofs of item (ii) is 
essentially identical to the proofs of Theorem 4.2.2 and therefore not spelled out again. 
Item (ii) directly follows from Definition 11.4.2. 


The next result concerns natural additivity properties of the semifinite spectral flow. 


Theorem 11.4.6. Let P € N c IB(9€) be a projection and further let t € [0,1] + H, € N 
andt € [0,1] +» H} € N be two paths such that one has PH,P = H, € (DN, T) and 
(1- P)H; (1 - P) = H} € E,,(1 — P)N, 7) for all t € [0,1]. Then 


Sf(t € [0,1] > H; e H;) = Sf(t € [0,1] + Hj) + Sf(t € [0,1] = Hj), 
where o is in the grading of H = PH e (1 — P)9€. The same equality holds for the direct 


sum t € [0,1] 9 H,@ H} € F4(NeX,7 67) of two paths t € [0,1] = H, € F,40N, T) and 
t € [0,1] = H} € Fa (Y, D). 
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Proof. It is sufficient so show 


7-Ind(y((H,, & H; ) 2 0).X((H,, , € Hi, ,) = 9)) 
= T-Ind(y(H,. 2 0), X(H,. 2 0)) + T-Ind(y(H;,, 2 0), y(H;. | = 0) 


Una 


for all tm» t, 4 € [0,1]. Let us note that 
X((H, ® Hi) = 0) = inf(y(H, > 0), P) + inf(y(H; > 0),1- P) 
for all s € [0,1]. Therefore 


vGnf - (4, © Hi, ,) = )sx((H,, e Hi.) = 0))) 

= T(inf(1 - (infy(H, , 2 0), P) + inf(x(H; | 2 0),1- P)), 
inf(y(H,,, > 0),P) + inf(y(H;, = 0),1- P))) 

= T(inf(P - inf(y(H, , 2 0),P) + (1- P) -inf(y(H;,, 2 0),1- P), 
inf(y(H,, > 0),P) + inf(y(H;, = 0),1- P))) 

= T(inf(P - inf(y(H;. | > 0), P), inf(x(H,, > 0), P))) 
+ T(inf((1 - P) - inf(x(H; | = 0),1- P),inf(y(H; 2 0),1- P))) 

= J(inf(1 - y(H, z 0), Y(H,. = 9))) 
* T(inf(1-xy(H, 20), Y(H, 20))) 


Una tn 
where the last step follows as1- P < y(H;, , 2 0)andP < Xi... > 0). Analogously, one 
has 
J(inf(1 - X(H,, eH; ) 2 0), X (Hr, eH, 
= T(inf(1 - xH, = 0), xH, . = 0))) 
+ T(inf(1 - x(H;, > 0), y(H;. , 2 0))). 


)20)) 


Thus by (11.17), 


7-nd(y((H, & H; ) 2 0), x((H, , eH, .) 20) 
= T(inf(1—y((H,, eH; ) = 0) X((H, , eH; .) 20))) 
- T(inf(1 - X((H, , € Hj ,) = 0. ((H,, € H;.) = 0))) 
= J(inf(1- (A, 2 0),Y(H,. 2 0))) 
+ T(nf(1-x(H; 20),y(H; . = 0))) 
- T(inf(1- y(H, 2 0), XŒ, = 0))) 


-Tünfü-y(H; 20) )y(H; = 0))) 


Una 


m-1 
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= T-Ind(y(H,, 2 0), X(H,. 2 0)) + T-Ind(y(H;, > 0),x(H;,_, = 0)), 


implying the first claim. The second follows in the same way. 


The attentive reader may note that this and the following sections do not contain 
information about a semifinite spectral flow for essentially J-gapped unitaries, namely 
for paths t € [0,1] + U, € N such that -1 € spec(z(U,)). Indeed, a general definition of 
spectral flow for such paths does not seem to be available in the literature. The reason is 
that there is no index formulation for the spectral flow of essentially gapped unitaries, 
similar to Proposition 5.8.2. Under supplementary hypothesis, however, one can define 
a semifinite spectral flow for essentially J-gapped unitaries. For instance, if the path has 
a gap, say at 1 throughout, one can readily adapt Definition 11.42. Furthermore, if the 
path is closed and differentiable with a derivative that is J-trace class, one can use for- 
mulas as those in Proposition 4.5.10 as a definition. A density argument then also allows 
extending the definition to continuous closed paths. This is carried out in [197]. Based on 
this, it is subsequently possible (however, no further details are provided here) to define 
a semifinite Bott-Maslov and Conley—Zehnder indices for closed paths by transposing 
the formalism of Chapter 9. 


11.5 Index formulas for semifinite spectral flow 


This section generalizes some of the index formulas for the spectral flow to the semifi- 
nite setting. Such results go back to the work of Phillips [148]. A KK-theoretic proof is 
given in [110]. Let us begin with a generalization of Theorem 5.7.3. The index pairing of 
a projection P € N with a unitary F € N having a J-compact commutator [P, F] € K is 
given by the J-Fredholm operator 


T =PFP+1-P (11.19) 


and its index J-Ind(T). 


Theorem 11.5.1. Let t € [0,1] + H; € N be anorm-continuous path of self-adjoint oper- 
ators with invertible endpoints Hy and H; such that H, — Ho is J-compact for all t € [0,1] 
and H; = F* HF for a unitary F € N. If P = y(Hp x 0), then PFP +1- P is J-Fredholm, or 
equivalently PFP is (P - P)-Fredholm, with index 


J-Ind(PFP + 1 - P) = 7-Ind(». (PFP) = Sf(t € [0,1] + H,). 
In particular, one has, for the linear path connecting 1 — 2P and F* (1 — 2P)F, 


7-Ind(PFP +1- P) = Sf(t € [0,1] > (1— t)(1 - 2P) + tF* (1 — 2P)F). 
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Proof. First, H, - Hy = F* HoF - Hy = F* [Ho, F] € X is J-compact by assumption. Thus 
[Ho, F] = FF'[Hg,F] € K is J-compact. Therefore, e. g., the argument in the proof of 
Proposition 5.3.17, also [P, F] is J-compact. As 


(PFP +1- P(PF'P € 1- P) = PFPF*P +1 -P = 1 + P[F, P]F* P 
and 
(PF*P +1- P)(PFP +1- P) = PF*PFP +1 -P = 1+ PF*[P,F]P, 


where P[F, P]F* P and PF" [P, F]P are J-compact, PFP + 1 — P is 7-Fredholm by item (ii) 
of Theorem 11.1.6. Analogously, 


(PFP)(PF* P) = P + P[F,P]F*P, (PF*P)(PFP) = P +PF*[P,F|P 
implies that PFP is (P - P)-Fredholm by item (i) of Theorem 11.2.3. Its index is 


J-Ind(PFP +1- P) = J(Prertprpaa-p)) — T(Pxer(pr* p+1-p)) 
= T(inf(Pxer(prp),P)) — T(inf(Prerpr* py, P)) 


To show that this index equals the spectral flow of the path t € [0,1] — H, let us first 
note that t € [0,1] » m(H,) is constant as H, — Hy is J-compact for all t € [0,1] by 
assumption. Therefore t € [0,1] > x(a (H; 2 0)) is constant and thus it is sufficient to 
consider the trivial partition tọ = 0 < t; = 1in the definition of the spectral flow. Then 


Sf(t e [0,1] > H,) = T-Ind(y(H, = 0),7(Hp = 0)) 
= T(Pran(i—y(H)>0))nRan(y(F>0))) ^ J (Pran(a—y(H,20))nRan(y(Hy20)))- 


Using Y(Hg = 0) = 1- P as Hy is invertible and analogously y(H, > 0) = 1- F'PF, one 
gets 


Sf(t € [0,1] 5 Hi) 
= T(Pran(a—y(Hy20))nRan(y(H,20))) ~ J (PRana-y(120)nRang n s0)) 
= T(PrancpynRan(1_F* pry) — J (Prance*PrynRan(1-P)) 
= T(Pranpynkerte pr)) 7 7 (FPnang* Pr)nRana-pF. ) 
= T(Pran(pynker(pr)) 7 7 (PRantpynRana-rpr*)) 


= J(Pkertprpa1-p)) — J (Pkertpr* P+1-P)) 
= J-Ind(PFP 4 1 - P), 


concluding the argument. 
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As to other generalization of formulas from Chapter 5, let us note that [56] contains 
a semifinite version of Theorem 5.2.11. Let us here rather turn to a semifinite signature 
as introduced in [170]. 


Definition 11.5.2. Let H € Nbe self-adjoint with support projection supp(H) = (H + 0) 
that is 7-finite. Then the J-signature of H is defined by 


7-Sig(H) = T(sgn(H)), sgn(H) = y(H > 0) - Y(H < 0). 


Note that y(H > 0) < y(H + 0) and y(H < 0) x y(H + 0) are 7-finite and therefore 
the signature of H is a well-defined real number. The following generalizes Sylvester's 
law of inertia. 


Proposition 11.5.3. Let H € N be self-adjoint with a J-finite support projection. Further, 
let A € N be invertible. Then 


7-Sig(A" HA) = T-Sig(H). 


Proof. Decomposing into positive and negative part H = H, — H , itis enough to prove 
the statement for H > 0. In that case, one has 


J-Sig(H) = T(supp(H)), J-Sig(A*HA) = J(supp(A' HA)), 


with the respective support projections. Let HA = V|HA| be the polar decomposition of 
HA in the sense of von Neumann. Then 


Ran(V) = Ran(HA) = Ran(H), Ran(V*) = Ran(A*H) = Ran(A*HA). 


As H and A*HA are self-adjoint, their support projections are given by supp(H) = VV* 
and supp(A* HA) = V* V. Hence the claim follows from J(VV*) = J(V* V). 


There is a connection of the spectral flow to the signature of the endpoints of the 
considered path, generalizing the finite dimensional result stated in Proposition 1.1.1. 


Proposition 11.5.4. Let t € [0,1] => H, be a norm-continuous path of self-adjoints in 
N such that the support projections satisfy supp(H;) < P for all t and a single J-finite 
projection P € N. Then t <€ [0,1] +» H} = PH;P +1 -P is a norm-continuous path in 
IF CN, 7) and 


Sf(t e [0,1] ^ H;) = (T-Sig(Hh) — J-Sig(Hp)). 
Proof. Since m(H;) = 1, H; is Fredholm of all t € [0,1] by item (ii) of Theorem 11.1.6. 
The norm-continuity of the path t € [0,1] ^ H} is obvious. Because t € [0,1] + z(H,) is 
constant, the two-point partition ty = 0 < t, = 1is sufficiently fine and hence the spectral 
flow is given by 
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Sf(t € [0,1] > H,) 
= 7-Ind(y(H = 0), x(Hp 2 0)) + S(T rese p) - T(Pker(PH,P+1-P))) 
= J-Ind(y(H; 2 0), y(Ho 2 0)) + ST Prosa) - T(PPyerar))), 
because PPxer(H,) = Pxer(pH,p+1-p)- Since P and H, commute for all t € [0,1], one has 
X(H; > 0) = X(PH;P e (1- P) > 0) = Py(H; 2 0)P e (1- P), 
and hence 
J'(Pnana-yar20)nRanqgai20)) = J PnantPat-yin 20) P)nRanQPy(H;20)p)) 


= T(Pran(p—Py(Hy>0))nRan(y(H,>0))) 
= J(Py(H, > 0)) - T(Pinf(y(Hy = 0), Y(H, = 0))). 


Switching 0 and 1 and taking the difference leads to 
Sf(t e [0,1] ^ H?) 
= T(Py(H, > 0) - Py(Hy > 0)) + 5(T(PP kee) ~ TPPrerap)). 
Finally, noting that Py(H, > 0) = y(H; > 0) + PPxer,) and thus 
T(PPxer,)) + TX; > 0)) = T(PX(H; = 0)) = T(P) - TXH; < 0)), 
one obtains 


2Sf(t € [0,1] 5 H/) = T(Y(H, > 0)) + 9(P) - 9(y(H, < 0)) 
—(T(X(Ap > 0)) + TP) - T(X(Ho < 0))) 
= 7-Sig(H) - T-Sig(Hp). 


Dividing this by 2 implies the claim. 


The signature also has an additional invariance property that is somewhat incon- 


venient to express in terms of the spectral flow: 


Proposition 11.5.5. Ift < [0,1] — H, € Nis anorm-continuous path of self-adjoints all of 
which have J-finite support projections and such that for every t € [0,1] there is an open 


interval (-6, 5) around 0 such that (—6, 6) n spec(H,) c {0}, then for all t,t’ € [0,1], 


7-Sig(H;) = 7-Sig(H,). 


Proof. As [0,1] is compact, the spectra spec(H,;) \ {0} have a common gap (-6,6) and 


hence one can choose continuous functions f, g : IR — R such that 
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X, »0)-2f(H), X(A; < 0) = (A), Vt e [0,1]. 


Therefore the paths t — y(H, > 0) and t + y(H; < 0) are actually norm-continuous 
paths of projections. Since projections that are close in norm are unitarily equivalent by 
Lemma 8.3.3, this implies that the signature is constant along the path. 


11.6 Semifinite spectral localizer 


In this section the results from Chapter 10 are generalized to J-Fredholm operators. If 
the index pairing (11.19) results from a pairing between a K-theory class and a semifi- 
nite spectral triple (also called an unbounded semifinite Fredholm module), it can be 
computed in terms of the spectral localizer, as shown in [170]. Other than in [170], we 
here suppose that the Dirac operator of the spectral triple has 7-compact resolvent. Us- 
ing techniques of [51, 50], one can also deal with the so-called nonunital case where the 
resolvent is only relatively compact. 

As in Chapter 10, odd and even pairings have to be distinguished. Let us begin with 
odd index pairings and their spectral localizer. Suppose given an invertible operator 
A € N. Associated with A is its unitary phase U = A|A[ 3, as well as 


H- ( M o (1120) 
A* 0 


Then H is an element of the von Neumann algebra N @ C^? and J & Tr is a semifinite 
faithful normal trace on N @ C? (e. g., Proposition V.2.14 in [189]). The self-adjoint and 
invertible Dirac operator is supposed to be of the form 


p" = (70 
NS 


and to have a J & Tr-compact resolvent. By proceeding as in Remark 10.1.2, one sees that 
it is no restriction to assume the invertibility of the Dirac operator. Furthermore, it will 
be assumed as in Definition 10.1.7 that A leaves the domain D(Dọ) of Do invariant and 
that the (densely defined) commutator [A, D] extends to a bounded operator. Moreover, 
it is assumed that Dy is affiliated to N or equivalently that D is affiliated to N e C”? 
in the sense that it commutes with every unitary in (N @ C?9)', All these conditions 
together imply that pee specifies an unbounded semifinite spectral triple of the algebra 
generated by A in the sense of [51, 53, 54]. 

Then for E = y(Dy = 0), one can check as in Theorem 10.14 that the commutator 
[E, U] is J-compact. Hence 


T = EUE +1- E (11.21) 
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is a J-Fredholm operator. The odd spectral localizer is defined as the operator 


KD A 
LS = ( 9 ) (11.22) 
A —KDo 


acting on H e H where x > 0 is a tuning parameter. Let us set 
Hy =Ran(x(|Dol < p). (HH), = Ran(y(|D"*| < p)), 


for p > 0. Let 2, = Po, : H — H denote the projection onto H,. By abuse of notation, 
the projection P(3to30, :9(e H > HH is also denoted by 7, : He H > H e H. As 


D”? has J & Tr-compact resolvent, each T, is J & Tr-finite or J-finite, respectively. For 
any operator B € B(H) or B € B(Ke H), set Bp = TBT. With these notations, the finite 
volume odd spectral localizer on H, e 23€, is defined by 


pot = ou Ap J: 


Theorem 11.6.1. Let g = ||A ‘|! be the gap of the invertible operator A. Suppose that 


3 


g 2g 
K< ; « p. (11.23) 
TAN 4ll K ^^ 


Then I satisfies the bound (Exo) > En, In particular, I +1- 7, is invertible. As 
supp(L, s) < 7, and 7, is J'eTr-finite, it has a well-defined J@Tr-signature T @Tr-Sig(L2%). 


This signature is independent of x and p satisfying (11.23), and 
T-Ind(EUE + - E) = jT Tr -Sig(LRp). (11.24) 


The proof of Theorem 11.6.1 is essentially identical to that of Theorem 10.4.1. More- 
over, the necessary modifications are very similar to those made in the proof of the main 
result in the even case (Theorem 11.6.2 below). Therefore the proof is not spelled out. Full 
details are provided in [170]. 

Let us next describe the semifinite spectral localizer in the even case. Let us consider 
an invertible operator H = H* « N. The self-adjoint, invertible, even Dirac operator D*" 
is again assumed to be affiliated to N. Moreover, there is a symmetry T € N such that D*" 
anticommutes with T and H commutes with T. Without loss of generality, it is assumed 
that T is of the form T = diag(1, -1). In this basis, the even Dirac operator is of the form 


Dp’ = ( 0 Dj 
D 0/ 
It is supposed that D*" has a J-compact resolvent, H leaves the domain of D*" invariant, 
and the commutator [D*", H] extends to a bounded operator. Moreover, H is of the form 
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TE 
0 HJ 


Furthermore, it is supposed that with respect to the grading induced by I, N c B(He H) 
is of the form N'& C7? for some von Neumann algebra X c B(H) for some Hilbert space 
H and J is of the form J = J’ & Tr for some semifinite faithful normal trace J’ on Ñ. Let 
F = DiDa € N' denote the unitary phase of Dy. Then 


[H D” D] -( 0 H,F'-F E 


H F-FH, 0 


is J-compact, again by following the proof of Theorem 10.1.4. Therefore H,F* - F*H_ 
and H F - FH, are J’-compact. Thus setting P, = y(H, < 0), the operator P FP, is 
(P... P,)-Fredholm with index 


T-Indip .» (P FP.) = T (Pert rp nran(p,)) ~ 7 (Pxer(p,F*P_ynRan(_)) 
= T (Pxer(p_rynran(p,)) 7 T (Pere, r*)nRant?.)) 
= T" (Prer(e*P_pynRan(P,)) 7 7 (Pxer(ep, F*)nRan(P_)) 
= T' (Pxer(p_ynRan(EP,F*)) — J (Pran(1-FP, F*)nRan(P_)) 
= T (Pnanai p jomantrp, F)) ~ T (Pran(a-rp,F*)nRan(P_)) 
= J'-Ind(FP,F*, P_) 
= SÍ(F1 - 2P,)F*,1- 2P_) 
= Sf(FH,F*, H. ). 


The even spectral localizer is defined as the operator 
Le = ts ae ) (11.25) 


that is affiliated to N where x > 0 is a tuning parameter. To construct finite-volume 
restrictions of the spectral localizer, let us now set (H e H) p= Ran(y(|D*"| < p)) fora 
radius p > 0. Let 7, = P(3to30, : He H > K eH denote the projection onto (H e H). 
As D*" has J-compact resolvent, each Tp is J-finite. For any operator B € B(H e H), set 
B, = nBn,. With these notations, the finite-volume even spectral localizer is defined by 


DA 2 
SPONDS HJ; 


Theorem 11.6.2. Let g = ||H !| ! be the gap of the invertible self-adjoint operator H. 
Suppose that 
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g 2g 


K< : 
12]HWMD,H]] x 


« p. (11.26) 


Then ay > En, In particular, Lp, +1- 7, is invertible. As supp(Ly»,) < 7t, is finite, 
it has a well-defined J-signature J-Sig(L;.,) which is independent of x and p satisfying 
(11.26), and 


3" Indi .p (P FP,) = 77 Sig.) 


Proof. Even though similar to the proof of Theorem 10.3.1, most arguments are given in 

detail. Again one starts out by showing that the J-signature of Lg, is independent of x 

and p satisfying (11.26). The proof will use an even and differentiable tapering function 

Gp : R — [0,1] with three properties: 

O Gx) = 1 for |x| < 5; 

(ii) Gy) = 0 for |x| = p; 

(iii) The Fourier transform Gi, :ROR GI (p) = x 1 e x G,COdx of the derivative 
G/, has an L'-norm bounded by 3 


This function is constructed in the proof of Theorem 10.3.1, and, by the argument given 
there, one now has 


[G,(D), H]|| < 5l [D,H]]||, (11.27) 


where D = D*". To connect radii p and p’ > p, let us consider the operator 
Lepp (A) = KrtyDrty + ty Gi (C-H,) ® H_)G ty, 
where 0 <A < 1and 
Gy p = (- 25, + AG, (D). 


Also (11.26) is supposed to hold for the pair x, p and thus also for the pair x, p'. Notice 


that Ly, (0) = Lep- The first goal is to show that Ly pp (4) is invertible for all A € [0,1] 


and that its square is bounded from below by En, when A = 0. The square of Ly y (4) 
is 
2 ee aD 2 
Lepo A)” = KnyD'rty + (TG pH) © H_)G) Tp) 
- Kit G) pD, H]TG; pp 


where D7 = 7, D was used and T = diag(1, -1). The second summand is bounded from 
below as follows: 
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(1G; (CCH,) eH )G, yn). 
= My G) pHG; ,HG; jt, 
> My Gy, 4HG,(D) HG, yt 
= 1, 6,6, (D)H^ G,(D)G; pp 
+ Ty G) p[G,(D)H, [Gp(D), H]]G pp 
> as v G pG (DFT + Ty Ga plG (DH, [G,(D), H ]]G; pty 


gT, 1G (D) Tp 1+ TT, p GaplGp (D)H, [G5 (D), H]]G, pp 


where the first step holds because [Gip T] = Oand (Ke H)e (He H) p C Ker(G; p), 
the first, as well as the last, inequality follows from 6, (Dy < G; p For the special case of 


A = 0, one has Go, = 7t and therefore a better estimate 


(n, Go ((-H,) € H_)Go pity). 
n, Gp(D) Ty + ny [G D)H, [Gp(D),H] |r. 


Furthermore, by spectral calculus of D, one has the bound 
2p 2 2 
KMD Tp 2 g ny(1- GO) Tg 


because the bound holds for spectral parameters in [3p p'] due to (11.26) where it was 
used that 1 - G,(D) < 1 holds, while it holds trivially on [0, 5p]. Since 


3 
2 4 
1-G,(D)" + G,(D)" = 1b 


it thus follows that 


3 
Lepp A)? 2 aT + y Gi p[G,(D)H, [G,(D), H] |G), pp 


- KT G, p [D, HITG) pip 
and in the special case A = 0, 


(A)? > gy + My Gy [G5 (DH, [Gp(D), H] |G, zt 
— Kt G3 5[D, HIIG p7, p": 


Lipp 


Finally, the error term is bounded using the tapering estimate (11.27): 
| [G,(D)H, [G,(D), H]] - K[D, HIT | 


16 
< (leon +x pon 
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M 1 iD.) 


IT I]ED, Hr] | 


where the second step used the second inequality in (11.26), as well as IG, CD)II « 1, the 

third one ||H|| > g, and finally the last inequality came from the first inequality in (11.26). 

Putting all together, one infers L (A)? > Ey for some e > 0 and Ly op! (0)? > 18 Tg. 
Next, let us show that 


Kp,p 


T-Sig(Lkp) = T-Sig(L p ) 


for pairs x, p and x’, p' in the permitted range of parameters. Without loss of generality, 
let p < p'. As, , is continuous in x, it is sufficient to consider the case x = x’. Thus one 
needs to show 


7-Sig(Ly.,,5(0)) = T-Sig(Ly.p,p'(0)), 


when p < p' and (10.10) is true for x and p. Clearly, L 
suffices to prove 


"v (A) is continuous in A, so it 


7-Sig(L, (D) = 7-Sig(Ly, (0). 
Consider 
Lepp (1) = Kt Diy + Ty Gp(D)((-H,) e H )G,(Dyrty. 


Now D commutes with 7t so that Ly pp (1) decomposes into a direct sum. Let further- 


more 7t p = My: — Mp be the projection onto (H ® KH) py e (H e H) p: Then 


Lyp,p! (1) = Ly o5) e Ty pKD Tp) p- 
The signature of zt ,D7ty p vanishes because I7ty )D7ty pl = -Ty pDT pp so that 
T-Sig(Lx p,p (1)) = T-Sig(Li,p,o(1)). 


It remains to show (11.24), for which x > 0 can be chosen as small as needed and p 
as large as needed. For that purpose, let F, be the function constructed in the proof of 
Theorem 10.3.1, namely F, is an odd increasing differentiable function with F,(x) = x 
for |x| < p and F,(x) = 2p = -F,(-x) for x > 2p. Furthermore, the Li-norm of the Fourier 
transform of the derivative is still bounded by z so that 


I[F,®),H]]| < 2l [D, H]] |. (11.28) 
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Moreover, F, (D) anticommutes with T, hence is of the form 


0 (D! j* 
ra -(y UP). 
By the above, 

7" Indi» .p (P FP) = Sf(t € [0,1] 5 (1- OFH,F* «tH ). 


Using Theorem 11.4.6, one has 


1 0\/-H, 0)\/1 OY[-H, 0 
7" Indi» .p,)(P_FP,) = Sf i Ao , 


where the right-hand side denotes the semifinite spectral flow along the straight-line 
path between the arguments. One has 


H?«(y|D? — te((Dh)* H- Yu) 
tk(H_D}-D)H,) — Hi «(ty (D) 
> (g^ - tx|[F, (0). H]])1. 


(CH, eH.) + tKF,(D)) = ( 


for t € [0, 1]. By (11.28), the straight-line path connecting CH, eH. to -H, eH. + KF,(D) 
is within the invertibles for x sufficiently small. As FH, F* — H_ is J’-compact, the linear 
path connecting 


1 0 1 0 
[5 pen eH) ( p to -H, ® H_ + tkF,(D) 


is within the Fredholm operators for all t € [0,1]. The homotopy invariance of the spec- 
tral flow implies 


] ten DS Ae A (5 RE 
T-mde »,(P-FP,) = st(( ro m) rie H 


Next one directly checks that 


1 0\/-H, s\/f1 OV. /-H, sF' 
s € [0,Kp] ^ - * 
0 F/\ s H,/\0 F sF FH,F 
is a path of invertibles. Let us also show that 
-H Dj -H F* 
4&0 =¢( * K( 0) )«a-o( + S. " 
kD) H sF  FH,F 


E ( -H, tk(Dy)* + (1- t)sF* ) 
~ MKD, 4 (1- 0sF H_-(1-1t)(H_- FH,F") 
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is J-Fredholm for all (s,t) € [0,xp] x [0,1]. Because H_ — FH,F* is J’-compact, it is 
sufficient to show that 


-H, tk(Do)* + (1- a 


Bs & t (1- OsF H. 


is Fredholm. One can replace DIDI! by FpD) as Ran; F,(D) - DID| ) c (He 20, is 
J-finite, so that z; pD) - DID| is 7- -compact. Therefore it is sufficient to show that 


1 
C(s, t) = -H, eH + txF,(D) + (1- 055; Fo) 


is J-Fredholm. Now 


2 
1 
C(s, t)? = (CH, @ H} + (xe D) +1- sy Fy(D)) 


= [e o) +4- 05550). H |r 
> (¢ («x +(1- nsz JILr 1p 
> 5 2 (x + z Jtr. Ja 


2 42K ) 
— — | [D, H]| }1, 
(e - Span 
where the last step follows form (11.28). Therefore C(s, t) is invertible and A(s, t) is 
J-Fredholm for all (s,t) € [0, xo] x [0,1] and x sufficiently small. This implies by the 
homotopy invariance of the spectral flow 


-H, KkpF* X /-H, KD)" 
7'-Ind P FP.) = Sf S ap? i )) 
n e», X -FP,) (Ge urs) " H- 


2 -H,  KpF' ) Rm 
g si (ot FH, F* a 
for 
LS? = i p 
KD) H J 


Setting 7, = 1— 7t, and By = 7t:B(t5:) for any operator B on H e K, one then has 
F,(D) = F,(D), ® F,(D),. and F (D), = Dp. Moreover, (LP), = Lor Next we show that 


the linear path t € [0,1] 5 L? (t) for 


(^, 0 0 TH, © H Ut)" 
KP (Fy - p pt th p 
zo (^, w,)* lods 19d 0 
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is within the invertibles. First, (LP) y can be bounded from below using (11.26) as 


(CH, eH.) + KF,(D)),¢). 
= (CH, € H5) + K*(Fy(D) yc) - K[Fp(D) pes Hye IT 
> Kop? - K||[Fy(D) pe. Hy] 


p^ 


28K 
> Kp- rA [D, H ]| zt; 
1 
2 ; P ny, 
where the third step follows from (11.28). Now L'^(t) is given by 


K K K 5 0 B K K. 3 
E(t) = (^), e (L) 0? (cref: a) (L^), e (L^^),.|* 


where G is a diagonal unitary with respect to the direct sum HSH = (HOH) e (36630) 
and 


= = 
B=|(L"?) | ?2,(-H, © H )n|(L^) | >. 
The off-diagonal entries satisfy 


V8 


IBI < 
VRDE 


thus their norm is smaller than 1 for p sufficiently large. Because L^? — (L^) pe (LP) p) 
is J-finite and therefore J-compact, the homotopy invariance of the spectral flow then 
implies 


-H, KpF* ; 
3"-Indo (P FP,) = sos FHF’ ) (^) e q^, | : 
The path 
setina ex KpF " 
KpF  sFH,F 


is within the invertibles for p sufficiently large. As tA(s),- + (1 — (LP?) is invertible 
for all (s, t) € [0,1] x [0,1] and p sufficiently large, 


tA(s) + à - 0((L"^), e (L^) ..) 


is J-Fredholm for all (s, t) € [0,1] x [0,1], so that 
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T'Indyp .p, (P_FP,) = Sf(xpDIDI"*, ((L"^), @ (L*),.)) 
- Sf(xp(DID| ^), (L^^).) 
+ S(xp(DIDI ^), (L^), ). 


The second summand vanishes because the linear path 


€ [0,1] (1 - Okp(DIDT ),, + (L^), 


lies in the invertibles for p sufficiently large. As (L^), = L^, Theorem 11.4.6 implies 
EI 
7"-Indip p (P. FP,) = SÉ(p(DID[ ^). Lep) 


popes 
= z (TSigLeep) - T-Sig(D>)). 


As TDI = —D, the 7-signature of D, vanishes and the claim follows. 


12 Spectral flow in bifurcation theory 


The aim of this chapter is to explain the role of spectral flow in variational bifurcation 
theory which is a branch of nonlinear functional analysis that deals with the sudden ap- 
pearance of critical points of families of functionals when a parameter varies. Through- 
out this chapter and in contrast to earlier chapters, the separable Hilbert space H is 
assumed to be real. The spectral flow of a path of self-adjoint Fredholm operators on H 
can verbatim be defined as in Definition 4.1.2, and it is readily seen that all properties 
of the spectral flow from Section 4.2 also hold on real Hilbert spaces. Alternatively, one 
can define the spectral flow by Definition 4.1.2 for the path of complexified operators on 
3t e C. 

For a differentiable functional f : H — R, the derivative D, f at some u € H is an 
element of B(H, IR). By the Riesz representation theorem, the latter space is canonically 
isomorphic to K, and this yields some (Vf)(u) which is uniquely determined by 


(D,f)(v) = (VAW), ve KH. 


The element (Vf)(u) of K is called the gradient of f at u. If f is twice continuously differ- 
entiable, the bounded symmetric bilinear form D? f :HxH# > R can canonically be 
identified with a bounded self-adjoint operator H € B,,(+) by 


D? f(v, w) = (v|Hw), v,we H, (12.1) 


which is called the Hessian of f at u. 


12.1 A primer of variational bifurcation theory 


The main object of study in this chapter are continuous one-parameter families of 
C? -functionals f : [a,b] x H > R, i.e. each f, = f(6-) : H > Risa C^-functional 
such that Vf; (u) and D? f; depend continuously on (t, u) € [a, b] x H. Let us consider the 
determining equations for a critical point u, 


(Vf,)(u) = 0, (12.2) 


where Vf, = Vaf: is the gradient with respect to the argument from KH. The standing 
assumption in the following is that 


(Vf)(0 20, te[ab], (12.3) 
i.e, 0 € H is a critical point of all functionals f; : H — R. The next definition will be 
crucial in this section. 
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Definition 12.1.1. A parameter value t* e [a,b] is called a bifurcation point for the equa- 
tions (12.2) if, for every neighborhood U c [a,b] x H of (t*,0), there is some (t,u) € U 
such that (Vf,)(u) = 0 and u # 0. 

The presumably simplest finite-dimensional example is f : [-1, 1] x IR — R given by 
f(t.u) = P — t), where two branches of nonzero critical points appear as t increases 
past 0. This is called a continuous pitchfork bifurcation. The following more sophisti- 
cated infinite-dimensional example will be continued below. 


Example 12.1.2. Recall that the Sobolev space We(0, 1], R) consists of all absolutely 
continuous vector-valued functions on [0, 1] which have a square integrable derivative 
and vanish at 0 and 1. It is a Hilbert space with scalar product 


1 
(ulv) = | (ü(s)|v(s)) pew ds. (12.4) 
0 


Now let F : [0,1] x RY — RbeaC?-function such that 
|D2F(s,)| < c + Iul), u € R”, 


for some constants c, r > 0. Then 


1 1 
f(t,w = ; | (ü(s)|à(s)) pn ds - t IBS u(s)) ds (12.5) 


0 0 


is a continuous family of C^-functionals on H = W?"([0,1], RY) (see [156, Proposition 
B.34]). The derivative of f, = f (t, -) at some u € H is, when evaluated on v € K, given by 


1 


1 
(D, fyv = | (ii(s)|v(s)) wv ds - t | ((VaE)(s, u(s))|v(5)) pr ds. 
0 


0 


Now classical regularity theory [156] shows that the critical points of f, : H — Rare the 
solutions of the boundary value problem 


a = t(V,F)(s,u(s)), fors € (0,1), (12.6) 


u(0) = u(1) = 0. 


If (V,F)(s, 0) = 0 for all s € [0,1], then 0 € 9 is a critical point of all f,, and thus one is 
in the setting of (12.2) and (12.3). A bifurcation point of the family of functionals f yields 
values of the parameter t at which nontrivial solutions of (12.6) appear. o 
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The aim of bifurcation theory is to understand which parameter values t* € [a, b] 
are bifurcation points. The first aim of this section is to give a necessary criterion for a 
parameter value to be a bifurcation point. 


Theorem 12.1.3. Let f : [a,b] x 9€ IR be a continuous family of C?-functionals that 
satisfies (12.3) and let H, € B,,(H) be the Hessians off, at 0 € H, namely 


(u|H,v) = (DÉf.)(u, V, uve. (12.7) 


If t* is a bifurcation point for f, then H, is not invertible. 


Proof. This is a simple consequence of the implicit function theorem in Banach spaces 
(see, e. g., [69, 8 15]). By assumption, the map 


G:[a, b] x9€ —^96 | G(t,u) = (Vf), 


is continuous and continuously differentiable with respect to u. Again set G, = G(t,-). 
Now, if H+ = DoG, is invertible, then there are an open interval J c [a,b] containing 
t', a neighborhood V c 3€ of 0, and a differentiable map g : J — V such that G(t, u) = 0 
for (t, u) € J x V if and only if u = g(t). As G(t, 0) = 0 for all t € [a, b] by (12.3), it follows 
that the only solutions of G(t, u) = 0 in J x V are of the form (t, 0). Consequently, t* is not 
a bifurcation point of f. 


Itis readily seen that Theorem 12.1.3 is necessary, but not sufficient, for the existence 


of a bifurcation point. For example, let H = R, I = [-1,1] and consider the functions 
2 A 
f(t.u) =4 + 4. Then H, = t^ is singular for t = 0, but none of the f, has other critical 


points than 0 € +. The following example shows that this can also happen with an affine 
parameter dependence, which will be of interest below. 


Example 12.1.4. Consider on H = IR? the family of functionals f : [0,2] x H > R given 


by 
fuv = 2 ov? u’) t(u?v + vu), (u,v) € H. 

Then 
(59.9 = a-0) (7) d udi (12.8) 
folu v) = à - v] \w4+3v"u . 

and 

-1 0 

m=a-0(7 De (12.9) 


Thus H, is singular for t = 1. However, if one multiplies in (Vf;)(u, v) = 0 the first equation 
by v, the second by u, and adds the results, it follows that t(u* -v* -6u?v?) = 0, and hence 
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u = v = Oiftis close to 1. Consequently, there is no bifurcation of critical points for f. The 
attentive reader may already note that the spectral flow Sf(t € [0,2] + H,) vanishes. o 


Example 12.1.5. This is a continuation of Example 12.1.2, so all objects are as stated 
there. Let A(s) = DF, be the Hessian matrix of F, = F(s,-) : RY 5 m at the critical 
point 0 € RY. Then the second derivatives of the functionals f, : H > R at 0 € Hare 
given by (see [156, Proposition B.34]) 


1 1 
(u|H,v) = | (ü(s)|v(s))gy ds - t | (A(s)u(s)|V(s)) av ds, u,v e H. 
0 0 


As the first term on the right-hand side is the scalar product on H = W)?([0, 1], RY) (see 

(12.4)) and as K is compactly embedded into L^([0, 1], RY), the self-adjoint operators H, 

are compact perturbations of the identity and thus Fredholm of index 0. Moreover, it 

follows from standard regularity theory that the kernel of H, consists of the solutions of 

the linear boundary value problem 

s = tA(s)u(s), fors e (0,1), (bat) 
u(0) = u(1) = 0. 


Consequently, by Theorem 12.1.3, a bifurcation can only occur at those t € IR for which 
these boundary value problems have a nontrivial solution. o 


Let us now assume that f : [a,b] x K — IR is a continuous family of C?-functionals 
such that 


Vf, 214, - (K +R), (12.11) 


where K is a compact self-adjoint linear operator and R(u) = o(|ul|) as u — 0. Note that 
H, = 14, - tK, and thus Theorem 12.1.3 shows that t = 0 cannot be a bifurcation point of 
(12.2). Moreover, if ty is a bifurcation point, then a is an eigenvalue of the compact self- 
adjoint operator K. The following classical theorem in variational bifurcation theory has 
its origin in the work of Krasnoselkii in the 1960s (see [117]). Various generalizations and 
alternative proofs appeared over the following decades. The presentation here follows 
the monograph [69, § 30]. 


Theorem 12.1.6. Suppose that f : [a,b] x H — R satisfies (12.3) and (12.11). If ty € (a,b) 
is such that E is an eigenvalue of K, then t, is a bifurcation point. 
0 


Proof. As the theorem is also a direct consequence of Theorem 12.2.1 below, we only 
sketch the argument (see [69] for details). As already observed above, tọ = 0 cannot be 
a bifurcation point. Thus one can consider instead of (12.11) the family of equations 


Au-Ku-cR(u, we H, (12.12) 
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where A = 3 Now assume that A, is an eigenvalue of K and let P be the orthogonal 
projection onto the kernel of 


T = Agi, - K. 


Setting A = Ay + 4, v = Pu and z = (1 - P)u, it follows that (12.12) is equivalent to the 
equations 


Z-uSz-S(1- P)R(v + z), pv - PR(v +2), (12.13) 


where S denotes the inverse of T, which is defined and bounded on Ran(T). Now the 
implicit function theorem yields a C'-map z = z(u, v) that solves the first equation in 
(12.13) for sufficiently small |u| and ||v| and such that z(u, 0) = 0 for all u. Plugging this 
into the second equation in (12.13) yields 


uv = PR(v + z(u, v)). (12.14) 


Hence (12.12) is reduced to finite dimensions and it remains to show that 0 is a bifurca- 
tion point for the latter equation. This procedure is usually called Lyapunov-Schmidt 
reduction. Now consider the function 


u- is (PR + zQuv)v), v #0, 


gu. v) = l 
u, v=0, 


which is continuous in a neighborhood of (0,0) and continuously differentiable in u 
with a nonvanishing partial derivative at (0,0). The implicit function theorem yields 
a continuous map u(v) defined in a neighborhood B,(0) of 0 in Ker(T) such that 
g(u(v), v) = 0, v € B,(0), or equivalently 


u(v)|vI? = (PR(v + z(u(v), v)) |v). (12.15) 


A careful analysis of the map G : B,(0) — Ran(T) given by G(v) = z(u(v), v) shows that 
G is actually C! with G(v) = o(|v|) and D,G = o(1). Next consider the functional 


®:B,(0) cKer(T) > R, (v) - f(v4 G(v)), 
where f : H 5 IR is such that Vf = K + R, and the sets 
M, = {v e Ker(T) : |v + G(v)|| = e}. 


It is readily seen that M, is a compact submanifold of Ker(T) if e is sufficiently small. 
Thus ®|y, has at least two critical points. Now, calculating the derivative of 6|,, and 
using (12.13) yields that if v is a critical point of &[,, , then there is some real A = A(v) 
such that 
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(Ao — A)v + PR(v + G(v))|h) = —((u(v) + Ap — A)G(V)|(D, Gh), (12.16) 
for all h € Ker(T). For h = v, this implies by (12.15) 
(Ao - A + uo) (IvIP + (G(v)|(DyG@v)) = 0. 
As G(v) = o(|v|) and D,G = o(1), it follows that 
À = ào + (V) (12.17) 


for ||v|| sufficiently small. Moreover, note that, as Ran(G) c Ran(T), one can conclude 
that ||v+G(v)| = Ivl? - |G(v)||? and thus ||v|| < £as v € M,. Thus it is no loss of generality 
to require ||v|| to be small. Plugging (12.17) into (12.16) shows that 


u(v)v = PR(v + G(v)) = PR(v + z(u(v), v)), 


and consequently (u(v), v) is a solution of (12.14) and thus yields a solution of (12.12). Let 
us denote this solution by v,. As u is continuous, u(0) = 0 and |lv,|| < e, it follows that 
(u(Vg), Ve) — (0,0) as e — 0 and thus Ay is a bifurcation point for (12.12). 


Example 12.1.7. Let us further elaborate on Example 12.1.5. It was shown in Exam- 
ple 12.12 that if t € [a, b] is a bifurcation point of critical points for f in (12.5), then the 
boundary value problem (12.10) has a nontrivial solution. As Vf is of the form (12.11), 
Theorem 12.1.6 shows that also the converse is true. Hence the problem of finding the 
bifurcation points of f is entirely reduced to finding nontrivial solutions of (12.10). Note 
that the motivation of studying bifurcations of f is to find parameter values where 
nontrivial solutions of the nonlinear differential equations (12.6) appear. o 


The final example of this section shows that the assumption that H, is a compact 
perturbation of the identity in Theorem 12.1.6 cannot be lifted. 


Example 12.1.8. Consider on K = R° the family of functionals in Example 12.1.4. Here 
the gradients are due to (12.8) of the form 


(Vf) (u) = Au - tKu + tR(u), 


where A - K - diag(-1,1) and R satisfies the required growth condition. As K is com- 
pact on the finite-dimensional space IR”, the only difference to (12.11) is that A is not the 
identity. Recall that f has no bifurcation points by Example 12.1.4. o 
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The main theorem ofthe previous section states that iff : [a,b] xH — R is a continuous 
family of C?-functionals such that the gradients of f, are ofthe form (12.11), then t € (a,b) 
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is a bifurcation point of f if and only if 1 is an eigenvalue of K. On the other hand, 
Example 12.1.8 shows that the particular form of the operators in (12.11) is necessary 
for this result. To motivate the main theorem of this chapter, note that the Hessians of 
f; at 0 € H in Theorem 12.1.6 are of the form H, = 15, - tK. Clearly, H, € FB; 
and H, can only be noninvertible for finitely many t in the compact interval [a, b]. If 
ty is such a parameter in the interior of [a, b] and € > 0 is such that H, is invertible for 
t € [ty—&, to +E] \{to}, then Sf(t € [ty—&, ty +e] + Hj) + 0. If, however, H, are the Hessians 
of the functionals in Example 12.1.8, then H, is given by (12.9) and here the spectral flow 
through t = 1 clearly vanishes. 

The following theorem is the main result of this chapter and it is due to Fitzpatrick, 
Pejsachowicz, and Recht [84]. 


Theorem 12.2.1. Let f : [a,b] x H ^"^ R bea C^-map such that (12.3) holds. As in (12.1), 
let H, denote the Hessian of f, at 0 € H and assume that H, € IFB,4(9€) for all t € [a,b]. 
If H, H, are invertible and Sf(t € [a,b] + Hj) + 0, then there is a bifurcation of critical 
points for f. 


As shown in Proposition 4.3.1, Sf(t € [a, b] Hj) = t_(H,)-t_(H,) ifthe operators H, 
are in the component FB% (H) of FB,,(5() and H,, H, are invertible. Thus the following 
corollary is an immediate consequence of the previous theorem (see [132, 180]). 


Corollary 12.2.2. If H, H, are invertible, H, € B; (9C), t € [a,b], and t_(H,) + & (Hy), 
then there is a bifurcation of critical points of f. 


Note that Theorem 12.1.6 is an immediate consequence of this corollary. 

The assumption on the invertibility of the endpoints in Theorem 12.2.1 cannot be 
lifted as can be seen by the following simple example. Consider f : [0,1] x IR > R 
defined by f,(u) = -E (É — t + 1). Then H, = t 1 and thus Sf(t € [0,1] > H) = 440 
by Proposition 4.3.1. However, it is readily seen that 0 is the only critical point of the 
functionals f, for t € [0,1] and thus there is no bifurcation. 

Actually, the following theorem which is cited without proof shows that also the 
nonvanishing of the spectral flow cannot be lifted from the hypothesis of Theorem 12.2.1 
in the following sense. 


Theorem 12.2.3 ([4]). Lett € [0,1] — H; € FIB,,(H) be a path and ty € (0,1) such that 
H, is invertible for t + to. If Sf € [0,1] + Hj) = 0, then there exist an open interval 
J € [0,1] containing ty, an open ball B c H and a continuous family f : J x B —^ R of 
C?-functionals such that H, are the Hessians of f, at 0 € 3€ and (12.3) holds for t € J, but 
there is no bifurcation of critical points for f in J. 


Let us stress that the proof of this theorem uses concepts of differential geometry 
and transversality theory and is already highly nontrivial in finite dimensional Hilbert 
Spaces. As explained at the beginning of this section, the assertion of Theorem 12.2.3 
occurs for the functionals in Example 12.1.8. 
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The proof of Theorem 12.2.1 will be split into two main steps. The first step proves the 
theorem in the case that + is of finite dimension. Secondly, it is shown how the general 
case can be reduced to finite dimensions by using basic properties of the spectral flow 
and Theorem 5.9.3. 


Step 1 (Proof in finite dimensions via Morse theory). Let H be of finite dimension and let 
f : [a,b] xH o R be C? and such that Vf:(0) = 0 for all t € [a,b]. As in Theorem 12.2.1, 
H, and H, are supposed to be invertible. The nontriviality of Sf([a, b] > t 5 H,) is now 
equivalent to 


_(H,) # i (Hy). (12.18) 
Note that it is no loss of generality to assume that f,(0) = 0 for all t € [a, b]. 
The maps f, : H — R induce a family of flows 9, : D, — H, where 
D, 2 {(s,u) € R x H : a, (u) < s < w,(w} 


is an open subset of IR x H and ọ,(,u) : (a,(u),w,(u)) —> H is the unique maximal 
solution of the initial value problem 


ee u) = -Vf;-(;(s, u)), 
0,0, u) =U. 
Note that 


2 


9, f (o. (s, u)) = -|vf Cos, u))| 


(s, u) € Dy, (12.19) 


and thus either g,(s, u) = u for all s or f,(@,;(-, u)) is decreasing. 

To prove Theorem 12.2.1, it will henceforth be assumed by contradiction that there 
is no bifurcation point of f : [a,b] xH — Rin [a,b]. Then there is p > 0 such that there 
are no critical points of f, in B55(0) for all t € [a,b]. Now set ff = f (oo, c]) forc e R 
and consider the dimensions d, (t) of the (singular) homology groups 


H(f 0 By(), (f? V (09) 0B5(0) Zp) (12.20) 


with coefficients in Z, for k € Nọ. Note that these homology groups are actually vector 
spaces as Z, is a field. Thus the dimension d,(t) is indeed defined. Moreover, by the 
excision property of homology p can be replaced by any smaller 0 « p' « p without 
affecting d; (t). Set 


ge int Ivf T «lul «p, 0«t« i} » 0, 


and 
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1 = 
e- 7p, B=Be(0) igh oe 


Note that e does not depend on t. The next claim is that, ifu € B, then either (s, u) stays 
in B,(0) for all s € [0,w,(u)), or q,(s,u) stays in B,(0) until f,(@,(s, u)) is less than —e. 
Indeed, if u € B is such that @,(s, u) does not stay in B,(0) for all times s € [0, w,(u)), 
then there are minimal 0 < s, < s; < w,(u) such that 5 < |o, (su) < P, S4 < S < s, and 
lo. (S, u)|| = 5, as well as ||9;(s», u)|| = p. Consequently, 


filP (52) « fios): - 8 | Ives )pas 
«fa) - 6 | ols. yas 
< fiu) - Ellos u) — 9; (2, u)]| 
< € - (lps w|] - los w) 
<E- 2E - -£, (12.21) 


which shows the claim. 
Now define X, as the closure of 


lo, (su) :ueB,Oxs < «(u)]. 


By construction, X, is a closed neighborhood of 0 such that g,(s, u) € X, for all u € X, 
and all s < w(u) (see [6, Remark 16.3(e)]). Moreover, fee E) AX: c B,(0) by (12.21). 
In particular, 0 is the only critical point of f, in fde, EDAX. 

Set Xf = X, n ff forc € R. It is a standard argument in Morse theory to use the 
flow o, and (12.19) for showing that x? is a strong deformation retract of X7, as well as 
X, * js a strong deformation retract of a \ {0} (cf, e. g., [132, Lemma 8.3]), and that these 
deformations induce isomorphisms 


Hy (X®,X,°s Zp) = Hy(X;,X, \ {0}; Z2), ke No. (12.22) 


If now B’ c fe, EDAX, c B,(0) is a closed ball of positive radius about 0, then by 
the excision property of homology 


Hy (Xp X? \ {0}; Z2) = Hy (Xp N B (X? \ {0}) A 2525) 
= H,(f2 n B', (fP \ {0}) A B’; Z3). (12.23) 
Note that the dimension of the latter is d, (t). 
After these preliminaries, the next aim is to show that for any tọ € [a, b] fixed, there 


is n > 0 such that d, (t) = dg(to) for all t € [tg — N, tg + n] n [a,b] and all k. Let ¢ > 0 be 
such that 
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B,-(0) c f ( |-4e,} X, c B,(0 1224 
x; (0) € fa ECC nA, C p(0) (12.24) 
and y : H [0,1] a C?-function such that y(u) = 1if llull < A y(u) = 0 if |lul| > ¢ and 


y= sup |Vy(u)| < co. 
ueB;(0) 


Set 
n mefr col $ < jul < 1 »0 


and 


= min{ 5 a 
COD z yy 
Define f, : H 2 R by 


fiw = fi, (0) + va) (fiu) - fs, (W). 


As f is C), there is ņ > 0 such that 


sup |f) - f, W+ sup [VAW - Vf, Q)| <u 
ucB, (0) ucB;(0) 


for all |t — tol < n. Now, if |t — t| < and $ < [lull < Z, then 


[VADI] = | Vf, Wl] - vao|vf ao - Vf, ao] - [vvao]| f) - f;, W| 


>5-(1+y)u> : (12.25) 
and, moreover, 


iu) -f W| = YW fu -f W| « u < (12.26) 


E 
3 
for |t — tol < n and u € Bz(0). 

As f; (u) = fẹ (u) for llul] > ¢, it follows from (12.24) and (12.26) that 7 = f^ and thus 
fice, eg)nx, = fi, (l-e, £]) n Xy. Moreover, Bz(0) is contained in the interior of X, , 
showing that X, is positively invariant for the flow of f. Finally, (12.25) implies that 0 is 
the only critical point of f; in B; (0). Hence, it follows by the same argument as in (12.22) 
and (1223) that 


Hy(X2.X, 525) = Hg( fE n B', (fo \ {0}) n B Zp) 
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and thus 
Hy( fE n B', (fp \{0}) A B’; Zp) = Ay (fe n B (fy \ {0}) B's Z3) (12.27) 


if the radius of B’ is sufficiently small. 
Finally, as the isomorphism class of (12.20) does not depend on the radius, and as 
f-(u) = f,(u) for all Jul < £, it follows that 


<$, 
Hy(fe n B', (fe 0} A B'; Z2) = Hel fe n B', (F \ {0}) n B’; Z3) 
and thus by (12.27) 
Hy( fE 0 B', (fe \ {0}) nB525) = Hel fg n B (fo \ {0}) n B’; Z2). 


Consequently, d, (t) = dy (to) for all t € [tọ — n, to + n] n [a, b] and all k. This in particular 
shows that d, (a) = d, (b), k € No. 

The final step of the proof for a finite-dimensional 9€ links d, (a) and d, (b) to the 
Morse index of H, for t = a, b. As 0 is a nondegenerate critical point, by the Morse lemma 
(see, e. g., [132, Theorem 8.3]) there is a homeomorphism h, between neighborhoods of 
0 in K such that h,(0) = 0 and 


1 
fihi) = z Hulu). 
Consequently, for g, = f, » h, and any sufficiently small closed ball B" about 0 in H, 


Hy (fe n h(B"), (fp \ {0}) A hi(B"); Z2) = Helg? n B", (g? \ {0}) n B”; Z2). 


As f, is nondegenerate, it follows that + is the orthogonal sum of 2(; and H such that 
8, is positive definite on Ht and negative definite on K7. Define a deformation D of B" 


by 

D: [0,1] xB” 9 B", (suu -ü-su, 
where u = u +u* is the decomposition of u according to the splitting H = H, eH}. Then 
g,(D(s, u)) = g, (u^) + (1 - sg, (u*) which shows that 9€; n B" is a deformation retract 


of g? n B" and 9€; n B" \ (0) is a deformation retract of g? n B" \ {0} by the homotopy D. 
Now set N = dim K; which is the Morse index t_(H;,). Then, if N > 1, 


Hyg) n B", (g? \ {0}) n B"; Zp) = Hy (Hy NB", (96 \ {0}) n B"; Zp) 
= H,(BP, SY; z,), 


where B" is the closed unit ball of dimension N in H; and S ! is its boundary, and for 
N=0 
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Hy(g? n B", (g? V {0}) n B”; Z3) = Hy({0}, 0; Zp). 


Thus for t = a, b the groups (12.20) are isomorphic to Z, if k = & (Hj) and trivial other- 
wise. 

In summary, if there is no bifurcation, then d,(a) = d,(b) for all k and thus the 
Morse indices of H, and Hj coincide. This shows Theorem 12.2.1 under the additional 
assumption that 2 is of finite dimension. 


Step 2 (Finite-dimensional reduction and proof in the general case). 


For the proof ofthis step and thus Theorem 12.2.1, we closely follow [146]. First, note 
that it suffices to prove the statement for families of functionals f : [a,b] xH — R such 
that H, € FB% (90), t € [a,b]. Indeed, the family of functionals f : [a, b] x He sqm given 
by 


Fw v) = fü) + Swi? - zl? 


has the same bifurcation points of critical points as f. Moreover, the corresponding 
Hessians H, are in FB% (7€) and 


Sf(t e [a,b] + H,) = Sf(t < [a,b]  H,) 


by Theorem 4.2.1(v). Thus it will henceforth be assumed that H, € FB;,(H). By 
Theorem 5.9.3, there are paths M : [a,b] —^ G(H), K : [a,b] > K(H) and a symmetry 
Q such that M; H,M, = Q + K, for all t € [a,b]. Let us set 


flu) = f(Mu) 


and note that Vf,(u) = M;(Vf,)(M,u), as well as H, = M;'H,M,. As the operators M, are 
invertible, the families f and f have the same bifurcation points. Moreover, it follows 
from the homotopy invariance of the spectral flow in the form stated in Corollary 4.2.5 
that Sf(t € [a,b] Hj) = Sf(t e [a,b] +» M;H,M,). Thus it is enough to prove The- 
orem 12.2.1 under the additional assumption that H, = Q + K; for a symmetry Q and 
compact symmetric operators K;, t € [a,b]. 

Let now K, denote the eigenspaces of Q for the eigenvalues +1 and let (ez). be 
corresponding Hilbert bases. Moreover, let H, be the span of (ez : k = 1,...,n} and 
denote by P, the orthogonal projection onto H,,. Note that P, commutes with Q and 
thus Q(J6,) = Hp, as well as Q(HF) = Hy. 


Lemma 12.2.4. There is ng € N such that for all n = ng, 
O (1-P,)Hilsco € G(G) for t € [a,b]; 
(ii) sH, + (1- S((1- P,)H, - P,) + P,H,P,) € GCH) for t = a, b and s € [0,1]. 
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Proof. Let us first note that 
1 - P,)Hilac. = Q + (1- Pr) Kiloce 


is a compact perturbation of an invertible operator and thus a Fredholm operator of 
index 0. Therefore, to prove the first assertion, it is sufficient to show that (1— P, Atl ace 
is injective. 
As ||Qu|| = llull, 
| - P,) Qu] = IQul = lul, we Hz. (12.28) 


Moreover, since t € [a,b] — K, is a continuous family of compact operators, the set 
{K,(u) : t € [a,b], llull = 1} is relatively compact. As 1 - P,, converges uniformly to 0 on 
compact subsets of K, there exists ng € IN such that 


1 
|í- 5,)Kuu| < lul. u € 96 t e [a,b], n 2 ng. 
Hence one obtains from (12.28) 


1 à 
|a - PHW] = f - P9Qu + Q- P)Ku| > z ul, we H 


n? 


showing the injectivity of (1 — P,)H;|5c.. 
To show (ii), let us note at first that by a direct calculation 


SH; + (1 — S((1 — P,)H, - P4) + P,H,P,) 
= Q+ SK, + (1— S((0 - P,)K,Q - Py) + P,K,P,), 


which are all Fredholm operators ofindex 0. Let us now assume by contradiction that an 
ng as in the assertion does not exist. Consequently, there are sequences (Un) nen; luy = 1, 
and (s,), cy such that 


Qu, + s,Kqu, + (1— S)((0— P,)Kq(1- P,)u, + P,K,P,u,) 0, neN. 


As K, is compact and P, converges on compact subsets of H to the identity, one sees that 
there is a convergent subsequence of (Q(U,,)) nen- Henceforth, let us denote this sequence 
by the same indices and assume as well that s, converges to some s" € [0,1]. It follows 
from the invertibility of Q that (u,), cy converges to some u € H of norm 1. Thus 


lim 1- P)K(1-P,)u, 20, lim P4K,Pau, = Kal 
and so 
Hqu = Qu + Kqu = Qu + s“ Kau + (1 - s')Kqu = 0, 


in contradiction to the invertibility of H,. Of course, the same argument applies to the 
invertible operator Hy. 
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Let us now set H7 = P,H;|sc, : Hn > Hp and note that it follows from Lemma 12.2.4 
combined with Theorem 4.2.1 and Proposition 4.3.1 that for n > no, 


Sf(t e [a,b] 9 Hj) = Sf(t e [a,b] 5 H$) = i- (H5) - C (Hj). (12.29) 


For reducing the nonlinear problem to finite dimensions, the following technical lemma 
is needed. 


Lemma 12.2.5. Let H bea real Hilbert space, U c 9€ an open neighborhood of 0 € U, and 
f : [a,b] xU > Ra continuous family of C?-functionals. Let F(t, u) = (Vf; )(u) and assume 
that F(t,0) = 0 for allt € [a,b]. Suppose that there is an orthogonal decomposition 
H = X e, where X is of finite dimension, and such that for 


F(t,u) = (F(&;x, y, Ej(tx,y) eXeu, u=(%yleXey, 
one has that (DyFo)(t, 0,0) : Y > Y is invertible for all t € [a,b]. Then: 
G) There are an open ball B4. = Bs(0) c X and a unique continuous family of C'-maps 
n: [a,b] x By — Y such that (t, 0) = 0 for all t € [a,b], and 
F,(t,x,n(t,x)) =0, (t,x) € [a,b] x By. (12.30) 


(ii) Let the family of functionals f : [a,b] x By. — Rand the map F : [a,b] x By — X be 
defined by 


f(t.x) -f(to,n(tx)) Fx =F(tx,06). 
Then f is a continuous family of C?-functionals on By and 
Vf (t,x) = F(t,x), (t,x) € [a,b] x By. (12.31) 
Proof. Let us first consider the map F, : [a,b] x X x 9 — 9 defined by 
F (t,x, y) = Ft; (DyP(t0,0) ^y). 


and note that D F(t, 0,0) = 14. Obviously, a map ņ as in (12.30) exists for F, if and only 
if it exists for F,. Thus we can henceforth assume without loss of generality that 


D F(t, 0,0) = 1y. (12.32) 
Now consider C : (a, b] x (X x Y) > X x 9 defined by 
C(t,x, y) =y - P(t, x,y) 


and note that D,C(t, 0,0) = 0 for all t € [a, b] by (12.32). As DyC(t, X,y) is continuous by 
assumption, there exists € > 0 such that 
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1 -— = 
|DyC(t. x. y)] < p (bxyelabI x Bx x By, 


where Bx , and By , denote the closed balls of radius e in X and Y. Consequently, 


1 = E 
Ict, x,y) -C(t xy’) < zD -yl (x) € [a b] x Bye yy’ € Bye (12.33) 


As F(t, 0,0) = 0, there is ô < € such that 


cct. x, 0)|| = ||Fa(t, x, 0| < - (t,x) € [a,b] x By s, 


and one obtains from (12.33) that, for (t,x, y) € [a,b] x By,s x By e 
|C(t, x,y)|| < [C x,y) - C(t, x, 0)]]  ||C(t x, 0)| < e. 


Thus for each (t,x) € [a, b] x Bys, the map C(t,x,-) : Bye — By, is a strict contraction 
and thus has a unique fixed point n(t, x). As these fixed points depend continuously on 
parameters, one obtains a continuous map n : [a,b] x By — Y. Note that 17 satisfies 
(12.30) and thus for each fixed f, n(t, -) is the unique map that can be obtained from the 
classical implicit function theorem. The latter theorem also shows that 


Dyn(t,x) = -(DyFy(t, x, n(t,x))) DEt x nt, X), 


which implies that D,n(t, x) depends continuously on (t,x) € [a,b] x Bx; s. 
Finally, (12.31) is a direct consequence of the chain rule and (12.30). 


Let us now set X = Hp, Y = Hy and consider the splitting F = (Fi, F7), where 
Fi(t,u,v) =P,F(t,u,v), Fj(tuv)- (1- P,)F(t u, v). 


As DF; (50,0) = (1 - P,)Hiloc. : Ha — Hy is an isomorphism for n > no by Lem- 
ma 12.2.4, one obtains from Lemma 12.2.5 a family of functionals f : [a,b] x B, — R for 
some open ball B, c H, such that each bifurcation point of critical points of f is also a 
bifurcation point of f. Thus it suffices to show that f has a bifurcation of critical points 
from the trivial branch if (12.29) is nonzero. The following proposition is the final step 
in the proof of Theorem 12.2.1. 


Proposition 12.2.6. For the Hessians H; of the functionals f, at 0 € H,, there exists 
o. . 
n; = ng such that for n > n, and t = a, b, H, is invertible and 


Proof. Let ni : B, — K; be the continuous family of Cl-maps as specified in Lem- 
ma 12.2.5 for the splitting H = Hp e H+. Set C? = Don}. By differentiating (12.30) implic- 
itly, it follows that 
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-1 -1 
Cf = -(DF;(60,0)) D,Fj(t,0,0) = -(1- Pr)Aglacs) A- Pa) Hilo, 
Now 
(1-P,H,-Qu«(1-P,)Ku, we Hy. 


n 


As (1 - P,)K, converges uniformly to 0 on bounded sets, there is k € N such that for 
t=a,b, 


1 
|(1-P,)K,ul| < zll, ucH, nk. 
Consequently, as ||Qul]] = llull for all u € K, 
1 n 
|a - 5,)H;u| = zlul, ue Hy, nek, 
which shows that 
-1 1 
I(&-P,)Hso) |< p nzkt-ab. 
Using once again that H; = Q + K; this yields 
n 1 1 
Ice s 7I - Pa + Kol] s 2a - PrdKilac,|| = 0 asn > o, 
because (1- P,)K, converges to 0 in B(H) as n oo by the compactness of K,. Moreover, 


there is a constant c > 0 such that ||H7'u|| = |P4H;ul| > cllull for allu € 26, and all n € IN. 
Finally, it follows from the definition of H f that 


H; = P,H,(1+C") = H? + P ,H,C”, 


and thus there is n; € N such that H : is invertible and has the same Morse index as H7 
forn > n, and t = a,b. 


Proof of Theorem 12.2.1. This now follows from the finite-dimensional case, the previous 
Proposition 12.2.6, and (12.29). 


12.3 Applications to Hamiltonian systems 


The aim of this section is to study bifurcation of periodic solutions of families of Hamil- 
tonian systems of the form 


en + V,F(t,s,u(s)) -0, s [0,27], qa) 


u(0) = u(2z), 
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where I is the 2N x 2N symplectic matrix that was already introduced in Section 2.1, 
F : [0,1]x Rx R® — R is 2z-periodic in s, satisfies a number of regularity assumptions 
stated below, and 


VE (ts s,0) = 0. 


The function F is called the Hamiltonian. Its arguments are the exterior parameter t, the 
time variable is denoted by s, and finally, u are the phase space points. Usually, the Hamil- 
tonianis denoted by theletter H which, however, here is reserved for the Hessian further 
down. The Hamiltonian system (12.34) is called semilinear because it is linear in the time 
derivative, but in general F is not linear in u. Furthermore, (12.34) is called autonomous 
if the Hamiltonian has no explicit dependence on time, namely F(t,s,u) = F(t, u). Let 
us also note that in many situations the dependence on t is of the form F(t, u) = tF(u) 
where then t is proportional to the period of periodic orbits that one is looking for. Ex- 
amples of systems like (12.34) not only come from classical mechanics, but also geodesic 
equations can be written in such a Hamiltonian form. 

Now, clearly, the constant function u = 0 is a solution of (12.34) for all t € [0,1]. 
One is then interested in finding bifurcation points at which new branches of solutions 
arise. One way to address this problem is to study the linearization of (12.34) at u = 0. It 
is given by 
a *(ViF,.Q)u(s) 20, s € [0,27], dins 

u(0) = u(270), 


and thus of the form (7.6). Periodic solutions of this equation can be accessed by the 
oscillation theory techniques of Section 7.3, see also Section 2.5 for a discrete time set- 
ting. It is then an analytic issue to connect those solutions to solutions of the nonlinear 
problem (12.34). For the problem of finding periodic geodesics, this was the route fol- 
lowed by Bott [35]. Here another strategy will be followed: one first constructs a family 
f, of functionals on a suitable Hilbert space of functions u for which the critical points 
are just the solutions of (12.34). For these functionals, one can then apply Theorem 12.2.1. 
This was firstly done by Fitzpatrick, Pejsachowicz, and Recht in [85], which is the main 
reference for this section. 

Throughout the analysis, the following technical assumptions are supposed to 
hold [22]: 
(H1) F e C^([0,1] x Rx R, my; 
(H2) F is 2zt-periodic in the s-variable; 
(H3) There are c > 0 and r > 2 such that for all (t,s, u) € [0,1] x IR x R2%, 


oF 


EJ + \(VF)(t, S, u)| <c(1+ lull”2); 


(t, s, u) 


(H4) V,F(t,s,0) = 0 for (t,s) € [0,1] x R. 
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As a technical preliminary, let us begin by introducing the spaces that will be needed be- 
low to apply Theorem 12.2.1. The unit circle S! will be identified with IR/(2zZ) = [0, 27). 
Let us first recall that Is. RN ) consists of all functions u : [0, 277) ^ R2 such that 


u(s) = Co + X. (ay sin(ks) + by cos(ks)), (12.36) 
k=1 


where Cp, aj, by € R, k € IN, and 
V asd 2 
Y (lag? Ib.) < oo. 
ki 
The scalar product on L^(S!, RV) is given by 
en ~ 
(u|v) p; = 27 (C9l69) +7 Y (larl) + (by |b;,)), 
ki 
where & and à, b, denote the Fourier coefficients of v € L^(S, RN). The subset 
W ??(s!, R?) of all functions u € L^(S!, R2") such that 
o 
Y K(layl? + byl?) < oo (12.37) 
ki 


is a Hilbert space in its own right with respect to the scalar product 


(ulv) i = 2n (cglég) 4 7t X k((aylày) + (bylby)), (12.38) 
k=1 
and the embedding 
W?"(sl, RY) > LP (St, RY) (12.39) 


is compact for every p € [1, co) (e. g., [3, §3.1]). Note that elements in w22(s1, R) do 
not need to have continuous representatives. In contrast, replacing k by Kk? in (12.37) 
and (12.38), one obtains W*?(St, IR?) and elements in this space can be represented by 
absolutely continuous functions having a square integrable first derivative. 

The first aim is to construct a family of C?-functionals f : [0,1] x H —> Ron the 
Hilbert space H = W2(S, R2") such that the critical points of f, are the weak solutions 
of (12.34). Let us first note that there is an orthogonal decomposition H = €, 6€ £9 6 € , 
where 


Eo = {U € H: UE Co c e RY} 


and 
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eS fu € H: u(s) = Y (aj cos(ks) x Ia, sin(ks)) with a, € eb 
k=l 


Let P, denote the orthogonal projections in K onto €,. For u as in (12.36), one has ex- 
plicitly 
(P,u)(s) = ; $ ((ay — Ibp) sin(ks) + (Ia, + by) cos(ks)) 
k=l 


and 


(P_u)(s) = ; 5 ((ay + Ibp) sin(ks) + (-Iay + bg) cos(ks)). 
k=l 


Next let us define a bilinear form by 
D:396x9€ >R, (u,v) = (P,u-P_ulv) 4. (12.40) 


For u € W'"(s!, R), the definition of €,, and the definition of the scalar product in 
w?*(s!, R7") allow verifying by a direct computation that 


2n 
I(u,v)- | (Iu|V) pw ds, ve X. (12.41) 
0 


Now consider the family of functionals 


2n 
f:[G1]x9€ R, f(t,w = ru u) + | Fles.u)) ds. (12.42) 
0 


The following proposition shows, in particular, that the critical points of f, are the weak 
solutions of the Hamiltonian system (12.34). 


Proposition 12.3.1. The map f defined by (12.42) is C? and 
Vf;(u) = (P, - P_)u + G(t, u), 


where 


27 
(G, u)|v),, = | (V,F(t,s,u(s))|ws)) pew ds, u,v e X. (12.43) 
0 


Moreover, the Hessian H, of f, at 0 € H is given by 
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27 
(u|H,v) gc = Tu v) + | (u(s)|A;(s)V(S)) paw ds, u,v € 9G (12.44) 
0 


where 
A(S) = V2F(t,s,0), (ts) € [0,1] x R. 


Proof. The proof closely follows [205, Appendix A]. Let us first briefly recall that a map 
G : X — Y between Banach spaces X, Y is Gateaux differentiable at xy € X if for all 
h € X the limit 


dG(xg; h) = lim (Gu + th) - G(u)) 


exists. Moreover, G is (Fréchet) differentiable in x, if there is D4G € IB(X, 9) such that 


dim. E GO +h) - Gx) - D,,Gh| = 0. 
Of course, if Gis differentiable, then G is Gateaux differentiable and dG(xy; h) = (D, G)h. 
Moreover, if G is everywhere Gateaux differentiable and for all x there is A(x) € B(X, V) 
depending continuously on x and such that dG(x;h) = A(x)h, then G is differentiable 
and D,G = A(x). 

One only needs to discuss the second term in the definition of f : [0,1] x H > R 
as the first is clearly smooth and its first and second derivatives are as stated in the 
proposition. Thus let us henceforth consider the family 


n 
g:(01)xH OR, g(tu)- [Fe s, u(s)) ds. 
0 


Note that by (H3) there is a constant d > 0 such that for all (t, s, u) € [0,1] x Rx RN, 
Iv, EX. s, u)| < d(1 + Iul). (12.45) 


Let us now first show that g(t,-) : H — R is Gateaux differentiable for every fixed 
t € [G1]. Let uh € 96s € S and 0 < |t| < 1. By the mean value theorem, there is 
A € (0,1) such that 


Ec s, u(s) + th(s)) - F(t, s, u(s))| = ||(V,F)(t s u(s) + Ach(s))h(s)]| 
< d(1+ (uc) RODT] 
< d(1+2’*(Ju(s)|”* + o) 


> 
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where (12.45) was used. As the embedding (12.39) is in particular continuous, \Iu(s) |"? 
and ||h(s)||" + are in L?($t, IR"). Thus the right-hand side in the latter inequality is inte- 
grable by Hólder's inequality, and it follows from the dominated convergence theorem 
that 


27 
lim “(g(t u + Th) - g(t,u)) = lim | “(F(t s, u(s) + Th(s)) — F(t, s, u(s)))ds 


0 
2n 


= | (V „F(t, s, u(s))|A(s)) pow ds. 
D 


Let us now set G : [0,1] x H — 3 as in (12.43) and show that G continuously depends 
on (tu) € [0,1] x H. If  : [0,1] x [0,27] x IR?" — m?" is continuous and satisfies the 
estimate 


[A(t su) < e + lull") (12.46) 


for some č > 0 and 1 < p,q < co, then h(t,- u) € L'(S!, IRZ") for all u € L?(S', R") and 
the superposition operator 


[0,1] x L?(S', R2") > r*(sl R), (tu) o h(t,- u) 


is continuous. A proof of this fact without a parameter t can be found in various text- 
books in nonlinear analysis and is a rather straightforward application of the domi- 
nated convergence theorem (cf., e.g., [5, 205]). The above parametrized version only 
requires minor modifications of the argument. Now let r* be the conjugate exponent 


ofr, i.e, t+ l = 1 Because then + = r — 1, it follows from (12.45) that the super- 


= 
position operator VF : [0,1] x L’(S',R2%) — L” (St, RV) is continuous. Finally, let 


(t4, Un) > (t,u) € [0,1] x H. Then by the Holder inequality, 


zm 
| (VF (tn s, Un(S)) — V,F(t, s, u(s))|v(s)) ds 
0 

< |VuF (tyes Un) - VuF (t+) U) |l lvl, 

< c, VF (ty Un) — VF (t+ u) 


| (Gt Un) - G(t, u)|v)| = 


Palace 
where c, > 0 exists by the boundedness of the inclusion (12.39). Thus 


|G(t,, Un) — G(t, u)| < CVF (ty Un) — VuF (t+ u) 


po n oo, 


which shows the continuity of G : [0,1] x H — 9€. In summary, it has been shown that 
the functionals f, : H — R are continuously differentiable, their derivatives are given 
by (12.43), and they depend continuously on (t, u) € [0,1] x 3€. 
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Differentiation under the integral sign yields the partial derivative of g with respect 
to t, and its continuous dependence on (f, u) € [0,1] x H follows once again from (H3) 
and (12.46). 

The assertion about the second derivatives of f can be obtained from (H3) by direct 
modifications of the above arguments. 


The following lemma shows that the Hessians H, in Proposition 12.3.1 are actually 
Fredholm operators. 


Lemma 12.3.2. The Hessians H, of f, at 0 € K are of the form H, = A+ K, where 
A € FB;,(H) is a self-adjoint Fredholm operator and K is a continuous family of com- 
pact operators. 


Proof. At first, let us set A = P, - P , which clearly is an element of FB;,(H). Secondly, 
the maps 


2m 
B, : L7(S', R”) x r?(s!, m2") > m, (uv) | (utl Gv) ges ds 
0 


restrict to a continuous family of bounded bilinear forms on «K, and thus 
(u|K,v) s, = fuv), uve H, 


defines a continuous family of bounded self-adjoint operators K, on H such that 
H, = A-«Kj,t € [0,1]. It remains to show the compactness of K;. Let (uj), «y and 
(Vn)new be sequences in H which weakly converge to some elements u,v € H. From 
the compactness of (12.39), it follows that they converge strongly in L^(S!, R). Con- 
sequently, (Kju,|vj) 5c = Pt(Un Vn) converges to B,(u,v) = (Ku|v) 4;, which shows the 
compactness of K,. 


The previous lemma implies that t € [0,1] + H, is a continuous family of bounded 
self-adjoint Fredholm operators in K. Thus Sf(t € [0,1] Hj) is well defined and, if it 
is nontrivial and Ho, H; are invertible, then there is a bifurcation of critical points for f 
by Theorem 12.2.1. Actually, by using relatively standard regularity arguments, this will 
next be improved. 


Theorem 12.3.3. If 
Sf(t € [0,1] = H,) #0 


and the linear equations (12.35) only have the trivial solution for t = 0,1, then there are 
a sequence (ty)nen Converging to some t* € (0,1) and a sequence (Up)new c C (Sl, RN) 
converging to 0 with respect to [ul : = ullo, + llùllo such that u is a nontrivial periodic 
solution of (12.34) for t. 
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Proof. The argument closely follows [156, § 6]. Let us first show that every critical point 
of f, is in C1($', IZ"). If u e H is a critical point of f,, then one obtains from (12.41) that, 
forve ws} R”), 


2n 
(uf OW) 1, = | ((ulZd)gev + (VE (tS, u)|v) gow) ds = 0. (12.47) 
0 
Plugging into this formula for v the 2N constant functions given by the standard basis 
of IRZ" yields fe VUE (t, s, u) ds = 0. By using a Fourier expansion, it can be shown that 
for all v € L?(S!, R?) such that x f; vds = 0 and every ë € R, there is a unique 
a e W'*(s, R?) such that + [s üds = ë and oj = v. If one applies this fact to 
v = IVF(t,s,u(t)) and £ = x f; uds, one obtains a unique w € ws), RY) such 
that 
2n 27 
| wds = | uds, w=IV,F(t,-,U). (12.48) 
0 0 


Now let us take the scalar product of the latter equation with Iv for v e W'"(s!, R2") 
and integrate by parts to obtain 


27 
| ({WIIV) paw + (V E(t, S, u)|v) gow) ds = 0. 
0 
Comparing this to (12.47) yields the L?-orthogonality relation 
27 
| (U-WIIv) gw ds =0, ve W” (St, 2"), 
0 


This shows that u and w can differ only by a constant function which is actually zero by 
the first equation in (12.48). Consequently, u € W*?(S', R”) satisfies 


Iü + V,F(t,-,u) = 0 (12.49) 


almost everywhere. As every function in W*(S', RY) is continuous, it actually follows 
that u € C(S!, IR"), Finally, (12.49) shows that u € C!(s!, R). 

The same argument applied to (12.44) yields that the kernel of H, consists of the 
classical solutions of (12.35). Thus if (12.35) has only the trivial solution for t = 0,1, then 
Ho, H, are invertible. 

It remains to show that the sequence u, converges to 0 with respect to the C! norm. 
Let us first note that u, — 0 in E^. R) as the embedding K — Ls}, RY) is contin- 
uous. It follows by (H3) and an elementary estimate as in the proof of Proposition 12.3.1 
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that V F(t» Un) — 0 in L'(S', R2"), and thus à, — 0 in L7(S', R?) as u, satisfies 
(12.49). Since u, and üt, tend to zero in L^(S!, IRZ"), one sees that u, > 0 in W'(S1, R”). 
As the embedding ws) RY) > c(St, RY ) is continuous, it follows that u, — 0 
in C(S!, R"). Finally, (12.49) shows that à, — 0 in C(S!, R™), and thus u, — 0 in 
C! (S, R?) as claimed. 


Note that it will usually be relatively easy to figure out ifthe linear equations (12.35) 
have nontrivial solutions for t = 0,1. Moreover, by Proposition 7.3.1, the spectral flow 
in Theorem 12.3.3 is the Bott-Maslov index of a path of Lagrangians obtained from the 
fundamental solutions of (12.35). However, Theorem 12.3.3 can only be useful if there are 
appropriate ways to obtain the latter number. This is the topic of the remainder of this 
section. 

Let us first consider the case that (12.34) is a higher-order perturbation of an au- 
tonomous system, i. e., we assume in addition to (H1)- (HA) that 
(H5) A, = V?F(t, s, 0) does not depend on s. 


Then (12.35) is autonomous and has a nontrivial solution if and only if 1is an eigenvalue 
of the matrix exp(271A,). The latter is equivalent to the existence of some k € Z such 
that kz is an eigenvalue of JA,. 

The next aim is to obtain an explicit formula for the spectral flow of t € [0,1] > H; 
under the additional assumption (H5). Let us consider for k > 0 the spaces 


Vy = {asin(ks) + bcos(ks) : a,b € Roy cH, 


and note that it follows from (12.41) and (12.44) that each space V, is invariant under the 
operators H,. Let e;,. . ., ey, ey... zy be the standard basis of R?™. This yields a basis 
of Y, for k € IN by 


ib scu ov (12.50) 
where uk = sin(ks)e; and vi = cos(ks)e; for i = 1,...,2N. As Je; = ei,y fori = 1,...,N, 
it is readily seen from (12.41) and (12.44) that H;|y,, K € IN, is given with respect to the 
basis (12.50) by the 4N x 4N-matrix 


14 uf 
B,(t) = ¢ : ) (12.51) 
-I tA 


Moreover, {€}, .. . , e;y] is a basis of Vp and Lly, is given by multiplication by A,. 

The aim is to find a decomposition H = X ẹ Y into closed subspaces that reduce the 
operators H, and are such that dim(X) < co, as well as H;|y € G(Y), t € [0,1]. 

Let m € IN be such that B,(t) is invertible for all k > mọ and t € [0,1]. Then the 
operators H;|y, : V — Y are invertible as well for k > mp. Let us now consider the 
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spaces X = Qs Vy and Y = X+. The operators H, are reduced by the decomposition 
H = X e, and one obtains from Theorem 4.2.1(v) 


Sf(t € [0,1] + H;) = Sf(t € [0,1] = Hila) + Sf(t € [0,1] > Hily). 


As Hily € FBsa(¥) and Hily, : V > Vx is invertible for k > mg + 1, it follows that H;ly 
is invertible for t € [0,1]. Consequently, by Theorem 4.2.1(i), 


Sf(t € [0,1]  H,) = Sf(t € [0,1] > Hily), (12.52) 


and so the spectral flow computation is reduced to finite dimensions. Moreover, one 
obtains from Theorem 4.2.1(i) and (v) that 


Sf(t € [0,1] > H,) = Y st € [0.1] > Hily,) 
k=0 


co 
= Y Sf(t € [0,1]  Hily,), (12.53) 
where it was used once again that H,|y, : V, — V, is invertible for k > mọ. 
Let us now consider H;|y, for some k = 0,1,2,.... As Vy is of finite dimension, there 


is a single a » 0 in (4.4) such that spec(Hily,) c [-a. a] and all elements in spec(Hil»y, ) 
are eigenvalues of finite multiplicity. Thus 


Sf(t € [0,1] > Hj) = ; Tr3c(P5, - Poa -Po + Poo): (12.54) 


By Lemma 4.1.1, Tr(yj 44(H;)) is constant on [0,1], and one obtains, as in the proof of 
Proposition 4.3.1, 


Tro¢(P 2 - Tr (P. z0) 
= Tr4 (P7) + dim(Ker(Ho)) - Trac(P$1) - dim(Ker(H;)). 
Plugging this into (12.54) yields 
Sf(t € [0,1] 5 H;) = Trac(P$o) - Trac(P$1) 
{ 5 (dim (Kerh) - dim(Ker(H,))) 
= L (Holy) = L (Hily,) 

£ 3 (dim (Kerh) - dim(Ker(H,))). 

Let us now assume that Ho, H, are invertible. Then, with respect to the basis (12.50), 


Sf(t € [0,1] ^ Hyly,) = L(B&(0) - _(B, (1), -k € N, 


(12.55) 
Sf(t E [0, 1] EX Hily,) = L (Ag) E L (A4). 
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Moreover, the matrices B; (i), i = 0,1, are invertible as well, and thus 


5 Sig(B.)) = 2N - 1 (BKO). 


Consequently, by (12.53), 


1 $e... : 
Sf(t € [0,1] 5 H;) = L (Ag) - (Ay) + 5 X (Sig(By(1)) - Sig(B;(0))). 
k=1 
As B,(i) converge to matrices of signature 0, the series Y, Sig(B,(i)), i= 0,1, converge 
as actually only finitely many of their terms are nonzero. Thus the definition 


v(Aj) = t_(Aj) - ; Y; Sig(B,(i)) (12.56) 
k=1 


makes sense. The following theorem summarizes the above findings. It was proved along 
these lines by Fitzpatrick, Pejsachowicz, and Recht in [85] and recently obtained by other 
methods in [24, 107]. 


Theorem 12.3.4. If (H1)-(H5) hold, no eigenvalue of the matrices IAg, IA, is an integral 
multiple of the imaginary unit 1 and 


v(Ag) + V(Ay)s (12.57) 


then there are a sequence (tn)nen in [0,1] converging to some t" € (0,1) and a sequence 
(Un)nen in C (S., IR") converging to 0 such that u, is a nontrivial 2-periodic solution of 
(12.34) for ty. 


The previous discussion has shown that the spectral flow of the family H,, t € [0,1], 
of the Hessians (12.44) can conveniently be computed by (12.56). The main advantage 
of the latter formula is that it provides a way to compute the spectral flow just from 
the coefficients of the linearized equation (12.35). In particular, neither eigenvalues nor 
eigenfunctions of the operators H, need to be determined. Note that (H5) is vital for the 
arguments above as the spaces Y, will generally not reduce the operators H, if S, de- 
pends on s. Thus a simple formula as (12.57) cannot be expected to hold without assum- 
ing (H5). On the other hand, Theorem 12.3.3 only requires a nonvanishing spectral flow, 
and soit would be enough to have an estimate that yields its nontriviality. The following 
theorem is called the comparison principle of the spectral flow. 


Theorem 12.3.5. Let t € [0,1] + H; € FB,,(H) and t € [0,1] + H; € FB,a(H) be two 
paths such that H, and H} are Calkin equivalent for all t € [0,1]. If 


H< Hj, H; <H, 
then 


Sf(t € [0,1] — H;) < Sf(t e [0,1] > H,). 
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Proof. Let us set K, = H! - H, and define a homotopy 
(s,t) € [0,1] x [0,1] > hgs € FBsa (H) 
by hio = Hı + sK;. It follows from Theorem 4.22 and Theorem 42.1(ii)- iii) that 


Sf(t € [0,1] > Hj) 
= Sf(s € [0,1] + hi) + Sf(t € [0,1] = H;) - Sf(s € [0,1] = hs). 


which shows the assertion as 


Sf(s € [0, 1] Lad hiso) > 0 and Sf(s € [0, 1] [xd hs) < 0 (12.58) 


by Theorem 4.2.6. 


Let us now consider the equations (12.34) under the assumptions (H1)-(H4 and de- 
fine for i = 0,1, 


a,= inf inf A;(s)u|u : -= Su su A;(s)u|u i 
NI ite ADU et Ei US sup ( (ufu) ew 


Note that infia (Aj (s), u) and SUP jyja1 (Ai(s)U, u) are the smallest and the largest eigen- 
value of the symmetric matrix A;(s), and 


Alon < Ai(s) < Bilan, xel. (12.59) 


Let us now assume that By < a, and consider the path t € [0,1] + H; € FB,,(H) of 
self-adjoint Fredholm operators defined by 


2n 


(Hrulv) 32 =T(u, v) + (Bo + t(a = g)) | (u|V) pew ds, 
0 


where [ is the bounded bilinear form in (12.40). It follows from Lemma 12.3.2 that H, -H; 
is compact for all t € [0,1]. Moreover, 


2m 


(H: - Hub), 32 = | (Ads) ~ (Bo + a ~ Boobs ds 


by (12.59), and hence it follows from Theorem 12.3.5 that 


Sf(t € [0,1] + H?) < Sf(t € [0,1] ^ H,). 
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Thus one obtains the existence of a bifurcation from Theorem 12.33 if 
Sf(t € [0,1] + H?) > 0. Note at first that the crossing form of H’ at a crossing t* is 


Te = a, - By > 0, 


and consequently only the existence of a crossing is needed. Now, the kernel of H; 
consists of the solutions of 


s *u(t)u(s) -0, se [0,27], (12.60) 


u(0) = u(270), 
where u(t) = Bg + t(a, — Bo). The fundamental solution of this differential equation is 
cos(u(t)s)15y  sin(u(t)s)I, 


which shows that there is a nontrivial solution of (12.60) if and only if u(t) € Z. Tak- 
ing into account that t is in the unit interval, it follows that Sf(t € [0,1] 5 Hi ) > 1if 
(Bo, à4) N Z + 0. If one repeats the above argument for 


2n 


(H;'ulv) 2 - I'(u, v) + (ag + t(B4 — a9) | (U|V) pow ds, 
0 


under the assumption f, < dp, it follows that Sf(t € [0,1] — H;') < —-1if one has 
(B1, ag) N Z + 0. The following theorem summarizes these results. 


Theorem 12.3.6. If (H1)-(H4) hold, (12.35) has only the trivial solution and either 
(By, aà)nZ £90, or (Pao NZ +ð, 


then there are a sequence (tn) nc in [0,1] converging to some t* € (0,1) and a sequence 
(Un)nen € C'(S', R2Y) converging to 0 such that u, is a nontrivial 2t-periodic solution of 
(12.34) for ty. 


Note that, similar to Theorem 12.3.4, the previous theorem allows obtaining the ex- 
istence of a bifurcation point for (12.34) from the coefficients of the linearized equations 
(12.35). Finally, applications of Theorem 12.3.5 to PDE can be found in [202]. Other meth- 
ods to compute the spectral flow for applications in bifurcation theory of differential 
equations are discussed in [145, 198, 199, 203, 150]. 


A Collection of technical elements 


A.1 Riesz projections 


The following proposition resembles a few facts about Riesz projections associated to 
a bounded operator T on a Hilbert space. Let us stress that Riesz projection are not 
necessarily self-adjoint (and hence may also just be called Riesz idempotent). 


Proposition A.1.1. Let A c spec(T) be a separated spectral subset, namely a closed subset 
which has trivial intersection with the closure of spec(T)\A. Associated to A letT be a curve 
in C V spec(T) with winding number 1 around each point of A and 0 around all points of 
spec(T) \ A. The Riesz projection of T on ^ is defined as 


NT I 
E Ty (A.D 


The range and kernel of R, are denoted by €, = Ran(R4) and F, = Ker(R,). If ^ = {A} is 

an isolated point in spec(T), let us also use the notation R} = Ry, €, = €, and so on. The 

following properties hold: 

(i)  Rjisidempotent, namely an oblique projection, and €, and F, are closed subspaces. 
Moreover, R, is independent of the choice of T. 

(ii) Let T be invertible. Then T can, moreover, be chosen to have a vanishing winding 
number around 0. If (T) ! denotes the path of inverted complex points, one has 


R, = $ E yay (A.2) 


2m 
qt 


(iii) If A and A’ are disjoint separated spectral subsets, then one has RAR, = 0 as well as 
Raya = Ry + Ry. 

(iv) For is a disjoint decomposition spec(T) = LE A, in separated spectral subsets, 
Yer Rs, = 1. 

(v) €&, is invariant for T and 3, is invariant for T". Moreover, dim(E,) = dim(3). 

(vi) If, and V, are frames for €, and Fx, and V46, is invertible, then 


* -1 * 
Ry = O,(Wp®y) Wy. 


(vii) The orthogonal projections on €, and F, are R(R,R,) Rj = 40, and 
RÄ (RaR) (Ry = WAV; respectively. 

(viii) If dim(€,) < oo, then €; is the span of the generalized eigenvectors of T to A. 

(ix) Letf be an analytic function on the convex closure of spec(T). Suppose that 


f (spec(T) n A) n f (spec(T) \ A) = 0. 
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Denote by Qy,j the Riesz projection of f(T) on f(A), which is a separated spectral 
subset for f(T). Then Qra) = Ra. 


Proof. (i) LetI’ be another path with the same properties as T, but, moreover, encircling 
every point of T once. Then 


-1 -1 
Ra = ES nt Bsp D) 


" -1 
E 27i T 271 Z — - (G D'-cG-T ) 
dé EI 1 dz dé 1 
u^ n Pmr Pg D e 


where in the second equality the resolvent identity was used, and in the third we used 
Fubini’s theorem. Now the first summand vanishes because the integral over T van- 
ishes, while in the second summand the integral over € is equal to —1. This shows that 
(RA) = Ry. Ina similar manner, all the other properties of the Riesz projection are de- 
rived. 

(ii) As T is invertible, the integral over a sufficiently small circle vanishes and can 
thus always be added with the right orientation to assure that has a vanishing winding 
number around 0. The change of variable ë = z ! leads to 


n-$zElUC-D-$Z(eDS-) 


271 
(ry? (ry? 


I' 


Now the integral of the last summand vanishes because the winding number does by 
assumption. 

Proofs of items (iii) to (viii) are standard and can be found in [112]. 

(ix) Let y denote a curve in the resolvent set of f (T) circling once around f (A). Then 


d E E 
Qr = d Ke ! -f(T)) : 
y 


Now let us write the operator function (Z ! — f(T)) ! also by holomorphic functional 
calculus using a curveT around spec(T). But as Ais a separated spectral subset of T, it is 
possible to choose T composed of two curves T, around A and T; around the remainder 
spec(T) \ A. Moreover, T, is chosen such that all of f (T4) is encircled once by y, and T, 
such that f (T?) does not intersect y, which is possible by hypothesis. Now 


Qro = Pa Sane fa” ZT)". 
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Exchanging the integrals gives 


dz 
Ora) = j ont n'$, Ons E- EE 


The first integral gives R,, while the second vanishes because the contour is chosen such 
that there is no singularity encircled by y for z € T}. 


z, 


9e buc - f(z) 


A.2 Norm estimates on roots 


The first inequality goes back to Haagerup, see [143]. 


Proposition A.2.1. Let U € U(H) be unitary and T € B(K) be positive semidefinite, 
namely T > 0. Then for a € [0,1], 


|[U. T^]| < |t. T]. 


Proof. Recall that the roots x € [0,co) — x“ are Herglotz functions and are therefore 
operator monotone by Loewner's theorem. Thus, 
UT^U* = (UTU")- 
= (UTU* -T + T) 
< (|UTU* - T| t TY 
< IuTU* 27) +T“, 


where the last inequality follows from the spectral theorem, applied to T, and the in- 
equality (x + y)“ < x^ + y“ for positive numbers x and y. Hence 


|ur*v* - T"| < 


which is equivalent to the claim. O 
The next bound can be found in [128]. 


Proposition A.2.2. Let A, B € B(H) satisfy A => 0, B = 0. Then for a € [0,1], 
|A“ - B^| < IA - BI". 
Proof. Let us apply Proposition A.2.1 to 
T- e 2 U- E d 
0 B 1 0 


One finds 
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( 0 ia 
A* - B“ 0 


which proves the lemma. 


( 0 Ad) 
< 
sata ^s 


A.3 Definitions and facts from topology 


Many places in the book use notions and results from topology, some rather basic and 
some fairly deep. This appendix collects these facts and provides references to the liter- 
ature where more can be read up on them. 


Definition A.3.1 ([79]). Let (X, Oy) and (Y, Oy) be topological spaces and, furthermore, 

let f, F : X — Y be continuous maps. 

(i) Space (X, Oy) is contractible if there is a continuous map h : X x [0,1] — X such that 
h(x,1) = x for all x e X and h(x, 0) = xy, for some reference point xy,; € X. Then h 
is called a contraction. 

(ii) Maps f and F are homotopic if there exists a continuous map h : X x [0,1] — Y such 
that h(x, 0) = f(x) and h(x, 1) = F(x) for all x € X. 

(iii) A continuous map g : Y — X is a homotopy inverse to f if f og : Y — Y and 
£f :X X are homotopic to the identity. Then both f and g are called homotopy 
equivalences. 

(iv) Spaces (X, Oy) and (Y, Oy) are homotopy equivalent if there exists a homotopy 
equivalence f : X Y. 

(v) Let (Y, Oy) be a topological subspace of (X, Oy). Then Y is a deformation retract of 
X if there is a homotopy h : X x [0,1] — X such that for every x € X and y € Y 
h(x,0) = x, h(x,1) € Y and hy, 1) = y. 


Section 8.6 applies a criterion of tom Dieck for homotopy equivalence [191]. It uses 
Dold's notion of a numerable cover of a topological space. 


Definition A.3.2. Let (X, Oy) be a topological space. An open cover (X,) of X indexed by 
the index set J is called numerable if there is a locally finite partition of unity (f.),«4 
such that the closure of the support of f, is contained in X,, namely, supp(f,) c X, for 
every 7 eT. 


A Hausdorff space X is called paracompact if every open cover has a locally finite 
subcover. For such subcover one can then construct a locally finite partition of unity. 
Hence any open cover of a paracompact space is numerable. Let us also recall a theorem 
of Stone, stating that every metrizable space is paracompact. 


Theorem A.3.3 (191, Theorem 1]). Let (X, Oy) and (Y, Oy) be topological spaces and let 
$ : X — Y bea continuous map. Let (X,) req, respectively (Y,) res, be numerable coverings 
of X, respectively Y, indexed by the same index set J. Assume that Q(X,) c Y, for allt € J 
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and that for every finite subset o c T the restriction map 6, : (\reg X, — [reg Y, induced 
by à is a homotopy equivalence. Then 6 itself is a homotopy equivalence. 


Next let us come to homotopy groups (e. g., [185, 188, 192, 103]). Recall that for a 
topological space X, the set of connected components is denoted by 7)(X). It has no 
group structure. Then for k € N, the homotopy group 7; (X, xo) consists of the homotopy 
classes of base-point preserving homotopies of continuous maps f : (S", So) > (X, Xo), 
where Sp € Sk and Xo € X are any points. The group operation given by a suitable con- 
catenation is abelian for k > 2, but not in the so-called fundamental group 7, (X, xo). For 
different choices of the base point so, these groups are isomorphic. If X is connected, this 
definition also is independent of the choice of xọ. If Y is another topological space and 
F : X — Y continuous, then the concatenation of elements in 7t, (X, x9) by F yields an 
induced group homomorphism F, : zt,(X, Xo) > n(Y, F(x9)) for all n € IN. 


Definition A.3.4. Two path-connected topological spaces X, Y are called weakly homo- 
topy equivalent if there is some xy € X and a continuous map F : X — Y such that the 
induced maps F, : zt,(X, xo) > 7t, (Y, F(x9)) are isomorphisms for all n € N. 


The following theorem due to Whitehead explains the importance of the above no- 
tion. 


Theorem A.3.5 ([188, Theorem 6.32]. A map F : X — Y between path-connected CW- 
complexes is a homotopy equivalence if and only if it is a weak homotopy equivalence. 


Note that the statement of the previous theorem is still true if X and Y are homotopy 
equivalent to CW-complexes. 


Theorem A.3.6. Every metrizable Banach manifold is homotopy equivalent to a CW- 
complex. 


Proof. This follows as every metrizable Banach manifold is an absolute neighborhood 
retract (ANR) by [142, Theorem 5], and every ANR is homotopy equivalent to a CW- 
complex by [89, Theorem 5.2.1]. 


In linear spaces, it is also possible to prove the homotopy equivalence of an open 
subset to a CW-complex without assuming completeness, as shows the next result. 


Theorem A.3.7. Every open subset of a normed linear space is homotopy equivalent to a 
CW-complex. 


Proof. Milnor showed in [134, Lemma 4] that a paracompact space A is homotopy equiv- 
alent to a CW-complex if there is a neighborhood U of the diagonal in A x A and a map 
A : U x [0,1] — A such that (a, b,0) = a, A(a,b,1) = b for all (a,b) € U, A(a,a,t) =a 
for alla € A, t € [0,1], and there is an open cover {V;}iez of A such that V; x V; c U and 
A(Vj x Vj x [0,1]) = V; for alli € J. 

Let now A be an open subset of a normed linear space. Then A is paracompact. For 
any x € X, let V, c A be an open ball around x. Moreover, define U c Ax A as the 
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set of all (x, y) such that there is an open ball B c A such that x, y € B. Finally, define 
A: U x [0,1] > A by à(x,y,t) = (1- Ox + ty. Note that, indeed, A(U x (0,1) c A 
by the definition of U. Moreover, A05, y,0) = x, A(x, y,1) = y, for all (x,y) € U, and 
A(x, x, t) = x for all x € A, t € [0,1]. Note that V, x V, c U as V, is a ball in A. Finally, 
Vy c A(V, x V, x [0,1]) by definition of A and this inclusion actually is an equality as for 
yp y? € V, and t € [0,1], A(y1 yo, t) € Vy. 


The main tool ofhomotopy theory used here is the long exact sequence of homotopy 
groups associated to a fiber bundle z : X — B where X is the total space, B the base 
space, 7t is surjective, and, moreover, every point b € B has a neighborhood U such that 
7 (1) is homeomorphic to U x F where the fiber F is another topological space and the 
homeomorphism is fiber-preserving. If B is connected (which will always be assumed 
here), then F can be chosen to be the same for all b € B. The main fact is now that there 
is an exact sequence of homotopy groups 


> (F) > M(X) > n) n 4(F) > ++ > 7) > n(F) > mE) > 0. 


While all these maps can be constructed quite explicitly, their particular form is not 
needed here. At some places we will encounter a special form of fiber bundles, namely 
principal bundles which arise in the following situation: let F be a topological group 
acting continuously on X and let B be the space of orbits; if then à : z ^(U) > U x F 
is a local trivialization, the action is required to be equivariant in the sense that 
o(g - u) = g - ġ(u) for g e F and u € U. The bundle structure theorem (e. g., [188, 192]) 
provides a convenient way to check that one has a principal bundle if X is a topological 
group with closed subgroup F so that the base B = X/F is a homogeneous space. Let then 
b) =F € Banda: X — X/F defined by z(x) = xF. A local section for z is a continuous 
map p : U — X defined on a neighborhood U c B of b, such that z » p = id. If there 
exists such a local section, then z : X — X/F is a principal bundle with principal group 
F by thebundle structure theorem. Often, one encounters several principal bundles and 
then one of the spaces, X, B, or F, has already known homotopy groups by a previous 
result which is described next. 

In a celebrated work [36] (see also [135]), Bott computed the (stable) homotopy 
groups of the general linear group GL(coo, C) = | J4., GL(n, C) equipped with the induc- 
tive limit topology: 


Z, kodd, 
7, (GL(oo, C)) = es (A.3) 


In Section 8.6, yet another type of a fiber bundle appears that is now introduced 
a bit more detailed as it is far harder to find in the literature than the above types of 
bundle. 
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Definition A.3.8. A Hilbert bundle over the topological space X consists of a topolog- 

ical space £, a surjective continuous map z : € — X, a Hilbert space K, and a fam- 

ily ((Uj, 9j)];ej where J is some index set, (Uj];c; is an open cover of X, and each map 

9j: (Uj) > U; x H is a homeomorphism, such that 

G) E= m (x) is a Hilbert space for every x € X; 

(i) ifx € Uj, then P(E) = bd x H and gjisa linear operator when {x} x H is identified 
with + by ignoring the first component; 

(ii) if o; : €, > H denotes the invertible operator described in the previous item and 
U; is another element of the cover {U;}j<7, then the map 


x EU NUH Pixe Px € G(H) (A.4) 
is continuous. 


Let us note that the latter item is redundant in case that is of finite dimension, 
a situation that will never be assumed in this section. Moreover, we only consider 
Hilbert bundles over the space X and denote them as triples (€, 7, ((Uj, 9j)}icy). The set 
(Ui, Pi) }ie is called an atlas and it will now be shown that the families 9; ° Pix of 
invertible operators in (A.4) play a crucial role in the classification of Hilbert bundles in 
the following sense. 


Definition A.3.9. Let (£1, 7%, {(U;,9)}jey) and (Ep, 705, ((U7, Pj )}ier) be two Hilbert bun- 
dles. They are called isomorphic if there is a homeomorphism F : €, — €, such that 
T oF = 74 (. e, F(€&1x) = £54, x € X), each restriction Fy = Fle, : £j > £5, is linear 
(thus an isomorphism) and the maps 


-1 
XE UNU; > gix Fx o (Oix) € GH) (A5) 
are continuous. 


The latter condition is again redundant if + is finite dimensional. 


Definition A.3.10. A set of transition functions for X and G(H) consists of an open cover 
(Ujliey of X and a collection of continuous maps 7; : U; n U; > G(H), ij e J, such that 


ty j(X) o ji 00 = Ty i(X)> XE U; N U; N Ux, (A.6) 


and thus in particular 7;;(x) = id, as well as 7,00 St; joo. Two sets of transition 
functions {U}, T;,}ijey and (Uz, Tk i]j.;e; for X are called equivalent if there are continuous 


maps Ypi: U} n Ug > G(H), k € I, i e J, such that 
TRICO = Ve POT LOVYOO X eU; N UFA URN Ur. (A.7) 


Note that if (€, 7, {(Uj, Qj) }icy) is a Hilbert bundle, then 7;;(x) = Pix ° Pix e G(H), 
i,j € J, yields a set of transition functions for X. 
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Theorem A.3.11. The map which associates to a Hilbert bundle the set of transition func- 
tions for X by (A.4) induces a bijection between the set of isomorphism classes of Hilbert 
bundles over X and the set of equivalence classes of transition functions for X. 


Proof. We denote by T the map as in the statement of the theorem. Furthermore, let 
(Er T, {(UF, jer) and (Eg, Mp, (Ur. YF )}ker) be isomorphic by a map F : €; > €; and 
let trj jg and {Teeter be the corresponding sets of transition functions. Define the 
map Yz, : Ue n Ur  G(9O, i € fJ, k € I by setting 


E 
Vi) = OLX o Fo (Pix) 


Note that this is continuous by (A.5) from the definition of an isomorphism. More- 
over, (A.7) follows by a straightforward computation and thus (tii jez and dra kler are 
equivalent. Consequently, the map T is well-defined. 

To show that T is surjective, let us construct for every set of transition functions 
{Uj Tij}ijez a Suitable Hilbert bundle (E, 7r, ((Uj, 9;));ej) such that 7,; = p; ° 9; on U; N U; 
Consider on 


E=| Jui x 5c x tà 
ie] 


the relation (x,u, i) ~ (y,v,j) e x = y, u = T;(x)v. Note that this is an equivalence 
relation by the cocycle condition (A.6). Let € = €/~ with the quotient topology and let 
7 : € — X be defined by z([x, u,i]) = x, which is well-defined and continuous. Con- 
sider the map 9j : xU) — U; x H defined by g;(D u,i]) = (x,u) and its inverse 
9; (X, u) = p u, i]. Note that both are continuous and hence 9g; is a homeomorphism. 
Moreover, (9; (x, u)) = z([x, u,i]) = x, (x,u) € U; x H and thus gj is fiber-preserving. 
Finally, let us note that 9; (x, t;jG)u) = bo v;o)w i] = [x, u, j] = 9; G5 u) for x € U;NU; 
andu e H and thus 7;,;(x) = Pix? Px This firstly implies that the maps (A.4) are continu- 
ous and thus the construction indeed gives a Hilbert bundle. Secondly, it shows that the 
transition functions of the constructed bundle are given by the set of transition functions 
{Uj Tijtje 

For the injectivity of T, let (€4,71, (U$, ØP}iez) and (E2, 71, (Ug. Ø%)}ker) be two 
Hilbert bundles with equivalent sets of transition functions {(U;, Tiki jg and 
(Ur, Te Deter. Let yy; : UF n Ug — G(20 be the maps in (A.7). For e € €, such that 
m(e) e Ui n U2 let us set F(e) = (92) (x, Yk i(x)u), where e = (h(x, u). If also 
m (e) € Uj n U7, then e = (95) !(x, 7j 0Qu) and thus by (A.7) 

(61) Ge yu60r00u) = (OF) 06 TCV COU) = (GE) Go yx 00u), 


which shows that one obtains a well-defined map F : €4 — €, in this way. Note that F 
is by construction fiber-preserving, and it is continuous as a local composition of con- 
tinuous functions. Let us now consider a new family of maps yy; : U} n U? — G(H) 
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by j.; = Ye; and similarly define a map G : £ — € by G(e) = (9) ( fy (xu), where 
e = (92) (x, u). Then for x € U} n U? and u € K, 


(G oF o (Pi) 0:0 = G(R)" Ge yi 009) 
= (o1) Gy 09 yi 00) 
= (oi) 0u), 
which shows that G » F is the identity on €. Likewise it follows that F » G is the identity 
and thus F is a homeomorphism. Finally, let us note that the condition (A.5) holds as it 


is by construction of F equivalent to the continuity of the maps y; ;. Thus £; and €, are 
isomorphic Hilbert bundles. 


If € = X x H and z is the canonical projection onto X, then (€, 7, {(X, id)}) is called 
the trivial bundle. More generally, a bundle (€, 7, {(U;, 9j)}iey) is called trivial, if it is iso- 
morphic to the trivial bundle. 


Theorem A.3.12. Every Hilbert bundle (€, 7, ((U;, Pj) }iey) having an infinite dimensional 
model space H and a paracompact Hausdorff space X as base space is trivial. 


Proof. This follows by combining the previous theorem with some standard results 
from algebraic topology. First, sets of transition functions for a space X can be defined 
verbatim as in (A.4) for a general topological group G instead of G(¥H). The notion of 
equivalence in (A.7) is the same when replacing everywhere G(H) by G [188, Defini- 
tion 11.6]. By [188, Theorem 11.16], the set of equivalence classes of transition functions 
is in one-to-one correspondence with the set of equivalence classes of G-principal bun- 
dles over X. Now by [192, Theorem 14.4.1], for every topological group G there is a 
topological space BG such that the set of isomorphism classes of G-principal bundles 
over a paracompact Hausdorff space X is in one-to-once correspondence with the set 
[X, BG] of homotopy classes of maps from X into BG. This uniquely determines BG up 
to homotopy type [74, $7]. It follows from [188, § 11.33], which is essentially based on 
Brown’s representability theorem [188, Theorem 9.12], that BG is homotopy equivalent 
to a CW-complex. Finally, if G is contractible as a topological space, then BG is weakly 
contractible by [192, Example 14.4.7]. Thus Whitehead’s Theorem A.3.5 implies that BG 
is a contractible topological space and, consequently, [X, BG] consists of a singleton in 
this case. 

Now by the above explanations and Theorem A.3.11, the set of isomorphism classes 
of Hilbert bundles over X is in one-to-one correspondence with [X, BG(H)]. As G(H) is 
contractible by Kuiper's theorem, there is only one isomorphism class of Hilbert bundles 
over X. Asthe trivial bundle is a Hilbert bundle over X, every Hilbert bundle over X has 
to be isomorphic to it, namely every Hilbert bundle is trivial. 


Acronyms and notations 


1 imaginary unit V-1 

supp(f) support of a function f 

L absolute value 

sgn(x) sign of a nonzero real number x € IR V {0} 

Xi indicator function of a set I c X 

Xx indicator function of a point x € X 

RY N-component vectors with real entries 

c" N-component vectors with complex entries 

pu N x N matrices with complex entries 

s! unit circle 

01, 02, 03 2 x 2 Pauli matrices (25, (0 4), (5 9 

diag(A, B) block diagonal matrix built from matrices A and B 

T* adjoint of a matrix T 

Sig(H) signature of a self-adjoint matrix H — H* 

2630 separable Hilbert spaces 

$, y vectors in a Hilbert space 

($ip) - à" scalar product in a Hilbert space 

p, Y frames for subspaces of a Hilbert space 

Il Hilbert space norm and operator norm 

Tr trace over a Hilbert space 

LP(H) Schatten ideal of p-trace class operator 

I- lw) p-Schatten norm 

EE subspaces of Hilbert spaces 

£t orthogonal complement of € with respect to Hilbert space scalar product 
L(K, H’) set of densely defined, closed linear operators from H to H' 
L(H) set of densely defined, closed linear operators on H 

A, B, T linear operators on K 

D(T) domain of a linear operator T 

T* adjoint of T € L(K, H’) 

H self-adjoint linear operator on K 

1 identity operator on H 

Um identity matrix of size N 

P orthogonal projection on H 

Q symmetry on K, namely Q = Q* = Q^ 

spec(T) spectrum of an operator T 

specyi,(7) discrete spectrum of an operator T 

spec. (T) essential spectrum of a normal operator T 

B(H, H’) set of bounded operators from H to H' 

BG H’) set of bounded operators T from H to H’ with ||T|| < a 
B(H) set of bounded operators on K, namely B(H) = B(H, H) 
Bg(H) set of bounded operators T on H with ||T|| x a 

IL, (C) set of self-adjoint operators on H 

Ba (9€) set of bounded self-adjoint operators on K 

B, s4 (9€) set of bounded self-adjoint operators T on H with ||T|| < a 
Bj. (H) set of T € By .4 (C) with Ker(T + 1) = {0} 

K(H, HK’) set of compact operators from H to H’ 

K(H) set of compact operators on K 
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K(H)~ unitization of K(H) 

G*'(90) invertibles in IK(J{)~ (multiplicative group) 

U(H) set of unitary operators on H 

UH) set of unitary operators in IK(20)^ 

UVH) set of U € U(H) with Ker(U — 1) = {0} 

USH) intersection U (H) n U? (H) 

FU(H) set of unitary operators U with U + 1 € FB(H), or —1 € SPecess(U) 
U. (t) set of symmetries (self-adjoint unitaries) 

U4 (H) set of proper symmetries 

Q(H) Calkin algebra B(H)/K(H) over H 

T Calkin projection m : IB(9€) > Q(H) 

UQ(H) set of unitaries in the Calkin algebra 

UQ (H) set of proper symmetries in the Calkin algebra 

E(K, 94!) set of Fredholm operators from H to H’ 

F(H) set of Fredholm operators on H 

Ind(T) index of a Fredholm operator T 

j+(H) Morse indices of a self-adjoint Fredholm operator H 

F.a (H) set of self-adjoint Fredholm operators on K 

F; (H) set of self-adjoint Fredholm operators with compact resolvent 
FB(K, H’) set of bounded Fredholm operators from H to H’ 

FB(H) set of bounded Fredholm operators on H 

IB, (3C) set of bounded self-adjoint Fredholm operators on K 
FB5,(H) set of T € FBsa(H) with only positive/negative essential spectrum 
FB (H) set of T € IFIB, (3) with positive and negative essential spectrum 
FBasa (H) set of self-adjoint Fredholm operators T on H with ||7|| < a 
IF: sa (0) set of T € IB, sa (H) with Specess(T) c {-1,1} 

FB? (H) set of Fredholm operators in B? a (H) 

FBP, (34) intersection FB{ .. (7€) n FB? (3€) 

G(H) set of invertible bounded operators on H 

F bounded transform of an unbounded operator 

c Cayley transform of an unbounded self-adjoint operator 

g transformation € o 37! : B? a (H) > UH) 

dy metric on B(H) induced by the operator norm 

dg gap metric on L(H) 

dp Riesz metric on IL(2€) 

dr extended gap metric on B, (€) 

On operator norm topology on B(H) 

Os strong operator topology on L(H) 

Og gap topology on L(H) 

Og Riesz topology on L(t) 

Or extended gap topology on B, (H) 

Ose strong extended gap topology on B, (3) 

t € [0,1] 5 H, path of self-adjoint Fredholm operators 

T semifinite trace on a von Neumann algebra 

P(H) proper orthogonal projections on KH 

FPP(H) Fredholm pairs of proper projections (Po, P4) on K 

Ind(Po, P1) index of a Fredholm pair (Po, P4) of projections 

Pref reference (Lagrangian) projection 


IFIP(9€) proper orthogonal projections P such that (Pre, P) Fredholm pair 
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J fundamental symmetry of a Krein space; always J = diag(1, —1) 
(KJ) separable Krein space with fundamental symmetry J 

U(K,/) set of J-unitary operators on Krein space (XJ) 

P(K,/) J-Lagrangian projections on K 

FPP(X,/) Fredholm pairs of J-Lagrangian projections (Po, P1) on K 

FP(X,/) Fredholm J-Lagrangian Grassmannian with respect to Pref 

U*(X;J) intersection of unitization IK(C)" of compact operators with U(X, /) 
I4 6J) set of bounded J-self-adjoint operators on Krein space (3C, J) 


S(T) scattering matrix associated to J-unitary T 
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